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CHAPTER 1

INTRODUCTION

1.1 Background

General topology is important in many fields applied sciences as well as
branches of mathematics. In reality it is used in data mining, computational topology
for geometric design and modecular design, computer — aided design, computer —
aided geometric design, digital topology, information system, paricle physis and
quantum physics etc.

The theory of generalized topological space, which was introduced by Csaszar
[3], is one of the most important developments of general topology in recent years.
Later, he [4] studied some the simplest separation axioms by replacing open sets by an
arbitrary family of subsets of a topological space. In 2010, Roy [12] introduced the
concepts of the separation axioms R, and R, in generalized topological spaces.
Furthermore, he gave some characterizations of such them. In 2011, The weak
separation axiom, including T,,T,,T,, R,, R;,D,, D; and D, in generalized topolosgical
space were studies by SARSAK [14]. Furthermore, he investigated some
characterizations of the axioms as well as the relationships among these axioms. Min
[9] introduced the concepts of relative separation axioms in generalized topological
spaces and investigate properties for such notions, in particular, the product of T,-
spaces is T,- spaces. In the same time, GE Xun and GE Ying [15] gave some
charactelizations of some separation axioms in generalized topological space. In 2010,
Boonpok [1] introduced the concept of bigeneralized topological spaces and
studied (m,n)- closed sets and (m,n)- open sets in bigeneralized topological spaces.
In [10], Min introduced the notion of almost regular space in bigeneralized topological
spaces. Furthermore, he [11] cave the concept of regular spaces in bigeneralized
topological spaces.

According to the prior studies as mentioned above, | am interested in some

separation axioms in bigeneralized topological spaces.



The thesis is divided into five chapters. The first chapter is formed by an
introduction which contains some historical remarks concerning the research
specialization. We also explain our motivations and outline the goals of the thesis here.
In the second chapter, we give some definitions, notations and some known theorems
that will be used in the later chapters. In the third chapter, we give some definitions,
notations and some interesting propositions of p, , —T, spaces, u., , —T, spaces and
B n — T Spaces. We derived some of their properties. In the forth chapter, we give
some definitions, notations and some known theorems of p, ,, - regular spaces and
W - NOrmal  spaces and their characterizations. In the last chapter, we make
conclusions of the obtained results and also outline the direction of the further

research

1.2 Objectives of the research

The purpose of the research are:
1.2.1 To construct and study some separation axioms between two distinct
points in bigeneralized topological spaces.
1.2.2 To construct and study some separation axioms between closed sets
and the points outside this closed set in bigeneralized topological spaces.
1.2.3 To construct and study some separation axioms between two

disjoints closed sets in bigeneralized topological spaces.

1.3 Research methodology

The research procedure of thesis consists of the following steps:
1.3.1 Criticism and possible extensions of the literature review.

1.3.2 Doing research to investigate the main results.
1.3.3 Applying the results from 1.3.1 and 1.3.2 to the main results.

1.3.4 Making the conclusions and recommendations.



1.4 Scope of the study

The scope of the study are:
1.4.1 Constructing some separation axioms between two distinct points in
bigeneralized topological spaces.
1.4.2 Constructing some separation axioms between closed sets and the
points outside this closed set in bigeneralized topological spaces.
1.4.3 To construct and study some separation axioms between two disjoints

closed sets in bigeneralized topological spaces.



CHAPTER 2
PRELIMINARIES

This chapter includes definitions, notations and some known facts which are

used throughout the thesis.
2.1 Generalized Topological Spaces

In this section, we gave some definitions, notations and known propositions

of generalized topological spaces that will be used in the next chapter, as follows:

Definition 2.1.1 [3] Let X be a nonempty set and p be a collection of subsets of
X. Then p is called a generalized topology ( briefly GT ) on X if and only if ¢ epn and
G, e foriel=¢ implies G =G ep. We call the pair (X.n) a generalized
topological space ( briefly GTS ). The elements of pn are called u- open sets and the

complements of pu- open sets are called u - closed sets. A generalized topological

space (X,u) is said to be strong [15] if X e p.

Definition 2.1.2 [3] Let X be a nonempty set and u be a generalized topology on
X and AcX.

The closure of a subset A in a generalized topological space (X,u),
denoted by ¢, (A), as follows

c,(A)=n{F]ACF.X-Fep}.

The interior of a subset A in a generalized topological space (X.u),
denoted by i,(A), as follows

i,(A)=U{G|GcA.Gep}.



Lemma 2.1.3 [7] Let (X,u) be a generalized topological space and let A,B< X . Then
(1) ¢, (X-A)=X-i,(A) and i, (X-A)=X-c,(A).
(2) If X-Aep, then ¢, (A)=A and if Aep then i, (A)=A.
(3) If AcB, then ¢,(A)cc,(B) and i,(A)ci,(B).

(@) Acc,(A) and i, (A)cA.
(5) CH(CH(A)):CH(A) and iu(iu(A)):iu(A)'

Lemma 2.1.4 [8] Let (X,n) be a generalized topological space and AcX. Then

(1) xei,(A) if and only if there exists Ven such that xeVcA;

(2)  xec,(A) ifand only if vaA=¢ for every p-open set v containing x.

Definition 2.1.5 [7] A space (X.p) is called u-T, if for any two distinct points of X,

there is a u- open set of X which contain one but not the other.

Example 2.1.6 [7] Let X={a, b,c} and p={¢.{a}.{a,b}}.
We see that
« {a} is u- open set such that aef{a} but b,cg{a};
« {a,b} is u- open set such that be{a,b} but c¢{a,b}.

Thus (X,p) is p-T,.

Definition 2.1.7 [7] Aspace (X,u) is called x-T7; if for any two distinct points x and
y of X, there exist u- open sets U and V of X such that xeU but ygU and yeV

but xeV.

Example 2.1.8 [7] Let X={a, b,c} and p={X,¢,{a,b},{a,c},{b,c}}.
We see that

* {a,c} and {b, c} are p- open such that aef{a,c}, but beg{a, c}and be{b, c}
but ae{b, c},

 {a, b} and {a, c} are p- open such that bef{a,b} but cg{a,b} and ce{a,c}

but be{a,c},



* {a, b} and {b, ¢} are p- open such that ae{a,b} but c¢{a,b} and ce{b, c}
but ae{b, c}.
Thus (X,p) is u-T,.

Definition 2.1.9 [7] A space (X,p) is called x-T, if for any two distinct points x and
y of X, there exist disjoint pu- open sets U and VvV of X such that xe U, yeVand

UnV=¢.

Theorem 2.1.10 [7] A space (X.u) is u—T, if and only if for each pair of distinct

points x,y of X, c”({x});tcu({y}).

Theorem 2.1.11 [7] Aspace (X.u) is x—T; if and only if the singleton of X are u-

closed.

Definition 2.1.12 [7] A space (X,u) is said to be a u—R, space if every u- open set

contains the u- closure of each of its singletons.

Example 2.1.13 [7] Let X={a, b,c} and p={¢,{a,b},{c},X}.
Since c, ({a}):cILL ({b}):{a,b}g{a,b} and Cy ({c}):{c}g{c}, (X,u) is u—R,.

Definition 2.1.14 [7] A space (X,p) is said to be x—R, if for any x,yeX with
¢, ({x}) =<, ({y}), there exist disjoint - open sets U and Vv such that ¢, ({x})cU

and ¢, ({y}) cV.

Example 2.1.15 [7] Let X={a, b,c} and p={¢,{a,b},{c},X]}.
Since cy ({a}):cM ({b}):{a,b}g{a,b} and c, ({c}):{c}g{c}, (X,u) is u—R,.

Theorem 2.1.16 [7] If (X,p) is p—R,, then (X,p) is p—R,.

Definition 2.1.17 [7] A space (X,u) is said to be u - symmetric if for each x,yeX,

Xec, ({y}) implies yec, ({x}) .



Theorem 2.1.18 [7] A space (X.u) is p—R, if and only if (X,p) is p- symmetric.
Theorem 2.1.19 [7] A space (X,p) is u-T, if and only if (X,n) is p—T, and p-R,.

Corolary 2.1.20 [7] Fora p-R, space(X,pn), the following are equivalent:
(1) (X,u)is n-T,,
(2) (X,p)is p-T,.

Theorem 2.1.21 [7] For a space (X,u), the following are equivalent:
(1) (X.p)is p-T,,
(2) (X,p)is p—T, and u-R,,

(3) (X.p)is p—T, and p-R;.

Corolary 2.1.22 [7] Fora p-R, space(X,p), the following are equivalent:
(1) (X,u)is p-T,,
(2) (X,p)is p-T,,

(3) (X,p)is p-T,.

Definition 2.1.23 [15] Let X be a strong generalized topological space. X is called
u-T, space if and only if for all xeX and F is p- closed set with x ¢ F, then there

are p-open U and V with xeU, FeVand UnV=6¢.

Theorem 2.1.24 [15] The following are equivalent for a space (X,u).
1. X is p—T; space.
2.If xgF with F is p- closed, then there are U,Vep with xeU,FcV and
¢, (U)nv=9¢.
3.1f xgF with F is u- closed, then there is Uep with xeU and ¢, (U)nF=9¢.
4.1f xeX and Uep such that x e U, then thereis Ve with xeVce,(V)cU.

5. F:m{c“(U):FgUeu} for each p- closed subset F of X.



Definition 2.1.25 [15] Let (X.n) be a strong generalized topological space. Then X is
called u-T, space if F and F, are u- closed and FNE =¢, then there are U,Vep

with FcU,E cV and UnV=4¢.

Theorem 2.1.26 [15] The following are equivalent for a space (X,p).

1. X is a p—T, space.

2.If E,E are pu- closed, FENE =¢, then there are U,V ep such that
EcUEcV and ¢, (U)nV=¢.

3.If K.E are p- closed, ENE =¢, then there is Uep such that FcU
and ¢, (U)nE =¢.

4.1f Fis u- closed and FcUeyp, then there is Vep such that

F(;V(;CH(V)QU.

Definition 2.1.27 [14] Let A be a subset of a space (X,u). Then A is called gu -
closed if ¢,(A)cU whenever AcUand Uep. A is called gu-open if X-A is gu-

closed, or equivalently, Fci, (A) whenever Fc Aand F is p- closed.

2.2 Bigeneralized Topological Space

Definition 2.2.1 [1] Let X be a nonempty set and let w, and n, be generalized
topologies on X. A triple (X, u,, u,)is said to be a bigeneralized topological space
(briefly BGTS). For any subset A of X closure of A and interior of A with respect to

W, are denoted by ¢, (A) and i, (A), respectively, for m=1 or 2.

Example 2.2.2 [1] Let X={a,b,c.d}, p, ={¢, {a}, {b}, {a,b}} and p, ={¢. {c}, {a, c}}.

Then (X, u,, u,) is bigeneralized topolosgical space. Let A ={b, c}. Thus

¢, (M) =c, (Ib, e} = (b, ¢, dJ, iy, (A) =i, ({b, c}) = {b),

¢y (A)=c,, ({b, ) =X, iy, (A) =1, ({b, c}) = {c).



Definition 2.2.3 [1] Let (X, . u,) be a bigeneralized topological space. A subset A
of X is called (mn)— closed set if ¢y, (e, (A)=A where m,n=12 and m#n.

The complements of (m,n)- closed set are call (m,n)- open sets.

Lemma 2.2.4 [1] Let (X, u,, n,) be a bigeneralized topological space and A< X. Then

A isa (m,n)- closed set if and only if A isa p,- closed set and a u,- closed.

Lemma 2.2.5 [1] Let (X, u;, n,) be a bigeneralized topological space. If A and B are

(m,n) - closed then AnB isa (m,n)- closed set.

Remark 2.2.6 [1] The union of two (m,n)- closed sets is not a (m,n)- closed set in

general as can be seen from the following example.

Example 2.2.7 [1] Let (X, u,, n,) be a bigeneralized topological space with
X={a,b,c,d}, y ={¢, {a,c,d}, {b,c,d}, X} and p, ={¢, {a, c,d}, {b,c,d}, X}.

We see that X,{b}, {a} and ¢ are p,- closed and p,- closed. By Lemma 2.2.5,
X ,{b},{a} and ¢ are (m,n)- closed sets, Where m,n=12 and m#n. Then {a}

and {b} are (m,n)- closed, but {a}u{b}={a, b} is not a (m,n)- closed set.

Lemma 2.2.8 [1] Let (X, u;, n,) be a bigeneralized topological space and A c X.

Then A isa (m,n)- open set if and only if i (i, (A) = A.

Hm
Lemma 2.2.9 [1] Let (X, u;, n,) be a bigeneralized topological space If A and B

is (m,n) - open set then AUB is (m,n)- open set.

Remark 2.2.10 [1] The intersection of two (m,n)- open sets is not a (m,n)- open set in

general as can be seen from the following example.

Example 2.2.11 [1] Let (X, u,, n,) be a bigeneralized topological space with
X={a,b,c,d}, pu ={¢, {a, b}, {b,c}, {a, b, c},X} and n, ={¢, {a, b}, {b, c}, {a, b, c},X}.

We see that {a, b} and {b, c} are (12)- open. But {a, b}n{b, c}={b} is not (1,2)- open.



CHAPTER 3
WEAK SEPARATION AXIOMS IN BIGENERALIZED TOPOLOGICAL SPACES

In this chapter, we introduce the notions of weak separation axioms in
bigeneralized topological space. Next, we study some properties of them.

Throughout this chapter, we let m,n e {1,2} where m #n.
3.1 pn —Ty spaces and p, , —T, spaces

In this section, we give the definition of u, ., -T, space and u, ,, —T, space.

After that, we give characterize these spaces.

Definition 3.1.1 A bigeneralized topological space (X, u;, u,) is called gy, ,, -1, if for
any pair of distinct points of X, there exists a p,,- open set or a p, - open set contain
one of the points but not the other. That is, (X, p, 1y) iS 4, ,,—T; if and only if for
any x,ye X with x =y, there exists a subset U of X such that U is p,- openor p, -

openand xeU but ygU or yeU but xgU.

Example 3.1.2 Let X={a, b, c}. We define two generalized topologies on X as

follows: p, ={¢.{a.b}} and p, ={¢.{b.c}}. Then (X, py, pny) is py o =T, and peoy —Tp.

Theorem 3.1.3 Let (X, u,, n,) be a bigeneralized topological space. Then (X, y,, u,)

iS . —Tp if and only if for each pair of distinct points x,y of X,

Cu ({6}) % ey ({9}) OF ey ({x)) % i, ({3})-

Proof. (:>) Assume that (X, u;, 1y) IS e —To- Let x,ye X with x#y. Then there

exists Uc X such that U is p,,- openor p,-open, xeU but ygU or yeU but

x e U.
Without loss of generality, we assume that xeU but y¢U. If U is p,- open, then

xec, ({y}),andso ¢, ({x})=c, ({y}).If U is u,- open,then xec, ({y}). and so

Cuy ({X}) *Cuy ({Y}) Hence, c,, ({X}) * ({Y}) or ¢y, ({X}) *Cuy ({Y})
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(<) Assume that ¢, ({x})=c, ({y}) or ¢, ({x})#c, ({y})foreach x,yeX
with x #y. We will show that (X, pj, 1y) 1S By oy —Tp- Let x,yeX with x=y.
By assumption, ¢, ({x})=c, ({y}) or ¢, ({x})=c,, ({v})-
If ¢, ({x})#c, ({y}), then, without loss of generality, we assume that
¢, ({x}) e, ({v}). Hence xec, ({y}).Set U=X-c, ({y}). Then U isa p,- open
subset of X and xeU but yeU. Similarly, we can prove that if ¢, ({x})=c, ({y}).
then there exists a p, - open subset U of X which contains one but not the other.

Therefore, (X, w, 1y) S pep ) —To-

Remark 3.1.4 Let (X, u,,n,) be a bigeneralized topological space. From the above

theorem, (X, py, 1y) 1S By oy =T if and only if (X, py, wy) 1S By m) —To-

Proposition 3.1.5 Let (X,u,,p,) be a bigeneralized topological space. If (X,p,,) is

my =Ty or (Xop, )is p, =Ty, then (X, w, py) 1S iy o =T
Proof. It follows from theorem 3.1.3 and Theorem 2.1.9.

Example 3.1.6 Let X={a, b, c}. We define two generalized topologies on X
as follows: p; ={¢.{a,b}.X} and p, ={¢.{a.c}.X}. Then (X, p., py)is py o - T, but (X.u)

is not u, -T, and (X,p,) is not p, -T,.

Definition 3.1.7 A bigeneralized topological space (X, w,, p,) is said to be p, ,, -T,
if for any x,ye X with x #y, there exist a p - open set U and a p, - open set V such

that xeU but yeUand xgvand yeV.

Example 3.1.8 Let X ={a, b, c}. We define two generalized topologies on X as
follows: p, ={¢.{a}.{a,b}, {a, ¢}, {b, c}.X} and p, ={¢.{a,b} .{a, c}, {b, ¢}, X]}.

Then (X, w, 1y) iS g0 - Ty and ppy) - T

Example 3.1.9 Let X ={a, b}. We define two generalized topologies on X as follows:

Hy :{d),{a}} and Ho ={¢’{b}}
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Then (X, . py) isnot pg, -T, because if b=a but there is no p,- open set containing
b but not a.
Remark 3.1.10 Let (X, u;, p,) be a bigeneralized topological space. Then (X, p,, u1,)
IS pm o - Ty if and only if for any x,y e X with x =y, there exist p, -open sets U,,U,
and p, -open sets V,,V, such that

1. xeU, but yeU, and yeV, but xgV,

2. yeU, but xgU, and xeV, but yeV,.

Remark 3.1.11 It is clear that every u, ,, T, spaceisa p, ,, —T, space. But a

M. —To SPace is nota p, ., - T, space, in general, as the following example.

Example 3.1.12 Let X={a, b, ¢}. We define two generalized topologies on X as
follows: p, ={¢.{a}.{a.b}.X}and p, ={¢.{b} .{a,c}, X}.

Then (X, ., py) s a g, -T, space butitis not a p, -T, space.

Theorem 3.1.13 Let (X, u, p,) be a bigeneralized topological space. Then (X, w,, u,)

iS W — T, if and only if {x} is u,- closed set and p, - closed set, for all x e X.

Proof. (=) Assume that (X, p, 1,) IS pen. —Ti- Let xeX . By assumption, for each
yeX such that y=x, there exist a u,- open set U, and a p, - open set V, such that

yeU, but xgU, and yeV, but xeV,. Then X—{x} =y€)§{{x}Uy isa u,- open set and

X—{x} =y€)g{x}vy is a p, - open set. Hence {x} is p,- closed and p, - closed.

(<) Assume that {x} is p,- closed and p, - closed, for all xeX . To show
that (X, . 1y) 1S P —T. let x,yeX with x#y. By assumption, we obtain that {x}
is p, - closed and {y} is u,- closed. set U=X-{y} and V=X-{x}. Thus U is p,,-
open and V is u, - open. Moreover, xeU but ygU and yeV but x¢V. Then

(X, wys 1y) s Wim,ny) = Ti-

Remark 3.1.14 Let (X, u,, n,) be a bigeneralized topological space. From the previous

theorem, it is clear that (X, p;, uy) IS wey, o =T ifand only if p, ) -T.
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Definition 3.1.15 A bigeneralized topological space (X, p,, u,) is said to be a

Himn)— Ry space if every u, - open set contains the u, - closure of each of its
singleton. That is, (X, ;. y) IS pm ) —Re if and only if for all p, - open set U, if xeU
then ¢, ({x})cU.

Example 3.1.16 Let X={a, b, c}. We define two generalized topologies on X

as follows: y, ={¢,{a,b},{a,c},x} and u, ={¢,{a,b},{a,c},{b,c},x}.

Then (X, . py) IS pg 0 —R,y butitis not p, ) —Ry.

Definition 3.1.17 A bigeneralized topological space (X, y,, u,) is said to be pairwise

Ry if (X, 5 1p) 1S pgp 2y —Ry @and p, ) —Ry.

Theorem 3.1.18 Let (X, u,, n,) be a bigeneralized topological space. Then (X, w,, u,)

iS @y, .~ Ry space if and only if for every u, - closed subset F, if x¢F, then

Cu, ({x})mF: o.

Proof. (=) Assume that (X, py, 1) iS py . —Ro. Let F be a p - closed subset of X.
Assume that x ¢ F. Then xe X-F and X-F is p - open. Since (X, w, 1) iS pep 0 —Ro.

Cuy ({x})gX—F. Hence ¢, ({x})mF:d).

(<) Let Ube a p,- open subset of X. Assume that xeU. Then x¢X-U and
X-U is p,- closed. By assumption, ¢, ({x})n(X-U)=¢. Then ¢, ({x})<U. Therefore,

(X, s 1p) s K, ny) — Ro-

Definition 3.1.19 A bigeneralized topological space (X, p,, 1,) is said to be a
Bem m —R, space if for any x,yeX with ¢, ({x})#=c, ({y}). there exist p,- open set U

and p, - open set V such that c, ({x})gv, cy, ({y})gU and UNV =¢.

Remark 3.1.20 From the above definition, we obtain that (X, p;, uy) is p, ) —R,

if and only if (X, w, 1y) 1S By m — Ry



14

Theorem 3.1.21 Let (X, y,, n,) be a bigeneralized topological space. If (X, u, u,) is

K(m, n) _R17 then (X, M5 “-2) is H(m, n) _R()-
Proof. Assume that (X, p;, py) iS pp ) — Ry We will show that (X, py, 1y) IS g ) — Ry

Let U be a p,- open set and x e U. To show that ¢, ({x})cU. let yeU. Then
Un{y}=¢, implies that xec, ({y}). Hence ¢, ({x})=c, ({y}). Since (X,p.u,) is
Wem m —Ry. there exist p,- open set U, and p, - open set V, such that ¢, ({x})< U,
¢, ({y})= Vo and UynV, =¢. Thus yeV, and {x}nV,=¢. Hence ygc, ({x}).
Therefore, ¢, ({x}) cU.

Remark 3.1.22 In general, a p, , - R, space is not a p, , - R, space as can be seen

from the following example.

Example 3.1.23 Let X ={a,b,c}. We define two generalized topologies on X as follow:
w ={¢.{a.b}.{a.c}.X} and p, ={¢.X}. Then (X, w. 1) iS pp ) - Ry Space but it is not a

“'(m,n) - Rl .

Definition 3.1.24 A bigeneralized topological space (X, u;, p,) is said to be a 4, -

symmetric if for each x,yeX, xec, ({y}) implies yec, ({x}).

Theorem 3.1.25 Let (X, y,, n,) be a bigeneralized topological space. Then (X, w, p,) is

“’(m,n) _RO If and Only nC (Xy M]y Mz) |S H(m,n) - Symmetl’lc

Proof. (=) Assume that (X, u;, 1,) iS pim ) —Ro. Let x,y be elements of X such that
xec, ({y}) and let U be a p, - open set such that ye U. Since (X, p. p,) is

Bmm-Rp and yeU, ¢, ({y})cU. Hence {x}nU=¢, andso yec, ({x}).

(<) Assume that (X, py, py) IS py. o) — Symmetric. Let U be a p,,- open set
and let xeU. If yeU, then xgc, ({y}) and 5o, by (X, . 1) IS Wy ) — Symmetric,

yec, ({x}). Hence ¢, ({x})cU. Thus (X, u. 1) IS 1y m) —Ry.
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Theorem 3.1.26 Let (X, ;. p,) be a u,, -R, space and p, , -R, space. Then

(X’ My “2) IS “(m,n) _Tl If and On[y If (X7 My, H'Z) IS “(m,n) _TO .
Proof. (=) Clearly.

(<) Assume that (X, w, 1) IS pp.q) —Tp. Letx, ye X with x #y. Then there
exists a subset U of X such that Uis a p,- open set ora p, - open set, and x e U but
y ¢ Uor y eU but x ¢U. Without loss of generality, we assume that U is n,- open
and x eU buty ¢ U. Then {y}nU=¢ and so x¢c, ({y}). Since X is u, , -R, and
Boo—Ry, yee, ({x}). Hence X- {Cun ({x})} is a u, - open set containing y but not x.
Hence (X, p, 1y) 1S g =T -

3.2 piy T, spaces

In this section, we introduce the notion of p, ,,—T, in bigeneralized

topological spaces. Next, we study some properties of its.

Definition 3.2.1 A bigeneralized topological space (X, w,, u,) is called g, ,,~T, or
K m o)~ Hausdorff space if for any x,yeX with x#y, there exist a p,, - open set U and

a u,-opensetVsuchthat xeU,yeV and UnV=4¢.

Remark 3.2.2 It is clear that every p, ,,—-T, spaceis a p, ,, —T, space. But a
M. — T, Space is not a p, ,, —T, space, in general, as can be seen from the following

example.

Example 3.2.3 Let X={a,b,c}. We define two generalized topologies on X as follows:
u ={¢.{a,b}.{a, ¢}, {b, ¢}, X} and p, ={¢.{a}.{a,b}.{a, c}, {b, c}.X}.

Then (X, . puy) is p o —T, space butitis not p; , -T,.

Example 3.2.4 Let X={a,b,c,d}. We define two generalized topologies on X as
follows: p, ={¢.{a,b}.{a, c}.{a, d}, {b, c}.{b, d}.{c, d}.{a,b, c},{a,b,d},{b,c,d},X} and p, =P(X).

Then (X, w, uy) 1S By oy =T,



Example 3.2.5 Let X ={a, b}. We define two generalized topologies on X as follows:

Hy ={¢,{a},X} and Ho ={¢’{b}’X}
Then (X, ;. py) is not pg , -T, because if b#a but there are no disjoint a u, - open

set containing b and a u, - open set containing a.

Remark 3.2.6 Let (X, u,, n,) be a bigeneralized topological space. Then (X, p,, u,) is

16

B m - T if and only if for any x,y e X with x =y, there exist p -open sets U,,U, and

u, -open sets v,,V, such that

1. xeU, and yeV, and U;nV, =¢,

2. xeV, and yeU, and U, NV, =¢.

Theorem 3.2.7 For a bigeneralized topological space (X, w;, 1,), the following are

equivalent:

(D) X is a g, ~T, space.

(2) If xeX, then for each x =y, then there exists a n,- open set U

containing x such that yec, (U).

(3) For each xeX, {x}zﬁ{cun (U):Uep, and er}.

Proof. (1)=(2) Assume that X isa u,, -T, space and xeX.Llet y bea
element of X such that x#y. Then there exist a p,-openset U anda p,-

open set V suchthat xeU,yeV and UnV=¢.Thus yec, (U).

(2)=(3) Let xeX. We will prove that {x}= “{Cun (U):Uep, and x € U} .
It is clear that {x} m{cun (U):Uep, and x € U}. Let yeX with y=x. By assumption,
there exists a p, - open set U containing x such that yec, (U,). Then
{y} e m{cun (U):Uep, and x € U} . Thus “{Cun (U):Uep, and x e U} c {x}. Therefore,

{x}zm{cun (U):Uepm ander}.
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(3)=(1) Assume that {x} =m{cHn (U):Uep, and x e U} for each xeX. Let
x,yeX with x=y. Since y¢{x} =ﬁ{cun (U):Uep, and x € U} , there exists U, ep,,
such that xeU, and yec, (U,).Since yec, (U,), there exists V, e, such that
yeV, and U,nV,=¢.Then xeU,, yeV, and U,nV,=¢. Hence, Xis a Hma) ~ T2

space.

Theorem 3.2.8 Let (X, u;, p,) be a Hma) ~Ry space. The following are equivalent:

(1) (X, My MZ) lS a u(m,n) _Tz 4

(2) (X, up uz) IS a M(m,n) _Tl’

(3) (X, 1y, py) is a Hmn) ~ To-

Proof. (1)=(2) Clearly.
(2)=(3) Obviously.

(3)=(1) Assume that (X, p, p,) is a Wmn —To- TO show that (X, . p,) is a
Hmn) ~ T2 let x,ye X with x#y. Since (X, u,, ,) is Hma) ~ Ry space, then (X, p;, p,) is
pairwise R,. By Theorem 3.1.17, we obtain that (X, u.my) is a p, ) —T;. Then {x} is
u,- closed and {y} is p, - closed. Hence ¢, ({x})={x}#{y}=c, ({y}). Since
X, s 1y) IS p ) R, and By Ry there exist a p,,- open set Uand a p, - open set
V such that ¢, ({x})cV and ¢, ({y})cU and UnV =¢. Therefore, (X, y, p,) is a

M(m!n) _TZ‘



CHAPTER 4

Hem - REGULAR SPACES AND p, ,,- NORMAL SPACES

Throughout this chapter, we let m,n e {1,2} with m # n.
In this chapter, we introduce the notion of p,, ,, - regular space and u, , -
normal space in bigeneralized topological spaces. Next, we study some properties of

them.

4.1 p, , - regular spaces

Definition 4.1.1 A bigeneralized topological space (X, p, u,) is called a g, -
regular space if for any point x e X and for any p,, - closed subset F of X with x ¢F,
there exist Uep, and Vep, such that xeU, Fcvand UnV=¢.

A bigeneralized topological space (X, p;, p,)is said to be p, =T if (X, ;. py)is

Hemn —T and p, - regular.
Remark 4.1.2 The notion of u, , - regular spaces [11] was introduced by Min.
Theorem 4.1.3 Every p, ,,—T; spaceis a p, , —T, space.

Proof. Let (X,u,p,) bea p,, ,, —T; space. Then (X, w, uy) IS a pe, ) —T, space and
M. o - F€QUlar space. We will prove that (X, y,, 1,) 1S @ p, ) —T, Space. Let x,y be
elements of X such that x =y. Since (X, py, py) iS @ Py . —T, SPace, {y} isa p,-
closed set. Since (X, py, py) IS @ py 4 - regular space and x ¢{y}, there exist a p,,-

open set U and a p, - open set V such that xeU, yeV and UnV=¢.

Remark 4.1.4 In general, a p, ,, —T, space is not a p, ,, —T; space, as can be seen

from the following example.

Example 4.1.5 Let X ={a,b,c.d}. We define two generalized topologies on X

as follows:



Ly :{d),{c},{d},{a,b},{a, c},{a, d}, {b, c},{b, d},{c, d},{a,b,c},{a,b,d},{a,c,d},{b,c,d},X} and
py, = {¢,{b},{d},{a,b},{a, c}.{a, d}, {b, c},{b, d},{c, d},{a,b,c},{a,b,d},{a,c,d},{b,c,d},X}. Then

(X, 1y, Hy) IS @ g, —T, space butis nota u , —T; space.

Theorem 4.1.6 For a bigeneralized topological space (X, ., 1,), the following are
equivalent:

(1) X, py, 1) iSa@ py . - regular space.

(2) For any point x e X and for any p,,- closed set F with x ¢F, there are
Uep,and Ve, suchthat xeU, FcVand ¢, (U)nV=4.

(3) If xeX and F is p,- closed with x ¢ F, then there is a p - open set U

containing x such that ¢, (U)nF=¢.

(4) If xeX and Gep,, with xeG, then thereis a p - open set V containing
x such that xeVce, (V) cG.

(5) F:m{c“m (V):Vep, and Fc V} for each p,,- closed subset F of X.

Proof. (1)=(2) Let xeX and F be a p,,- closed set such that x¢F. Since X is
Km. o - regular space, there exist Uep, and Vey, such that xeU, FcVand
UV =¢. Suppose that ¢, (U)nV=¢, say yec, (U)nV.Then yec, (U) and yeV.

Since Vep,, UnV=¢. which is a contradiction. Hence ¢, (U)nV =¢.
(2)=(3) It is obvious.

(3)=(4) Assume that xeX and Gep, with xeG. Then X-G isa p,-
closed set and x ¢ X-G. By (3), there exists a p,,- open set V containing x such that

Cu (V)nX-G=9¢. Then x eVce, (V)cG.

(4)=(5) Let F be a p,,- closed subset of X and let y¢F. Then yeX-F and
X-F is p,- open. By (4), there is a p - open set U containing y such that
yeUcc, (U)cX-F Then FcX-c, (U)cX-Uand ygX-U.Set W=X~c, (U).
Then W is p, - open and Fc W. Since X-U is p,- closed and Wc X-U,
Cum (W)= X=U. Thus yec, (W). This implies x enfc, (V):Ven, and F V).

Hence nfc, (V):Ven, and F Vi cF. Therefore, F=nfc, (V):Vep, and Fc V).

19
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(5)=(1) Let xeX and F be a p,,- closed set such that x¢F. By (5), there
exists Ve, suchthat FeVand xec, (V). Put U=X-c, (V). Then U is p,- open

and x e U. Moreover, UnV =¢. Hence (X, p;, uy)is py. o - regular.

Now, we recall gu- closed sets and gu - open sets in a generalized topological space.
Let (X,n) be a generalized topological space and A be a subset of X. Then A is
called gu- closed if ¢,(A)c Uwhenever AcUand Uen.And A is called gu - open if

X~A is gu- closed, or equivalently, Fci,(A) whenever Fc Aand F is p- closed.

Remark 4.1.7 Let (X,u) be a generalized topological space and A be a subset of X.
Then if A is p- closed, then A is gu- closed. And if A is p- open, then A is gu-

open.

Example 4.1.8 Let X={a,b,c}. We define generalized topologies on X as follow:
n={¢.{a}.X}. Then {a,b} is gu- closed but it is not p- closed. Similarly, {c} is g -

open but it is not p- open.

Definition 4.1.9 Let (X.u) be a generalized topological space and A< X. Then ¢, (A)
denote the intersection of all gu - closed sets containing A and i’;(A) is the union of

all gu - open sets contained in A.

Lemma 4.1.10 Let (X.u) be a generalized topological space and A< X. Then

(1) xec:

(2) xei

n

(A) if and only if VnA=¢ for each gu- open V containing x.

(A) if and only if there exists a gp- open V containing x such that

Proof. (1) (=) Assume that there exists a gn - open set V containing x such that
ANV =¢. Then X-V isa gu- closed set contained A and xgX-V. Hence xgc,(A).
(<) Assume that x ec:(A). Then there exists a gu - closed set V contained

A such that x¢ A. Set U=X-V.Then U is gu- open set containing x and UnA =¢.
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(2) (=) Assume that x ei’;(A). Then there exists a gu- open set V containing

x such that Vc A.
(<) Assume that there exists a gp - open set V containing x such that

VcA. Then xeiy(A).
Definition 4.1.11 Let (X, u, n,) be a bigeneralized topological space. Then (X, w;, u,)
is called a gy, ,,- resular space if for any point x e X and for any u,,- closed set F
with x ¢ F, there exist a gu,, - open set U and a gu, - open set V such that xeU,
FcV and UnV=4¢.

Remark 4.1.12 Every p,, ,, - regular space is a gu,, ,, - regular space. A gu , -

regular space is not a p, ,, - regular space, in general, as the following example.

Example 4.1.13 Let X ={a,b,c}. We define generalized topologies on X as follow:
m ={0.{a,b}.{a,c}.{b.c}.X} and p, ={¢.X}. Then (X, p;. p,) is a gp ,, - regular space but

itis not p, ,,- regular space.

Theorem 4.1.14 For a bigeneralized topological space (X, w,, p,), the following are
equivalent:

(1) (X, s 1y) is @ guy, ) - regular space.

(2) For any point x e X and for any p,, - closed set F with x ¢ F, there exist a

g, - open set Uand gp, - open set V such that xeU, FeVand ¢, (U)nV=¢.

Proof. (1)=(2) Let xeX and F be a p,- closed set such that x¢F. Since X is
Sl (m. o - FEQUlar space, there exist a gu, - open set U and gu, - open set v such that
xeU, FcVand UNV=¢. Suppose that ¢’, (U)nV=¢, say yec', (U)nV.Then
ye c*Hn (U) and yeV. Since V is gp,- open UnV = ¢. which is a contradiction. Hence

*

¢y, (U)nV=0o.

(2)=(1) It is obvious.
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Lemma 4.1.15 Let (X, . 1,) be a bigeneralized topological space. The following are
equivalent:

(1) If xeX and Fis p,,- closed with x ¢ F, then there is a gu,, - open set U
containing x such that ¢, (U)nF=¢.

(2) If xeX and Gep, with xeG, then there is a gu - open set v containing

x such that xeVc C:n (V) cG.

Proof. (1)=(2) Assume that xeX and Gep, with xeG. Then X-G is a p,,- closed
set and x ¢ X—G. By (2), there exists a gu,, - open set v containing x such

C*un (V)mX—G =¢. Then xeVc C*un (V) cG.

(2)=(1) Assume that xeX and F is p, - closed with x¢F. Then X-F is p,,-
open and x e X—F. By(3), there is a gu,, - open set v containing x such that

xeVce, (V)cX-F Then FeX—c, (V), and so ¢, (V)nF=4¢.

Proposition 4.1.16 Let (X, p;, un,) be a gp, ,, - regular space. Then
(1) If xeX and F is p,- closed with x ¢ F, then there is a gu - openset U
containing x such that ¢, (U)nF=¢.

(2) If xeX and G ep, with xeG, then thereis a gu, - open set v

containing x such that xe Ve, (V)<=G.

Proof. (1) Let xeX and F be a p, - closed set such that x¢F. Since X is gy o -
regular space, there exist a gu,, - open set U and gu, - open set v such that xeU,
Fc Vand UnV=¢. Suppose that c*Hn (U)nF#¢, say ye C*un (U)nEThen ye C*un (U)
and yeF. Since yeFcV and Vv is gu, - open, UnV = ¢ which is a contradiction.

Hence ¢’, (U)nF=¢.

(2) Itis clear from lemma 4.1.15.



23

4.2 p, . - normal spaces

Definition 4.2.1 Let (X, u;, n,) be a bigeneralized topological space. Then (X, w,, u,) is
said to be y,, ,,- normal if for any p, - closed set F and for any p, - closed set K
with FnK =¢, there exist Uep,, and Vep, such that FcV, KcUand UnV=4¢.

A space (X, p;, 1y) is called gy, oy =T, if (X, 1y, 1) 1S By =T and p, o) - Normal.

Proposition 4.2.2 Let (X, u;, n,) be a bigeneralized topological space. If (X, y;, p,)is

K(m, n) _T4’ then X, My Hz) is K(m, n) _T3-

Proof. Assume that (X, p;, p,) is called u, ,, —T,. We will prove that (X, p;, u,)is
M — T3 Let xeX and F a p,, - closed such that x ¢ F. Since (X, p;, uy)is pp oy =T
{x} is u, - closed. Since {x}"F=¢ and (X, p, 1y) IS K ) - NOMal, there exist a p,, -
open set U and a p, - open set v such that {x}cU, FcV and UnV =¢. Thus

(X, pys Hy)is Wom,ny — T

Remark 4.2.3 A p, ,, —T; space is not u, ,, —T, space. as can be seen from the

following example.

Example 4.2.4 In topology, let 0 be the set of all real numbers and B be the
collection of all half-open intervals of the form

[a.b) ={x|a<x <b},
Where a<b, the topology generated by B is call the lower limit topology on [I.
When [ is given the lower limite topology, we denote it by 1 ,.Then the space [, is

regular, so the product space 07 is also regular. But % is not normal, see in [6].

Theorem 4.2.5 Let (X, u;, n,) be a bigeneralized topological space. The following are
equivalent:

(1) (X.mp1y) S pgp. o) - NOrmal space.

(2) If Fis p,- closed and K is p, - closed such that FnK =¢, then there are a

K- open set Uand a p, - open set V such that Fc v, KcU and ¢, (U)nV=¢.
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(3) If Fis p,- closed and K is p, - closed such that FnK =¢, then there

exists a p,,- open set Usuch that Kc U and ¢, (U)nF=0¢.

(4) If Fis p,-closed and G is u, - open such that Fc G, then thereis a p, -

open set V such that Fcvece, (V)cG

Proof. (1)=(2) Assume that F isa p,- closed set and K'is a u, - closed set such that
FAK=¢.Since (X, p, 1y) iS pgy, oy - NOrmal space, there exist Uep,,

and Veyp, suchthat KcU, FcVand UnV=¢. Suppose that ¢, (U)NV =, say
yee,, (U)nV.Then ye Cu, (U) and yeV. Since Vep,, UnV=¢. whichisa

contradiction. Hence ¢, (U)nV=¢.
(2)=(3) It is obvious.

(3)=(4) Assume that F is p,- closed and Gis p, - open such that Fc G.
Then X-G isa p,-open and FAX-G =¢. By (3), there exists - open set U such
that X-Gc U and ¢, (U)nF=¢. Hence Fc X—c, (U)cX-UcG. Let

V=X-c, (U). Thus V is p,-openand FcVce, (V)cX-UcG.

(4)=(1) Let F be a p,,- closed set and K is a p, - closed set such that
FNnK =¢. Then X-Kis a p, - open set and Fc X-K. By (4), there exists a y, - open
set V such that FcVce, (V)cX-K. Set U=X-c, (V). Then U is p,- open and
K c U. Moreover, UnV=X-c, (V)nVcX-VnV=0¢

Then (X, py, 1y) 1S ppy. , - Normal.



CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

5.1 CONCLUSIONS

This thesis has been concerned with some separation axioms in bigeneralized
topological spaces. First, we constructed the concepts of the p, ,, -T, spaces,
B — T SPAces, p, , —Ry SPaces, w, . —R; SPACes, p, ) —T, SPACes, wiy n -
regular spaces, p, . —T; Spaces, gu, ,, - regular spaces, u, , - normal spaces and
M. n) — Ty SPaces. Then we studied some properties of them. By definitions these
spaces, we have the implications but reverse relation may be not true in general as

follows:

H(m, n) _T4 = H(m, n) _T3 = H(m, n) _TZ = H(m, n) _Tl = K(m, n) _TO'

In particular, if (X, ., 1,) IS pen ) —R;, then the following are equivalent:

M(m,n) _TZ A4 u(m,n) _Tl & H(m,n) _TO'
Further, We obtained some characterization of such spaces as follows:

(1) A bigeneralized topological space (X, w, 1,) IS o —T, if @and only if for
each pair of distinct points x,y of X, ¢, ({x})=c, ({y}) or ¢, ({x})=c,, ({v})-

(2) A bigeneralized topological space (X, p, py) IS pp o —T if and only if {x}
is u,- closed set and p, - closed set, for all x e X.

(3) Let (X, u,;,p,) be a bigeneralized topological space. If (X, w,, p,) is
Hem.n) — Ry then (X, up, 1y) 1S pepn oy —Ry.

(4) The following are equivalent for a bigeneralized topological space

(X, Hys Hz)-
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(4.1) X, py, py) is a Wma) ~ T, Space.
(4.2) If xeX, then for each x =y, then exists a p,,- open set U
containing x such that yec, (U).

(4.3) For each xeX, {x} =m{cun (U):Uep,, and x eU} :

(5) Every ., —Ts spaceis a p., ,—T, space.

(6) The following are equivalent for a bigeneralized topological space

(X, s Hz)-

(6.1) (X, 1y, 1y) IS @ py. ) - regular space.

(6.2) For any point x e X and for any p,, - closed set F with x ¢F, there are
Uep,and Ve, suchthat xeU, FcVand ¢, (U)nV=4.

(6.3) If xeX and Fis p, - closed with x ¢ F, then there is a n,- open set
U containing x such that ¢, (U)nF=¢.

(6.4) If xeX and Gep, with xeG, then thereis a p,- open set Vv
containing x such that xeVce, (V)cG.

(6.5) F= m{c“m (V):Vep,and Fc V} for each p,, - closed subset F of X.

(7) Every p,. ,, - regular space is a gp,, ,, - regular space. A g, ,, - regular
space is not a p, ., - regular space.
(8) The following are equivalent for a bigeneralized topological (X, y,, p,)

space.

(8.1) (X, py, 1) IS Py 4 - NOrMal space.

(8.2) If Fis p,- closed and K is p, - closed such that FnK=¢, then there
are a p,- open set Uand a p, - open set V such that Fe v, Kc U and
¢, (U)nV=¢.

(8.3)If Fis p,,- closed and K is p, - closed such that FnK =¢, then there
exists a p,,- open set Usuch that Kc U and ¢, (U)nF=0¢.

(8.4)If Fis p,,-closed and G is u,- open such that Fc G, then there is a

K, - open set V such that Fc Ve, (V)cG.
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5.2 RECOMMENDATIONS

Although, we obtained several properties in the thesis, it still another

interesting worth investigation further and we formulate the questions as follows.

(i) study new separation axioms in bigeneralized topological space.

(i) study some separation axioms in biminimal structure space.
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