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CHAPTER 1 

 

INTRODUCTION 

 

1.1 Background 

  

 General topology is important in many fields applied sciences as well as 

branches of mathematics. In reality it is used in data mining, computational topology 

for geometric design and modecular design, computer – aided design, computer – 

aided geometric design, digital topology, information system, paricle physis and 

quantum physics etc. 

 The theory of generalized topological space, which was introduced by Császár 

[3], is one of  the most important developments of general topology in recent years. 

Later, he [4] studied some the simplest separation axioms by replacing open sets by an 

arbitrary family of subsets of a topological space. In 2010, Roy [12] introduced the 

concepts of the separation axioms 0R  and 1R  in generalized topological spaces. 

Furthermore, he gave some characterizations of such them. In 2011, The weak 

separation axiom, including 0 1 2 0 1 0 1T ,T ,T , R , R ,D , D  and 2D  in generalized topological 

space were studies by SARSAK [14]. Furthermore, he investigated some 

characterizations of the axioms as well as the relationships among these axioms. Min 

[9] introduced the concepts of relative separation axioms in generalized topological 

spaces and investigate properties for such notions, in particular, the product of 2T - 

spaces is 2T - spaces. In the same time, GE Xun and GE Ying [15] gave some 

charactelizations of some separation axioms in generalized topological space. In 2010, 

Boonpok [1] introduced the concept of  bigeneralized  topological  spaces  and  

studied ( )m, n - closed  sets  and ( )m, n - open sets in bigeneralized topological spaces. 

In [10], Min introduced the notion of almost regular space in bigeneralized topological 

spaces. Furthermore, he [11] gave the concept of regular spaces in bigeneralized 

topological spaces.   

 According to the prior studies as mentioned above, I am interested in some 

separation axioms in bigeneralized  topological  spaces.  
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 The thesis is divided into five chapters. The first chapter is formed by an 

introduction which contains some historical remarks concerning the research 

specialization. We also explain our motivations and outline the goals of the thesis here. 

In the second chapter, we give some definitions, notations and some known theorems 

that will be used in the later chapters. In the third chapter, we give some definitions, 

notations and some interesting propositions of (m, n) 0Tµ −  spaces, (m, n) 1Tµ −  spaces and     

(m, n) 2Tµ −  spaces. We derived some of their properties. In the forth chapter, we give 

some definitions, notations and some known theorems of ( m, n)µ - regular spaces and 

(m, n)µ - normal  spaces and their characterizations. In the last chapter, we make 

conclusions of the obtained results and also outline the direction of the further 

research 

 

1.2  Objectives of the research 

 

   The purpose of the research are: 

     1.2.1  To construct and study  some separation axioms between  two distinct 

points  in bigeneralized topological spaces.    

     1.2.2  To construct and study some separation axioms between closed sets 

and the points outside this closed set  in bigeneralized topological spaces.    

     1.2.3  To construct and study some separation axioms between  two 

disjoints closed sets in bigeneralized topological spaces.    

    

1.3  Research methodology 

 

  The research procedure of thesis consists of the following steps: 

     1.3.1  Criticism and possible extensions of the literature review. 

     1.3.2  Doing research to investigate the main results. 

     1.3.3  Applying the results from 1.3.1 and 1.3.2 to the main results. 

     1.3.4  Making the conclusions and recommendations.  
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1.4  Scope of the study 

 

  The scope of the study are: 

     1.4.1 Constructing some separation axioms between  two distinct points in 

bigeneralized topological spaces.    

     1.4.2 Constructing  some separation axioms between closed sets and the 

points outside this closed set in bigeneralized topological spaces.    

     1.4.3 To construct and study some separation axioms between two disjoints 

closed sets in bigeneralized topological spaces.    
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CHAPTER  2 

 

PRELIMINARIES 

 

This chapter includes definitions, notations and some known facts which are 

used throughout the thesis. 

 

2.1 Generalized Topological Spaces  

 

 In this section, we gave some definitions, notations and known propositions  

of generalized topological spaces that will be used in the next chapter, as follows: 

 

Definition 2.1.1  [3]  Let X  be a nonempty set  and  µ  be a collection of subsets of 

X . Then µ  is called a generalized topology ( briefly GT ) on X  if and only if φ∈µ  and 

iG ∈µ  for i I∈ ≠ φ  implies  i
i I

G G
∈

= ∪ ∈µ . We call the pair ( )X,µ  a generalized 

topological space ( briefly  GTS ). The elements of µ  are called µ - open sets and  the  

complements of µ - open sets are called µ - closed sets. A generalized topological 

space ( )X,µ  is said to be strong [15] if X .∈µ  

 

Definition 2.1.2  [3]  Let X  be a nonempty set  and µ  be a  generalized topology on 

X  and A X.⊆   

 The closure of a subset A  in a generalized topological space ( )X,µ ,  

denoted by ( )c Aµ , as follows 

  ( ) { }c A F A F,X Fµ = ∩ ⊆ − ∈µ . 

 The interior of a subset A  in a generalized topological space ( )X,µ ,  

denoted by ( )i Aµ , as follows 

  ( ) { }i A G G A,Gµ = ∪ ⊆ ∈µ . 
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Lemma  2.1.3  [7] Let ( )X,µ  be a generalized topological space and let A, B X⊆ . Then 

 (1)  ( ) ( )c X A X i Aµ µ− = −  and ( ) ( )i X A X c Aµ µ− = − . 

 (2)  If  X A ,− ∈µ  then ( )c A Aµ =  and  if  A∈µ  then ( )i A Aµ = . 

 (3)  If  A B,⊆   then ( ) ( )c A c Bµ µ⊆  and  ( ) ( )i A i Bµ µ⊆ . 

 (4)  ( )A c Aµ⊆  and ( )i A Aµ ⊆ . 

 (5)  ( )( ) ( )c c A c Aµ µ µ=   and  ( )( ) ( )i i A i Aµ µ µ= . 

 

Lemma  2.1.4  [8]  Let ( )X,µ  be a generalized topological space and A X⊆ .  Then 

(1)  ( )x i Aµ∈  if and only if there exists V∈µ  such  that x V A∈ ⊆ ; 

(2) ( )x c Aµ∈  if and only if V A∩ ≠ φ  for every µ -open set V  containing x . 

 

Definition 2.1.5  [7]  A space ( )X,µ  is called 0−Tµ   if for any two distinct points of X , 

there is a µ - open set of  X  which  contain one  but not the other. 

 

Example 2.1.6  [7]  Let X {a, b, c}=  and  { ,{a},{a,b}}.µ = φ   

We see that 

 • 
 
{a}   is µ - open set such that a {a}∈  but  b,c {a}∉ ; 

 • {a,b}
 
is µ - open set such that b {a,b}∈  but  c {a, b}∉ . 

Thus  ( )X,µ  is  0Tµ − . 

 

Definition 2.1.7  [7]  A space  ( )X,µ  is called 1−Tµ  if for any two distinct points x  and  

y  of X , there exist µ - open sets  U  and V  of X  such that x U∈  but y U∉  and y V∈  

but x V.∉  

 

Example  2.1.8  [7]  Let  X {a, b, c}=  and {X, ,{a,b},{a,c},{b,c}}µ = φ .  

We see that  

 • {a, c}  and {b, c}  are µ - open such that a {a, c},∈  but b {a, c}∉ and b {b, c}∈  

but a {b, c},∉  

 
     

 • {a, b}  and {a, c}  are µ - open such that b {a,b}∈  but c {a, b}∉  and c {a, c}∈  

but b {a, c},∉  
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 • {a, b}  and {b, c}  are µ - open such that a {a, b}∈  but c {a, b}∉  and c {b, c}∈  

but a {b, c}.∉   

Thus ( )X,µ  is 1Tµ − . 

 

Definition 2.1.9  [7] A space ( )X,µ  is called 2−Tµ   if for any two distinct points x  and  

y  of X , there exist disjoint µ - open sets U  and V  of X  such that x U,∈ y V∈ and 

U V∩ = φ . 

 

Theorem  2.1.10  [7] A space ( )X,µ  is 0−Tµ   if and only if for each pair of distinct 

points x, y  of X , { }( ) { }( )c x c yµ µ≠ . 

 

Theorem  2.1.11  [7] A space ( )X,µ  is 1−Tµ  if and only if the singleton of X  are µ - 

closed. 

 

Definition 2.1.12  [7] A space ( )X,µ  is said to be a 0− Rµ  space  if every µ - open set 

contains the µ - closure of each of its singletons. 

 

Example 2.1.13  [7]  Let X {a, b, c}=  and { ,{a, b},{c}, X}µ = φ .  

Since
 

{ }( ) { }( ) { } { }c a c b a, b a, bµ µ= = ⊆  and { }( ) { } { }c c c cµ = ⊆ , ( )X,µ  is 0Rµ− .
 

 

Definition 2.1.14  [7]  A space ( )X,µ  is said to be 1− Rµ  if for any x, y X∈  with 

{ }( ) { }( )c x c yµ µ≠ , there exist disjoint µ - open sets U  and V  such that
 { }( )c x Uµ ⊆   

and { }( )c y Vµ ⊆ . 

 

Example 2.1.15  [7]  Let X {a, b, c}=  and { ,{a, b},{c}, X}.µ = φ   

Since 
 

{ }( ) { }( ) { } { }c a c b a, b a, bµ µ= = ⊆  and { }( ) { } { }c c c cµ = ⊆ , ( )X,µ  is 1Rµ − .
 

 

Theorem 2.1.16  [7]  If ( )X,µ  is 1Rµ− , then ( )X,µ  is 0Rµ− . 

 

Definition 2.1.17 [7] A space ( )X,µ  is said to be µ - symmetric if for each x, y X∈ , 

{ }( )x c yµ∈  implies { }( )y c xµ∈ . 
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Theorem 2.1.18  [7] A space ( )X,µ  is 0Rµ−  if and only if ( )X,µ  is µ - symmetric. 

 

Theorem 2.1.19  [7] A space ( )X,µ  is 1Tµ −  if and only if ( )X,µ  is 0Tµ −  and 0Rµ− . 

 

Corolary 2.1.20  [7]  For a 0Rµ−  space ( )X,µ , the following are equivalent: 

 (1) ( )X,µ is 0Tµ − , 

 (2) ( )X,µ is 1Tµ − . 

 

Theorem 2.1.21  [7]  For a space ( )X,µ , the following are equivalent: 

 (1) ( )X,µ is 2Tµ − , 

 (2) ( )X,µ is 1Tµ −  and 1Rµ− , 

 (3) ( )X,µ is 0Tµ −  and 1Rµ− . 

 

Corolary 2.1.22  [7]  For a 1Rµ−  space ( )X,µ , the following are equivalent: 

 (1) ( )X,µ is 2Tµ − , 

 (2) ( )X,µ is 1Tµ − ,  

 (3) ( )X,µ is 0Tµ − . 

 

Definition 2.1.23  [15] Let X  be a strong generalized topological space. X  is called 

3−Tµ  space if and only if for all x X∈  and F  is µ - closed set with x F∉ , then there 

are µ - open U  and V  with x U, F V∈ ⊆ and U V∩ = φ . 
 

Theorem 2.1.24  [15] The following are equivalent for a space ( )X,µ . 

  1. X  is 3Tµ−  space. 

  2. If x F∉  with F  is µ - closed, then there are U,V∈µ   with x U,F V∈ ⊆  and 
( )c U Vµ ∩ = φ .  

  3. If x F∉  with F  is µ - closed, then there is U∈µ  with x U∈  and ( )c U Fµ ∩ = φ .

  4. If x X∈  and U∈µ  such that x U,∈  then there is V∈µ  with ( )x V c V U.µ∈ ⊆ ⊆

  5. ( ){ }F c U : F Uµ=∩ ⊆ ∈µ
 
for each µ - closed subset F  of X . 
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Definition 2.1.25  [15] Let ( )X,µ  be a strong generalized topological  space. Then X  is 

called 4−Tµ  space if 1F  and 2F  are µ - closed  and 1 2F F∩ =φ , then there are U,V∈µ  

with 1 2F U, F V⊆ ⊆  and U V∩ = φ . 

 

Theorem 2.1.26  [15] The following are equivalent for a space ( )X,µ . 

  1. X  is a 4Tµ−  space. 

  2. If 1 2F ,F  are µ - closed, 1 2F F∩ =φ , then there are U,V∈µ  such that 

1 2F U,F V⊆ ⊆  and ( )c U Vµ ∩ = φ .  

 3. If 1 2F ,F  are µ - closed, 1 2F F∩ =φ , then there is U∈µ  such that 1F U⊆  
and ( ) 2c U Fµ ∩ = φ .   

 4. If F  is µ - closed and  F U ,⊆ ∈µ  then there is V∈µ  such that 

( )F V c V U.µ⊆ ⊆ ⊆  
 

Definition 2.1.27 [14] Let A  be a subset of a space ( )X,µ . Then A  is called gµ - 

closed  if c (A) Uµ ⊆  whenever A U⊆ and U∈µ . A  is called gµ - open if X A−  is gµ - 

closed, or equivalently, ( )F i Aµ⊆  whenever F A⊆ and F  is µ - closed. 

 

2.2  Bigeneralized Topological Space 

 

Definition 2.2.1  [1]  Let X  be a nonempty set and let 1µ and 2µ  be generalized 

topologies on X .  A triple 1 2(X, , )µ µ is said to be a bigeneralized topological space  

(briefly BGTS). For any subset A  of X  closure of A  and interior of A  with respect to 

mµ  are denoted by 
m

c (A)µ  and 
m

i (A),µ  respectively, for m=1 or 2.  

 

Example 2.2.2  [1]  Let { }X a,b,c,d ,=  1 { , {a}, {b}, {a, b}}µ = φ  and 2 { , {c}, {a, c}}.µ = φ  

Then 1 2(X, , )µ µ  is bigeneralized topological space. Let A {b, c}.=  Thus    

   
1 1

c (A) c ({b, c}) {b, c, d},µ µ= =    
1 1

i (A) i ({b, c}) {b},µ µ= =   

   
2 2

c (A) c ({b, c}) X,µ µ= =   
 2 2

i (A) i ({b, c}) {c}.µ µ= =  
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 Definition 2.2.3  [1]  Let 1 2(X, , )µ µ  be a bigeneralized topological space. A subset A   

of X  is called ( )m,n - closed  set  if 
m n

c (c (A)) Aµ µ =  where m, n 1, 2=  and m n≠ .  

The complements of  ( )m, n - closed set are call  ( )m, n - open sets. 

 

Lemma 2.2.4  [1]  Let 1 2(X, , )µ µ  be a bigeneralized topological space and A X⊆ . Then 
A  is a ( )m, n - closed set if and only if A  is a 1µ - closed set and a 2µ - closed. 

 

Lemma 2.2.5  [1]  Let 1 2(X, , )µ µ  be a bigeneralized topological space. If A  and B  are 

( )m, n  - closed then A B∩  is a ( )m, n - closed set. 

 

Remark 2.2.6  [1]  The union of two ( )m, n - closed  sets is not a ( )m, n - closed set in 

general as can be seen from the following example. 

 

Example 2.2.7  [1]  Let 1 2(X, , )µ µ  be a  bigeneralized topological space with 

X {a, b, c, d},=  1 { , {a, c, d}, {b, c, d}, X}µ = φ  and 2 { , {a, c, d}, {b, c, d}, X}µ = φ . 

We see that X ,{b}, {a} and φ  are 1µ - closed and 2µ - closed. By Lemma 2.2.5, 

X ,{b}, {a} and φ  are  ( )m, n - closed sets, Where  m, n 1, 2=  and m n≠ . Then {a}   

and {b}  are ( )m, n - closed, but {a} {b} {a, b}∪ =  is not a ( )m, n - closed set. 

 

Lemma 2.2.8  [1]  Let 1 2(X, , )µ µ  be a  bigeneralized topological space and A X.⊆  

Then A  is a  ( )m, n - open set if and only if  
m n

i (i (A)) A.µ µ =  
 

Lemma 2.2.9  [1]  Let 1 2(X, , )µ µ  be a  bigeneralized topological space If A  and B    

is ( )m, n - open set then A B∪  is ( )m, n - open set. 

 

Remark 2.2.10 [1] The intersection of two ( )m, n - open sets is not a ( )m, n - open set in 

general as can be seen from the following example. 

 

Example 2.2.11  [1]  Let 1 2(X, , )µ µ  be a bigeneralized topological space with 

X {a, b, c, d},=  1 { , {a, b}, {b, c}, {a, b, c},X}µ = φ  and 2 { , {a, b}, {b, c}, {a, b, c},X}µ = φ .  

We see that {a, b}  and {b, c}  are ( )1,2 - open. But {a, b} {b, c} {b}∩ =  is not ( )1,2 - open. 

 



10 

 

CHAPTER 3 

 

WEAK SEPARATION AXIOMS IN BIGENERALIZED TOPOLOGICAL SPACES 

 

 In this chapter, we introduce the notions of weak separation axioms in 

bigeneralized topological space. Next, we study some properties of them.  

 Throughout this chapter, we let { }m, n 1, 2∈ where m n.≠  

 

3.1 (m, n) 0Tµ −  spaces  and  (m, n) 1Tµ −  spaces 

  

 In this section, we give the definition of (m, n) 0Tµ −  space and
 (m, n) 1Tµ −  space. 

After that, we give characterize these spaces. 

 

Definition 3.1.1  A bigeneralized topological space 1 2(X, , )µ µ  is called 0−( m, n ) Tµ  if for 

any pair of  distinct points of X , there exists a mµ - open set or a nµ - open set  contain 

one of the points but not the other. That is, 1 2(X, , )µ µ  is 0−( m, n ) Tµ  if and only if for 

any x, y X∈  with x y,≠  there exists a subset U  of X  such that U  is mµ - open or nµ - 

open and x U∈  but y U∉  or y U∈  but x U.∉  

 

Example 3.1.2   Let  X {a, b, c}.=  We define two generalized topologies on X  as 

follows: { }1 { , a,b }µ = φ  and { }2 { , b,c }.µ = φ  Then 1 2(X, , )µ µ  is (1, 2) 0Tµ −  and (2,1) 0Tµ − . 

 

Theorem 3.1.3  Let  1 2(X, , )µ µ  be a bigeneralized topological space. Then 1 2(X, , )µ µ  

is (m, n) 0Tµ −  if  and  only if  for  each pair of distinct points x, y of X ,
 

{ }( ) { }( )m m
c x c yµ µ≠  or { }( ) { }( )n n

c x c yµ µ≠ . 

 

Proof.  ( )⇒  Assume that 1 2(X, , )µ µ  is  (m, n) 0Tµ − . Let x, y X∈  with x y.≠  Then there 

exists U X⊆  such that U  is mµ - open or nµ - open, x U∈  but y U∉  or y U∈  but 

x U.∉  
Without loss of generality, we assume that x U∈  but y U.∉  If U  is mµ - open, then  

{ }( )m
x c yµ∉ , and so { }( ) { }( )m m

c x c yµ µ≠ . If U  is nµ - open, then { }( )n
x c y ,µ∉  and so 

{ }( ) { }( )n n
c x c y .µ µ≠  Hence, { }( ) { }( )m m

c x c yµ µ≠  or { }( ) { }( )n n
c x c y .µ µ≠  
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 ( )⇐  Assume that { }( ) { }( )m m
c x c yµ µ≠  or { }( ) { }( )n n

c x c yµ µ≠ for each x, y X∈  

with x y.≠  We will show that 1 2(X, , )µ µ  is  (m, n) 0Tµ − . Let  x, y X∈   with x y.≠   

 By assumption, { }( ) { }( )m m
c x c yµ µ≠  or { }( ) { }( )n n

c x c yµ µ≠ .  

 If { }( ) { }( )m m
c x c yµ µ≠ , then, without loss of generality, we assume that  

{ }( ) { }( )m m
c x c yµ µ⊄ . Hence { }( )m

x c yµ∉ . Set { }( )m
U X c yµ= − . Then U  is a mµ - open 

subset of X  and x U∈  but y U.∉  Similarly, we can prove that if { }( ) { }( )n n
c x c yµ µ≠ , 

then there exists a nµ - open subset U  of X  which contains one but not the other. 

Therefore, 1 2(X, , )µ µ  is  (m, n) 0Tµ − . 

 

Remark 3.1.4 Let 1 2(X, , )µ µ  be a bigeneralized topological space. From the above 

theorem, 1 2(X, , )µ µ  is (m, n) 0Tµ −  if and only if 1 2(X, , )µ µ  is (n,m) 0T .µ −  

 

Proposition 3.1.5 Let 1 2(X, , )µ µ  be a bigeneralized topological space. If ( )mX,µ  is 

m 0Tµ −  or ( )nX,µ is n 0Tµ − , then 1 2(X, , )µ µ  is (m, n) 0Tµ − . 

 

Proof.  It follows from theorem 3.1.3 and Theorem 2.1.9. 

 

Example 3.1.6  Let  X {a, b, c}.=  We define two generalized topologies on X  

as follows: { }1 { , a,b , X}µ = φ  and { }2 { , a,c , X}.µ = φ  Then 1 2(X, , )µ µ is (1, 2) 0Tµ −  but ( )1X,µ  

is not 1 0Tµ −  and ( )2X,µ  is not 2 0Tµ − . 

 

Definition 3.1.7  A  bigeneralized topological space 1 2(X, , )µ µ  is said to be (m, n) 1Tµ −   

if for any x, y X∈  with x y,≠  there exist a mµ - open set U  and a nµ - open set V  such 

that x U∈  but y U∉ and x V∉ and y V.∈  

 

Example 3.1.8  Let X {a, b, c}.=  We define two generalized topologies on X  as 

follows:  { } { }1 { , a , a, b , {a, c}, {b, c},X}µ = φ  and { }2 { , a,b ,{a, c}, {b, c}, X}.µ = φ   

Then 1 2(X, , )µ µ  is (1, 2)µ - 1T  and (2,1)µ - 1T . 

 

Example 3.1.9  Let X {a, b}.=  We define two generalized topologies on X  as follows:  

{ }1 { , a }µ = φ  and { }2 { , b }.µ = φ   
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Then 1 2(X, , )µ µ  is not  (1, 2)µ - 1T  because if b a≠  but there is no 1µ - open set containing 

b but not a. 

Remark 3.1.10  Let 1 2(X, , )µ µ  be a bigeneralized topological space. Then 1 2(X, , )µ µ    

Is (m, n)µ - 1T  if and only if for any x, y X∈  with x y,≠  there exist mµ -open sets 1 2U , U  

and nµ -open sets 1 2V , V  such that  

 1. 1x U∈  but 1y U∉   and 1y V∈  but 1x V ,∉  

 2. 2y U∈  but 2x U∉  and 2x V∈  but 2y V∉ . 

 

Remark 3.1.11  It is clear that every (m, n) 1Tµ −  space is a (m, n) 0Tµ −  space. But a 

(m, n) 0Tµ −  space is not a (m, n) 1Tµ −  space, in general, as the following example. 

 

Example 3.1.12  Let X {a, b, c}.=  We define two generalized topologies on X  as 

follows:  { } { }1 { , a , a,b ,X}µ = φ and { }2 { , b ,{a,c}, X}.µ = φ   

Then 1 2(X, , )µ µ  is a (1, 2)µ - 0T  space but it is not a (1,2)µ - 1T  space. 

 

Theorem 3.1.13  Let 1 2(X, , )µ µ  be a bigeneralized topological space. Then 1 2(X, , )µ µ   

is (m, n) 1Tµ −  if  and only if { }x  is mµ - closed set and nµ - closed set, for all x X.∈  

 

Proof.   ( )⇒  Assume that 1 2(X, , )µ µ  is  (m, n) 1Tµ − . Let x X .∈  By assumption, for each 

y X∈  such that y x≠ , there exist a mµ - open set yU  and a nµ - open set yV   such that 

yy U∈  but yx U∉  and yy V∈  but yx V∉ . Then { }X x−  =
{ }

y
y X x

U
∈ −
∪  is a mµ - open set and 

{ }X x−  =
{ }

y
y X x

V
∈ −
∪  is a nµ - open set. Hence { }x  is mµ - closed and nµ - closed. 

 

            ( )⇐  Assume that { }x  is mµ - closed and nµ - closed, for all x X .∈  To show 

that 1 2(X, , )µ µ  is  (m, n) 1T ,µ −  let  x, y X∈ with x y≠ . By assumption, we obtain that { }x  

is nµ - closed and { }y  is mµ - closed. set { }U X y= −  and { }V X x .= −  Thus U  is mµ - 

open and V  is nµ - open. Moreover, x U∈  but y U∉  and y V∈  but x V.∉  Then 

1 2(X, , )µ µ  is  (m, n) 1T .µ −  

 

Remark 3.1.14 Let 1 2(X, , )µ µ  be a bigeneralized topological space. From the previous 

theorem, it is clear that 1 2(X, , )µ µ  is (m, n) 1Tµ −  if and only if (n, m) 1T .µ −  
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Definition 3.1.15  A bigeneralized topological space 1 2(X, , )µ µ  is said to be a 

0−( m , n ) Rµ  space if every mµ - open set contains the nµ - closure of each of its 

singleton. That is, 1 2(X, , )µ µ  is ( m, n) 0Rµ −  if and only if for all mµ - open set U,  if x U∈  

then { }( )n
c x U.µ ⊆  

Example 3.1.16  Let X {a, b, c}.=  We define two generalized topologies on X   

as follows: { } { }{ }1 , a, b , a, c , Xµ = φ  and { } { } { }{ }2 , a, b , a, c , b, c , X .µ = φ  

Then 1 2(X, , )µ µ  is (1, 2) 0Rµ −  but it is not (2, 1) 0Rµ − . 

 

Definition 3.1.17  A bigeneralized topological space 1 2(X, , )µ µ  is said to be pairwise 

0R  if 1 2(X, , )µ µ  is (1, 2) 0Rµ −  and (2, 1) 0R .µ −  

 

Theorem 3.1.18  Let 1 2(X, , )µ µ  be a bigeneralized topological space. Then 1 2(X, , )µ µ  

is a 0−( m, n ) Rµ  space if and only if for every mµ - closed subset F,  if x F,∉  then 

{ }( )n
c x F .µ ∩ = φ  

 

Proof.  ( )⇒  Assume that 1 2(X, , )µ µ  is (m, n) 0R .µ −  Let F  be a mµ - closed subset of X.  

Assume that x F.∉  Then x X F∈ −  and X F−  is mµ - open. Since 1 2(X, , )µ µ  is (m, n) 0R ,µ −  

{ }( )n
c x X F.µ ⊆ −  Hence { }( )n

c x F .µ ∩ = φ  

 ( )⇐  Let U be a mµ - open subset of X.  Assume that x U.∈  Then x X U∉ −  and 

X U−  is mµ - closed. By assumption, { }( ) ( )
n

c x X U .µ ∩ − = φ  Then { }( )n
c x U.µ ⊆  Therefore,  

1 2(X, , )µ µ  is (m, n) 0R .µ −  

  

Definition 3.1.19  A bigeneralized topological space 1 2(X, , )µ µ  is said to be a 

(m, n) 1Rµ −  space if for any x, y X∈  with { }( ) { }( )m n
c x c y ,µ µ≠  there exist mµ - open set U  

and nµ - open set V  such that { }( )m
c x V,µ ⊆  { }( )n

c y Uµ ⊆  and U V .∩ = φ  

 

Remark 3.1.20  From the above definition, we obtain that  1 2(X, , )µ µ  is (m, n) 1Rµ −   

if and only if  1 2(X, , )µ µ  is (n, m) 1R .µ −  
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Theorem 3.1.21  Let 1 2(X, , )µ µ  be a bigeneralized topological space. If 1 2(X, , )µ µ  is 

(m, n) 1Rµ − , then 1 2(X, , )µ µ  is (m, n) 0R .µ −  

 

Proof.  Assume that 1 2(X, , )µ µ  is (m, n) 1R .µ −  We will show that 1 2(X, , )µ µ  is ( m, n) 0Rµ −

. 

Let U be a mµ - open set and x U.∈  To show that { }( )n
c x U,µ ⊆  let y U.∉  Then 

{ }U y ,∩ = φ  implies that { }( )m
x c y .µ∉  Hence { }( ) { }( )n m

c x c y .µ µ≠  Since 1 2(X, , )µ µ  is 

(m, n) 1R ,µ −  there exist mµ - open set 0U  and nµ - open set 0V  such that { }( ) 0n
c x U ,µ ⊆  

{ }( ) 0m
c y Vµ ⊆  and 0 0U V .∩ = φ  Thus 0y V∈  and { } 0x V .∩ = φ  Hence { }( )n

y c x .µ∉  

Therefore, { }( )n
c x U.µ ⊆  

Remark 3.1.22  In general, a (m, n)µ - 0R  space is not a (m, n)µ - 1R  space as can be seen 

from the following example. 

 

Example 3.1.23  Let { }X a,b,c= . We define two generalized topologies on X  as follow:  

{ } { }{ }1 , a, b , a, c , Xµ = φ  and { }2 ,Xµ = φ . Then 1 2(X, , )µ µ  is (m, n)µ - 0R  space but it is not a 

(m, n)µ - 1R . 

 

Definition 3.1.24  A bigeneralized topological space 1 2(X, , )µ µ  is said to be a ( m, n )µ - 

symmetric  if for each x, y X∈ , { }( )n
x c yµ∈  implies { }( )m

y c x .µ∈  

 

Theorem 3.1.25  Let 1 2(X, , )µ µ be a bigeneralized topological space. Then 1 2(X, , )µ µ  is 

( m, n) 0Rµ −  if  and  only if 1 2(X, , )µ µ  is  (m, n)µ − symmetric. 

 

Proof.  ( )⇒  Assume that 1 2(X, , )µ µ  is (m, n) 0R .µ −  Let x, y  be elements of X such that 

{ }( )n
x c yµ∈  and let U be a mµ - open set such that y U.∈  Since 1 2(X, , )µ µ   is 

( m, n) 0Rµ −  and y U∈ , { }( )n
c y U.µ ⊆  Hence { }x U ,∩ ≠ φ  and so { }( )m

y c xµ∈ . 

 

           ( )⇐  Assume that 1 2(X, , )µ µ  is  (m, n)µ − symmetric. Let U  be a mµ - open set  

and let x U.∈  If y U∉ , then { }( )m
x c y ,µ∉  and so, by 1 2(X, , )µ µ  is (m, n)µ − symmetric, 

{ }( )n
y c x .µ∉  Hence { }( )n

c x Uµ ⊆ . Thus 1 2(X, , )µ µ  is (m, n) 0R .µ −  
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Theorem 3.1.26  Let 1 2(X, , )µ µ  be a (1, 2) 0Rµ −  space  and (2, 1) 0Rµ −  space. Then 

1 2(X, , )µ µ  is (m, n) 1Tµ −  if and only if 1 2(X, , )µ µ  is (m, n) 0Tµ − . 

 

Proof.   ( )⇒  Clearly. 

 

            ( )⇐  Assume that  1 2(X, , )µ µ  is  (m, n) 0T .µ −  Let x, y∈X  with x ≠ y. Then there 

exists a subset U of X such that  U is a mµ - open set or a nµ - open set, and x ∈  U but 

y ∉ U or  y ∈U but x ∉U. Without loss of generality, we assume that U is mµ - open 

and x ∈U but y ∉ U. Then {y} U∩ = φ  and so { }( )m
x c yµ∉ . Since X  is (1, 2) 0Rµ −  and 

(2, 1) 0Rµ − , { }( )n
y c xµ∉ . Hence  X- { }( ){ }n

c xµ is a nµ - open set containing  y but not x. 

Hence 1 2(X, , )µ µ  is  (m, n) 1Tµ − . 

3.2 (m, n) 2Tµ −  spaces   

 

 In this section, we  introduce  the notion of (m, n) 2Tµ −  in bigeneralized  

topological spaces. Next, we study some properties of its. 

  

Definition 3.2.1  A bigeneralized topological space 1 2(X, , )µ µ  is called 2−( m, n ) Tµ  or 

( m, n )µ - Hausdorff space  if for any x, y X∈  with x y≠ , there exist a mµ - open set U and 

a nµ - open set V such that x U,∈ y V∈  and U V .∩ = φ  

 

Remark 3.2.2  It is clear that every (m, n) 2Tµ −  space is a (m, n) 1Tµ −  space. But a 

(m, n) 1Tµ −  space is not a (m, n) 2Tµ −  space, in general, as can be seen from the following 

example. 

 

Example 3.2.3  Let { }X a,b,c= . We define two generalized topologies on X  as follows:  

1 { ,{a,b},{a, c}, {b, c}, X}µ = φ  and 2 { ,{a},{a,b},{a, c}, {b, c},X}.µ = φ    

Then 1 2(X, , )µ µ  is  (1, 2) 1Tµ −  space but it is not (1, 2) 2Tµ − . 

 

Example 3.2.4  Let { }X a,b,c,d= . We define two generalized topologies on X  as 

follows: 1 { ,{a, b},{a, c},{a, d}, {b, c},{b, d},{c, d},{a, b, c},{a,b,d},{b,c,d},X}µ = φ  and 2 P(X).µ =    

Then 1 2(X, , )µ µ  is (1, 2) 2T .µ −  
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Example 3.2.5  Let X {a, b}.=  We define two generalized topologies on X  as follows:  

{ }1 { , a ,X}µ = φ  and { }2 { , b , X}.µ = φ   

Then 1 2(X, , )µ µ  is not  (1, 2)µ - 1T  because if b a≠  but there are no disjoint a 1µ - open 

set containing b and a 2µ - open set containing a. 

 

Remark 3.2.6  Let 1 2(X, , )µ µ  be a bigeneralized topological space. Then 1 2(X, , )µ µ  is   

(m, n)µ - 2T  if and only if for any x, y X∈  with x y,≠  there exist mµ -open sets 1 2U , U  and 

nµ -open sets 1 2V , V  such that  

 1. 1x U∈  and 1y V∈  and 1 1U V ,∩ = φ  

 2. 2x V∈  and 2y U∈  and 2 2U V .∩ = φ  

 

 

Theorem 3.2.7  For a bigeneralized topological space 1 2(X, , )µ µ , the following are 

equivalent: 

 (1) X  is a ( ) 2m,n Tµ −  space.  
   (2) If x X∈ , then for each x y≠ , then there exists a mµ - open set U  

containing x  such that ( )
n

y c Uµ∉ . 

   (3) For each x X∈ , { } ( ){ }mn
x c U : U and x Uµ= ∩ ∈µ ∈ .  

 

Proof.  ( ) ( )1 2⇒  Assume  that X   is a  ( ) 2m,n Tµ −   space  and x X∈ . Let  y  be a 

element of  X  such  that x y≠ . Then  there  exist  a  mµ - open set  U  and a nµ - 

open set  V  such that x U,∈ y V∈  and U V∩ = φ . Thus  ( )
n

y c Uµ∉ . 

 

 ( ) ( )2 3⇒  Let x X∈ . We will prove that { } ( ){ }mn
x c U : U and x Uµ= ∩ ∈µ ∈ . 

It is clear that { } ( ){ }mn
x c U : U and x Uµ⊆ ∩ ∈µ ∈ . Let y X∈  with y x≠ . By assumption, 

there exists a mµ - open set 0U  containing x  such that ( )0n
y c Uµ∉ . Then  

{ } ( ){ }mn
y c U : U and x Uµ∉∩ ∈µ ∈ . Thus ( ){ } { }mn

c U : U and x U xµ∩ ∈µ ∈ ⊆ . Therefore,  

{ } ( ){ }mn
x c U : U and x Uµ= ∩ ∈µ ∈ . 
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 ( ) ( )3 1⇒  Assume that { } ( ){ }mn
x c U : U and x Uµ= ∩ ∈µ ∈ for each x X∈ . Let 

x, y X∈  with x y≠ . Since { } ( ){ }mn
y x c U : U and x Uµ∉ = ∩ ∈µ ∈ , there  exists 0 mU ∈µ  

such  that  0x U∈  and ( )0n
y c Uµ∉ . Since ( )0n

y c U ,µ∉  there exists 0 nV ∈µ  such that 

0y V∈  and 0 0U V∩ = φ . Then 0x U∈ , 0y V∈  and 0 0U V∩ = φ . Hence, X is a ( ) 2m,n Tµ −  

space. 
 

Theorem 3.2.8  Let 1 2(X, , )µ µ  be a ( ) 1m,n Rµ −  space. The following are equivalent: 

 (1) 1 2(X, , )µ µ  is a ( ) 2m,n Tµ − ,  
   (2) 1 2(X, , )µ µ  is a ( ) 1m,n Tµ − , 

   (3) 1 2(X, , )µ µ  is a ( ) 0m,n T .µ −  

 

Proof. ( ) ( )1 2⇒  Clearly. 

 ( ) ( )2 3⇒  Obviously. 

 ( ) ( )3 1⇒  Assume that 1 2(X, , )µ µ  is a ( ) 0m,n T .µ −  To show that 1 2(X, , )µ µ  is a 

( ) 2m,n T ,µ −  let x, y X∈  with x y.≠  Since 1 2(X, , )µ µ  is ( ) 1m,n Rµ −  space, then 1 2(X, , )µ µ  is 

pairwise  0R .  By Theorem 3.1.17, we obtain that 1 2(X, , )µ µ  is a ( ) 1m,n T .µ −  Then { }x  is 

mµ - closed and { }y  is nµ - closed. Hence { }( ) { } { } { }( )m n
c x x y c y .µ µ= ≠ =  Since 

1 2(X, , )µ µ  is ( ) 11,2 Rµ −  and ( ) 12,1 R ,µ −  there exist a mµ - open set U and a nµ - open set 

V  such that { }( )m
c x Vµ ⊆  and { }( )n

c y Uµ ⊆  and U V .∩ = φ  Therefore, 1 2(X, , )µ µ  is a 

( ) 2m,n T .µ −  
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CHAPTER 4 

 

(m, n)µ - REGULAR SPACES  AND 
 (m, n)µ -  NORMAL SPACES 

 

 Throughout this chapter, we let { }m, n 1, 2∈ with m n.≠   

 In this chapter, we  introduce  the notion of ( m, n)µ - regular space and (m, n)µ - 

normal space in bigeneralized  topological spaces. Next, we study some properties of 

them.  

4.1 ( m, n )µ - regular spaces  

 

Definition 4.1.1  A bigeneralized topological space 1 2(X, , )µ µ  is called  a ( m, n )µ - 

regular space if for any point x X∈  and for any mµ - closed subset F of X  with x F∉ , 

there exist  mU∈µ  and nV∈µ  such that x U,∈  F V⊆ and  U V .∩ = φ   

A bigeneralized topological space 1 2(X, , )µ µ is said to be (m, n) 3Tµ −  if 1 2(X, , )µ µ is 

(m, n) 1Tµ −  and (m, n)µ - regular.   

Remark 4.1.2  The notion of (1, 2)µ - regular spaces [11]  was introduced by Min.  

Theorem 4.1.3  Every (m, n) 3Tµ −  space is a (m, n) 2Tµ −  space. 

Proof.  Let 1 2(X, , )µ µ  be a (m, n) 3Tµ −  space. Then 1 2(X, , )µ µ  is a (m, n) 1Tµ −  space and 

(m, n)µ - regular space. We will prove that 1 2(X, , )µ µ  is a (m, n) 2Tµ −  space. Let x, y  be 

elements of X  such that x y.≠  Since 1 2(X, , )µ µ  is a (m, n) 1Tµ −  space, { }y  is a mµ - 

closed set. Since 1 2(X, , )µ µ  is a (m, n)µ - regular space and { }x y ,∉  there exist a mµ - 

open set U  and a nµ - open set V  such that x U,∈  y V∈  and U V .∩ = φ  

Remark 4.1.4  In general, a (m, n) 2Tµ −  space is not a (m, n) 3Tµ −  space, as can be seen 

from the following example. 

 

Example 4.1.5 Let  { }X a, b,c,d= . We define two generalized topologies on X   

as follows: 
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{ }1 { , c ,{d},{a,b},{a, c},{a, d}, {b, c},{b, d},{c, d},{a,b,c},{a,b,d},{a,c,d},{b,c,d}, X}µ = φ  and 

{ }2 { , b ,{d},{a, b},{a, c},{a, d}, {b, c},{b, d},{c, d},{a, b,c},{a,b,d},{a,c,d},{b,c,d},X}.µ = φ  Then 

1 2(X, , )µ µ  is a (1, 2) 2Tµ −  space but is not a (1, 2) 3Tµ −  space.
 

 

Theorem 4.1.6  For a bigeneralized topological space 1 2(X, , )µ µ , the following are 

equivalent: 

 (1)  1 2(X, , )µ µ  is a (m, n)µ - regular  space. 

 (2)  For any point x X∈  and for any mµ - closed set  F  with x F,∉  there are 

mU∈µ and nV∈µ  such that x U,∈  F V⊆ and ( )
n

c U V .µ ∩ = φ  

 (3)  If x X∈  and F  is mµ - closed with x F,∉  then there is a mµ - open set  U  

containing x   such that ( )
n

c U F .µ ∩ = φ  

 (4)  If x X∈  and mG∈µ  with x G,∈  then there is a mµ - open set V  containing 

x  such that ( )
n

x V c V G.µ∈ ⊆ ⊆  

 (5) ( ){ }nm
F c V : V and F Vµ= ∩ ∈µ ⊆ for each mµ - closed subset  F of X . 

 

Proof. ( ) ( )1 2⇒  Let x X∈  and F  be a mµ - closed set  such that x F∉ . Since X  is 

(m, n)µ - regular  space, there exist  mU∈µ  and nV∈µ  such that x U,∈  F V⊆ and  

U V .∩ = φ  Suppose that ( )
n

c U V ,µ ∩ ≠ φ  say ( )
n

y c U V.µ∈ ∩ Then ( )
n

y c Uµ∈  and y V.∈  

Since nV ,∈µ  U V .∩ ≠ φ  which is a contradiction. Hence ( )
n

c U V .µ ∩ = φ  
 

 ( ) ( )2 3⇒  It is obvious. 
 

 ( ) ( )3 4⇒  Assume that  x X∈  and  mG∈µ  with x G.∈  Then X G−  is a mµ - 

closed set  and x X G.∉ −  By (3), there exists a  mµ - open set V  containing x  such that 

( )
n

c V X G .µ ∩ − = φ  Then ( )
n

x V c V G.µ∈ ⊆ ⊆   
 

 ( ) ( )4 5⇒  Let F  be a mµ - closed subset of X  and let y F∉ . Then y X F∈ −  and 

X F−  is mµ - open. By (4), there is a mµ - open set U  containing y  such that 

( )
n

y U c U X F.µ∈ ⊆ ⊆ −  Then ( )
n

F X c U X Uµ⊆ − ⊆ − and y X U.∉ − Set ( )
n

W X c U .µ= −  

Then W  is nµ - open and F W.⊆  Since X U−  is mµ - closed and W X U,⊆ −  

( )
m

c W X U.µ ⊆ −  Thus ( )
m

y c W .µ∉  This implies ( ){ }nm
x c V : V and F V .µ∉∩ ∈µ ⊆   

Hence ( ){ }nm
c V : V and F V F.µ∩ ∈µ ⊆ ⊆  Therefore, ( ){ }nm

F c V : V and F V .µ= ∩ ∈µ ⊆  



20 

 

 ( ) ( )5 1⇒  Let x X∈  and F be a mµ - closed set  such that x F∉ . By (5), there 

exists nV∈µ  such that F V⊆ and ( )
m

x c V .µ∉  Put ( )
m

U X c V .µ= −  Then U  is mµ - open 

and x U.∈  Moreover, U V .∩ = φ  Hence  1 2(X, , )µ µ is  (m, n)µ - regular. 

 

Now, we recall gµ - closed sets and gµ - open sets in a generalized topological space. 

Let ( )X,µ  be a generalized topological space and A  be a subset of X . Then A  is 

called gµ - closed if c (A) Uµ ⊆ whenever A U⊆ and U∈µ . And A  is called gµ - open if 

X A−  is gµ - closed, or equivalently, ( )F i Aµ⊆  whenever F A⊆ and F  is µ - closed. 

 

Remark 4.1.7 Let ( )X,µ  be a generalized topological space and A  be a subset of X . 

Then if A  is µ - closed, then A  is gµ - closed. And if A  is µ - open, then A  is gµ - 

open. 

 

Example 4.1.8  Let  { }X a,b,c= . We define generalized topologies on X  as follow: 

{ }{ , a ,X}µ = φ . Then { }a,b  is gµ - closed but it is not µ - closed. Similarly, { }c  is gµ - 

open but it is not µ - open. 

 

Definition 4.1.9 Let ( )X,µ  be a generalized topological space and A X.⊆  Then ( )*c Aµ  

denote the intersection of all gµ - closed sets containing A  and ( )*i Aµ  is the union of 

all gµ - open sets contained in A . 

 

Lemma 4.1.10  Let ( )X,µ  be a generalized topological space and A X.⊆  Then 

 (1) ( )*x c Aµ∈  if and only if V A∩ ≠ φ  for each gµ - open V  containing x . 

 (2) ( )*x i Aµ∈  if and only if there exists a  gµ - open V  containing x  such that 

V A.⊆  
 

Proof.  (1) ( )⇒  Assume that there exists a gµ - open set V  containing x  such that 

A V .∩ = φ  Then X V−  is a gµ - closed set contained A  and x X V.∉ −  Hence ( )*x c A .µ∉  

          ( )⇐  Assume that ( )*x c A .µ∉  Then there exists a gµ - closed set V  contained 

A  such that x A.∉  Set U X V= − . Then U  is gµ - open set containing x  and U A .∩ = φ  
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  (2) ( )⇒  Assume that ( )*x i A .µ∈  Then there exists a gµ - open set V  containing 

x  such that V A.⊆  

               ( )⇐  Assume that there exists a gµ - open set V  containing x  such that 

V A.⊆  Then ( )*x i A .µ∈  

 

Definition 4.1.11  Let 1 2(X, , )µ µ  be a bigeneralized topological space. Then 1 2(X, , )µ µ   

is called a ( m , n )gµ - regular  space if for any point x X∈   and for any mµ - closed set F

with x F∉ , there exist a mgµ - open set U  and a ngµ - open set V  such that  x U∈ , 

F V⊆  and U V∩ = φ .  

 

Remark 4.1.12  Every (m, n)µ - regular space is a (m, n)gµ  - regular space. A (m, n)gµ - 

regular space is not a (m, n)µ - regular space, in general, as the following example. 

 

Example 4.1.13 Let  { }X a,b,c= . We define generalized topologies on X  as follow: 

{ } { } { }1 { , a, b , a,c , b,c , X}µ = φ  and { }2 ,X .µ = φ  Then 1 2(X, , )µ µ  is a (1, 2)gµ - regular space but 

it is not (1, 2)µ - regular space. 

 

Theorem 4.1.14  For a bigeneralized topological space 1 2(X, , )µ µ , the following are 

equivalent: 

 (1)  1 2(X, , )µ µ  is a (m, n)gµ - regular  space. 

 (2)  For any point x X∈  and for any mµ - closed set  F with x F,∉  there exist a 

mgµ - open set  U and ngµ - open set  V such that x U,∈  F V⊆ and ( )*

n
c U V .µ ∩ = φ  

  

Proof. ( ) ( )1 2⇒  Let x X∈  and F  be a mµ - closed set  such that x F∉ . Since  X   is 

(m, n)gµ - regular  space, there exist a mgµ - open set U  and ngµ - open set
 V  such that 

x U,∈  F V⊆ and  U V .∩ = φ  Suppose that ( )*

n
c U V ,µ ∩ ≠ φ  say ( )*

n
y c U V.µ∈ ∩ Then 

( )*

n
y c Uµ∈  and y V.∈  Since V  is ngµ - open U V .∩ ≠ φ  which is a contradiction. Hence 

( )*

n
c U V .µ ∩ = φ  
 

 ( ) ( )2 1⇒  It is obvious. 
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Lemma 4.1.15  Let 1 2(X, , )µ µ  be a bigeneralized topological space. The following are 

equivalent: 

 (1)  If x X∈  and F is mµ - closed with x F,∉  then there is a mgµ - open set U  

containing x   such that ( )*

n
c U F .µ ∩ = φ  

 (2)  If x X∈  and mG∈µ  with x G,∈  then there is a mgµ - open set V  containing 

x  such that ( )*

n
x V c V G.µ∈ ⊆ ⊆  

 

Proof. ( ) ( )1 2⇒  Assume that  x X∈  and mG∈µ  with x G.∈  Then X G−  is a mµ - closed 

set  and x X G.∉ −  By (2), there exists a  mgµ - open set V  containing x  such 

( )*

n
c V X G .µ ∩ − = φ  Then ( )*

n
x V c V G.µ∈ ⊆ ⊆   

           

 ( ) ( )2 1⇒  Assume that x X∈  and F  is mµ - closed with x F.∉  Then X F−  is mµ - 

open and x X F.∈ −  By(3), there is a mgµ - open set V  containing x  such that 

( )*

n
x V c V X F.µ∈ ⊆ ⊆ −  Then ( )*

n
F X c V ,µ⊆ −  and so ( )*

n
c V F .µ ∩ = φ  

 

Proposition 4.1.16   Let 1 2(X, , )µ µ  be a (m, n)gµ - regular  space. Then  

(1) If x X∈  and F  is mµ - closed with x F,∉  then there is a mgµ - open set  U  

containing x   such that ( )*

n
c U F .µ ∩ = φ  

(2) If x X∈
 
and mG∈µ  with x G,∈  then there is a mgµ - open set V  

containing x  such that ( )*

n
x V c V G.µ∈ ⊆ ⊆  

 

Proof.  (1) Let x X∈  and F  be a mµ - closed set  such that x F∉ . Since  X  is (m, n)gµ - 

regular space, there exist a mgµ - open set U  and ngµ - open set V  such that x U,∈  

F V⊆ and U V .∩ = φ  Suppose that ( )*

n
c U F ,µ ∩ ≠ φ  say ( )*

n
y c U F.µ∈ ∩ Then ( )*

n
y c Uµ∈  

and y F.∈  Since y F V∈ ⊆  and V  is ngµ - open, U V∩ ≠ φ  which is a contradiction. 

Hence ( )*

n
c U F .µ ∩ = φ  

 

 (2)  It is clear from lemma 4.1.15. 
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4.2 (m, n)µ - normal  spaces 

 

Definition 4.2.1  Let 1 2(X, , )µ µ  be a bigeneralized topological space. Then 1 2(X, , )µ µ  is 

said to be ( m, n )µ - normal  if for any mµ - closed set F  and for any nµ - closed set K  

with F K∩ = φ , there exist mU∈µ  and nV∈µ  such that F V, K U⊆ ⊆ and U V .∩ = φ   

A space 1 2(X, , )µ µ  is called (m, n) 4Tµ −  if 1 2(X, , )µ µ  is (m, n) 1Tµ −   and (m, n)µ - normal. 

 

Proposition 4.2.2  Let 1 2(X, , )µ µ  be a bigeneralized topological space. If 1 2(X, , )µ µ is 

(m, n) 4T ,µ −  then 1 2(X, , )µ µ is (m, n) 3T .µ −  

 

Proof.  Assume that 1 2(X, , )µ µ  is called (m, n) 4Tµ − . We will prove that 1 2(X, , )µ µ is 

(m, n) 3T .µ −  Let x X∈  and F a mµ - closed such that x F.∉  Since 1 2(X, , )µ µ is (m, n) 1T ,µ −

{ }x  is nµ - closed. Since { }x F∩ = φ  and 1 2(X, , )µ µ  is (m, n)µ - normal, there exist a mµ - 

open set U  and a nµ - open set V  such that { }x U,⊆  F V⊆  and U V .∩ = φ  Thus 

1 2(X, , )µ µ is (m, n) 3T .µ −  

 

Remark 4.2.3  A (m, n) 3Tµ −  space is not (m, n) 4Tµ −  space. as can be seen from the 

following example. 

 

Example 4.2.4  In topology, let �  be the set of all real numbers and Β  be the 

collection of all half-open intervals of the form 

 [ ) { }a, b x a x b= ≤ < , 

Where  a b< , the topology generated by Β  is call the lower limit topology on .�  

When �  is given the lower limite topology, we denote it by .
l

� Then the space 
l

�  is 

regular, so the product space 2
l

�  is also regular. But 2
l

�  is not normal, see in [6]. 

 

Theorem 4.2.5  Let 1 2(X, , )µ µ  be a bigeneralized topological space. The following are 

equivalent: 

 (1)  ( )1 2X, ,µ µ  is (m, n)µ - normal space. 

 (2)  If F  is mµ - closed and K  is nµ - closed such that F K∩ = φ , then there are a 

mµ - open set U and a nµ - open set V  such that F V⊆ , K U⊆  and  ( )
n

c U V .µ ∩ = φ  
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 (3)  If F  is mµ - closed and K  is nµ - closed such that F K∩ = φ , then there 

exists a mµ - open set U such that K U⊆  and  ( )
n

c U F .µ ∩ = φ  

 (4)  If F  is mµ - closed and G  is nµ - open such that F G,⊆  then there is a nµ - 

open set V  such that ( )
m

F V c V G.µ⊆ ⊆ ⊆  

 

Proof. ( ) ( )1 2⇒  Assume that  F  is a mµ - closed set and K is a nµ - closed set such that 

F K∩ = φ . Since 1 2(X, , )µ µ  is (m, n)µ - normal  space, there exist mU∈µ   

and nV∈µ  such that K U,⊆   F V⊆ and  U V .∩ = φ  Suppose that ( )
n

c U V ,µ ∩ ≠ φ  say 

( )
n

y c U V.µ∈ ∩ Then ( )
n

y c Uµ∈  and y V.∈  Since nV ,∈µ  U V .∩ ≠ φ  which is a 

contradiction. Hence ( )
n

c U V .µ ∩ = φ  

 ( ) ( )2 3⇒  It is obvious. 

 ( ) ( )3 4⇒  Assume that  F  is mµ - closed  and G is nµ - open such that F G.⊆  

Then X G−  is a nµ - open and F X G .∩ − = φ  By (3), there exists  mµ - open set U  such 

that X G U− ⊆  and ( )
n

c U F .µ ∩ = φ  Hence ( )
n

F X c U X U G.µ⊆ − ⊆ − ⊆  Let 

( )
n

V X c U .µ= −  Thus V  is nµ - open and ( )
m

F V c V X U G.µ⊆ ⊆ ⊆ − ⊆    

 ( ) ( )4 1⇒  Let F  be a mµ - closed set and K  is a nµ - closed set  such that

F K .∩ = φ  Then X K− is a nµ - open set and F X K.⊆ −  By (4), there exists a nµ - open 

set V  such that ( )
m

F V c V X K.µ⊆ ⊆ ⊆ −  Set ( )
m

U X c V .µ= −  Then U  is mµ - open and 

K U.⊆  Moreover, ( )
m

U V X c V V X V V .µ∩ = − ∩ ⊆ − ∩ = φ   

Then 1 2(X, , )µ µ  is (m, n)µ - normal. 
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CHAPTER 5 

 

CONCLUSIONS AND RECOMMENDATIONS 

 

5.1  CONCLUSIONS 

 

 This thesis has been concerned with some separation axioms in bigeneralized 

topological spaces. First, we constructed the concepts of the (m, n) 0Tµ −  spaces,  

(m, n) 1Tµ −  spaces, (m, n) 0Rµ −  spaces, (m, n) 1Rµ −  spaces, (m, n) 2Tµ −  spaces, (m, n)µ - 

regular spaces, (m, n) 3Tµ −  spaces, (m, n)gµ - regular spaces, (m, n)µ - normal spaces and 

(m, n) 4Tµ −  spaces. Then  we  studied some properties of them. By definitions these 

spaces, we have the implications but reverse relation may be not true in general as 

follows: 

 

(m, n) 4 (m, n) 3 (m, n) 2 (m, n) 1 (m, n) 0T T T T T .µ − ⇒ µ − ⇒ µ − ⇒ µ − ⇒ µ −  

 

In particular, if 1 2(X, , )µ µ  is (m, n) 1Rµ − , then the following are equivalent: 

 

(m, n) 2 (m, n) 1 (m, n) 0T T T .µ − ⇔ µ − ⇔ µ −  

 

Further, We obtained some characterization of such spaces as follows: 

 

  (1)  A bigeneralized topological space 1 2(X, , )µ µ  is (m, n) 0Tµ −  if  and  only if for 

each pair of distinct points x, y of X ,
 { }( ) { }( )m m

c x c yµ µ≠  or { }( ) { }( )n n
c x c yµ µ≠ . 

  (2)  A bigeneralized topological space 1 2(X, , )µ µ  is  (m, n) 1Tµ −  if and  only if { }x   

is mµ - closed set and nµ - closed set, for all x X.∈  

  (3)  Let 1 2(X, , )µ µ  be a bigeneralized topological space. If 1 2(X, , )µ µ  is 

(m, n) 1Rµ − ,       then 1 2(X, , )µ µ  is (m, n) 0R .µ −  

  (4)  The following are equivalent for a bigeneralized topological space 

1 2(X, , ).µ µ  
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  (4.1) 1 2(X, , )µ µ  is a ( ) 2m,n Tµ −  space.  
       (4.2) If x X∈ , then for each x y≠ , then exists a mµ - open set U   

        containing x  such that ( )
n

y c Uµ∉ . 

       (4.3) For each x X∈ , { } ( ){ }mn
x c U : U and x Uµ= ∩ ∈µ ∈ .  

  (5)  Every (m, n) 3Tµ −  space is a (m, n) 2Tµ −  space. 

  (6)  The following are equivalent for a bigeneralized topological space 

1 2(X, , ).µ µ  

      (6.1) 1 2(X, , )µ µ  is a (m, n)µ - regular  space. 

      (6.2)  For any point x X∈  and for any mµ - closed set  F with x F,∉  there are 

mU∈µ and nV∈µ  such that x U,∈  F V⊆ and ( )
n

c U V .µ ∩ = φ  

      (6.3)  If x X∈  and F is mµ - closed with x F,∉  then there is a mµ - open set  

U containing x  such that ( )
n

c U F .µ ∩ = φ  

      (6.4)  If x X∈  and mG∈µ  with x G,∈  then there is a mµ - open set V  

containing x such that ( )
n

x V c V G.µ∈ ⊆ ⊆  

     (6.5) ( ){ }nm
F c V : V and F Vµ= ∩ ∈µ ⊆ for each mµ - closed subset F  of X . 

  (7)  Every (m, n)µ - regular space is a (m, n)gµ  - regular space. A (m, n)gµ - regular 

space is not a (m, n)µ - regular space. 

  (8)  The following are equivalent for a bigeneralized topological 1 2(X, , )µ µ  
space.  

      (8.1) 1 2(X, , )µ µ  is (m, n)µ - normal space. 

      (8.2) If F  is mµ - closed and K  is nµ - closed such that  F K∩ = φ , then there 

are a mµ - open set U and a nµ - open set V  such that F V⊆ , K U⊆  and  

( )
n

c U V .µ ∩ = φ  

      (8.3) If F  is mµ - closed and K  is nµ - closed such that  F K∩ = φ , then there 

exists a mµ - open set U such that K U⊆  and  ( )
n

c U F .µ ∩ = φ  

      (8.4) If F  is mµ - closed and G  is  nµ - open such that F G,⊆  then there is a 

nµ - open set V  such that ( )
m

F V c V G.µ⊆ ⊆ ⊆      
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5.2  RECOMMENDATIONS 

 

  Although, we obtained several properties in the thesis, it still another 

interesting worth investigation further and we formulate the questions as follows. 

      (i)  study new separation axioms in bigeneralized topological space. 

      (ii)  study some separation axioms in biminimal structure space. 
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