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CHAPTER 1

INTRODUCTION

1.1 Background

In 1972, J. Dugundji [7] introduced the concepts of regular closed sets in topo-

logical spaces. Let (X, τ ) be a topological space and let A ⊆ X . Then A is called regular

closed if and only if A = Cl(Int(A)). In 2003, Á.Császár [6] introduced the concepts of

γ−connected sets in topological spaces. Also he studied γ−closed sets, γ−open sets and

γ−separated sets. In 1986, J. Tong [21] introduced the concepts and properties ofA−sets

in topological spaces. Let A be a subset of a topological space (X, τ), then A is an A−

set in (X, τ) if there exist U andB, such thatA = U ∩B when U is open andB is regular

closed in (X, τ ). In addition, J. Tong [21] introduced the concepts ofA− continuous func-

tions from a topological space (X, τ) to a topological space (Y,U). Let f be a function

from X to Y , then f is A−continuous function if and only if the inverse image of each

open set in Y is an A−set in X . In 1990, M. Ganster, and Reilly, I. L. [9] improved J.

Tong’s decomposition result and provide a decomposition ofA− continuity. In 2000, the

concepts of minimal structure spaces were introduced by V.Popa and T.Noiri [18]. A pair

(X,mX) is a minimal structure space if and only if X ̸= ∅ and mX is family of P (X)

with ∅, X ∈ mX . Moreover, they also introduced the concepts of mX−open sets and

mX−closed sets in minimal structure spaces. Other from this, such definitions were used

to define mX−interior and mX− closure operators, respectively. In 2010, W. Keun Min

[11] introduced the concepts of αm−open sets, α−interior and αm−closed operators in

minimal structure space. In 1963, J.C.Kelly [10] introduced the concepts of bitopological

spaces which consist of an empty set and two topological spaces. In 2010, C.Boonpok

[3] introduced the concepts of the spaces which consist of an empty set and two minimal

structures is called biminimal structure spaces. Furthermore, this C.Boonpok [3] defined

m1
Xm

2
X− closed set in biminimal structure spaces and the complement ofm1

Xm
2
X− closed

sets is call m1
Xm

2
X− open sets. In 2010, C.Boonpok [4] defined (i, j)mX− regular open

sets in biminimal structure spaces and he also defined (i, j)mX− regular closed sets as

complement of (i, j)mX− regular open sets for i, j = 1, 2 and i ̸= j

1
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The development of the research mentioned above. Researcher interested to de-

fine the study of some properties of A− sets and including A−continuous functions in

biminimal structure spaces.
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CHAPTER 2

PRELIMINARIES

In this chapter, we will give some definitions, notations, dealing with some pre-

liminaries and some useful results that will be duplicated in later chapter.

2.1 Topological spaces

This section, we recall some notions, notations and previous results.

Definition 2.1.1. [20] Let X be a nonempty set. A class τ of subsets of X is a topology

on X iff τ satisfies the following axioms:

(1) X and ∅ belong to τ ;

(2) The union of any number of sets in τ belongs to τ ;

(3) The intersection of any two sets in τ belongs to τ ;

The elements of τ are then called open sets and there complements are called

closed sets, the pair (X, τ ) is called a topological space.

Definition 2.1.2. [20] Let (X, τ ) be a topological space and A ⊆ X . The interior of A

and the closure ofA are defined as follow:

(1) Int(A) =
∪
{U : U ⊆ A,U ∈ τ};

(2)Cl(A) =
∩
{F : A ⊆ F,X \ F ∈ τ}.

Definition 2.1.3. [12]Let (X, τ ) be a topological space and A ⊆ X . Then A is called

semi− open if and only if A ⊆ Cl(Int(A)).

The family of all semi−open sets in a topological spaces (X, τ ) is denoted by

SO(X, τ).

Definition 2.1.4. [12]Let (X, τ ) be a topological space and A ⊆ X . Then A is called

semi− closed if and only if X \ A is semi−open .

Definition 2.1.5. [13]Let (X, τ ) be a topological space and A ⊆ X . Then A is called

pre− open if and only if A ⊆ Int(Cl(A)).

The family of all pre−open sets in a topological spaces (X, τ ) is denoted by

PO(X, τ).

3
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4

Definition 2.1.6. [13]Let (X, τ ) be a topological space and A ⊆ X . Then A is called

pre− closed if and only if X \ A is pre−open.

Proposition 2.1.7. [1]Let (X, τ ) be a topological space andA ⊆ X . ThenA is pre−closed

if and only if Cl(Int(A)) ⊆ A.

Definition 2.1.8. [8]Let (X, τ ) be a topological space and A ⊆ X . The pre− closure of

a subset A, denoted by pcl(A) is the intersection of all pre−closed subsets of (X, τ ) that

contain A .

Proposition 2.1.9. [1]Let (X, τ ) be a topological space and A ⊆ X . Then pcl(A) =

A ∪ Cl(Int(A)).

Definition 2.1.10. [16]Let (X, τ ) be a topological space and A ⊆ X . Then A is called

an α− set if and only if A ⊆ Int(Cl(Int(A))).

The family of all α− sets in a topological spaces (X, τ ) is denoted by τα.

Definition 2.1.11. [1]Let (X, τ ) be a topological space and A ⊆ X . Then A is called

semi− preopen if and only if A ⊆ Cl(Int(Cl(A))).

The family of all semi−preopen sets in a topological space (X, τ ) is denoted by

SPO(X, τ).

Definition 2.1.12. [5]Let (X, τ ) be a topological space and A ⊆ X . Then A is called

locally − closed if A = U ∩B when U is open and B is closed in X .

The family of all locally closed sets in a topological space (X, τ ) is denoted by

LC (X, τ ).

Definition 2.1.13. [20]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) →

(Y,U). Then f is called continuous if f−1(V ) ∈ τ for each V ∈ U .

Definition 2.1.14. [17]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) →

(Y,U). Then f is called semi− continuous if f−1(V ) ∈ SO(X, τ) for each V ∈ U .

Definition 2.1.15. [9]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) →

(Y,U). Then f is called α− continuous if f−1(V ) ∈ τα for each V ∈ U .

Definition 2.1.16. [9]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) →

(Y,U). Then f is called spr − continuous if f−1(V ) ∈ SPO(X, τ) for each V ∈ U .
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Definition 2.1.17. [9]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) →

(Y,U). Then f is called LC − continuous if f−1(V ) ∈ LC(X, τ) for each V ∈ U .

Definition 2.1.18. [7]Let (X, τ ) be a topological space and A ⊆ X . Then A is called

regular closed if and only if A = Cl(Int(A)).

The family of all regular closed sets in a topological space (X, τ ) is denoted by

RC (X, τ ).

Definition 2.1.19. [9]Let (X, τ ) be a topological space and M ⊆ X . Then M is called

an A− set ifM = U ∩B when U is open and B is regular closed in X .

The family of all A− sets in a topological space (X, τ ) is denoted by A (X, τ ).

Example 2.1.20. Let X = {1, 2, 3} and τ = {∅, {1}, {2}, {1, 2}, {2, 3}, X}.

By the definition of τ , we get the following table.

M Int(M) Cl(Int(M))

∅ ∅ ∅

{1} {1} {1}

{2} {2} {2, 3}

{3} ∅ ∅

{1, 2} {1, 2} X

{1, 3} {1} {1}

{2, 3} {2, 3} {2, 3}

X X X

HenceRC(X, τ)= {∅, {1}, {2, 3}, X}. ThusA (X, τ) = {∅, {1}, {2}, {1, 2}, {2, 3}, X}.

Definition 2.1.21. [22]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) →

(Y,U). Then f is called A− continuous if f−1(V ) ∈ A(X, τ) for each V ∈ U .

Definition 2.1.22. [22]Let (X, τ ) be a topological space and A ⊆ X . Then A is called a

t− set if and only if Int(A) = Int(Cl(A)).

The family of all t− sets in a topological space (X, τ ) is denoted by t(X, τ ).

Proposition 2.1.23. [22]Let (X, τ ) be a topological space and A ⊆ X . Then A is a t−

set if and only if A is semi−closed.
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Definition 2.1.24. [8]Let (X, τ ) be a topological space and A ⊆ X . Then A is called a

B − set if A = U ∩B when U is open and B is a t− set.

The family of all B− sets in a topological space (X, τ ) is denoted by B(X, τ ).

Proposition 2.1.25. [8]Let (X, τ ) be a topological space.

Then A(X, τ) ⊆ LC(X, τ) ⊆ B(X, τ).

Proposition 2.1.26. [8]Let (X, τ ) be a topological space and A is open in (X, τ ).

Then Cl(A) is regular closed.

Definition 2.1.27. [8]Let (X, τ ) be a topological space and A ⊆ X . Then A is called a

C − set if A = U ∩B when U is open and B is pre−closed.

The family of all C− sets in a topological space (X, τ ) is denoted by C(X, τ ).

Proposition 2.1.28. [8]Let (X, τ ) be a topological space and A ⊆ X . Then τ ⊆ C(X, τ).

Proposition 2.1.29. [8]Let (X, τ ) be a topological space and A ⊆ X . If A is pre−closed,

then A is a C− set.

Proposition 2.1.30. [8]Let (X, τ ) be a topological space and A ⊆ X . If A is closed, then

A is a C− set.

Proposition 2.1.31. [8]Let (X, τ ) be a topological space. Then A(X, τ) ⊆ LC(X, τ) ⊆

C(X, τ).

Proposition 2.1.32. [8]Let (X, τ ) be a topological space and A ⊆ X . Then pcl(A) is

pre−closed.

Lemma 2.1.33. [8]Let (X, τ ) be a topological space and H ⊆ X . Then the following

statements are equivalent:

(1) H ∈ C(X, τ);

(2) There exists an open set U in (X, τ) such that H = U ∩ pcl(H).

Lemma 2.1.34. [8]Let (X, τ ) be a topological space and H ⊆ X . Then the following

statements are equivalent:

(1) There exists an open set U in (X, τ) such that H = U ∩ Cl(Int(H);

(2) H ∈ C(X, τ) ∩ SO(X, τ).
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Theorem 2.1.35. [8]Let (X, τ ) be a topological space.

Then A(X, τ) = SO(X, τ) ∩ LC(X, τ).

Theorem 2.1.36. [8]Let (X, τ ) be a topological space.

Then A(X, τ) = C(X, τ) ∩ SO(X, τ).

Definition 2.1.37. [8]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) →

(Y,U). Then f is called C − continuous if f−1(V ) ∈ C(X, τ) for each V ∈ U .

Theorem 2.1.38. [8]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) → (Y,U).

Then f is A−continuous if and only if it is semi−continuous and C−continuous.

Proposition 2.1.39. [22]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) →

(Y,U). Then f is continuous if and only if it is α−continuous and A−continuous.

Corollary 2.1.40. [8]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) → (Y,U).

Then f is continuous if and only if it is α−continuous and C−continuous.

Proposition 2.1.41. [5]Let (X, τ ) be a topological space andH ⊆ X . Then the following

statements are equivalent:

(1) H ∈ LC(X, τ);

(2) There exists an open set U in (X, τ) such that H = U ∩ Cl(H).

Proposition 2.1.42. [8]Let (X, τ ) be a topological space. Then SO(X, τ) ⊆ SPO(X, τ).

Theorem 2.1.43. [8]Let (X, τ ) be a topological space. Then A(X, τ) = SPO(X, τ) ∩

LC(X, τ).

Theorem 2.1.44. [8]Let (X, τ ) and (Y,U) be topological spaces and f : (X, τ) → (Y,U).

Then f is continuous if and only if it is spr−continuous and LC−continuous.

2.2 Minimal structure spaces

In this section, we introduce them−structure and them−operator notions. Also,

we define some important subsets associated to these concepts.
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Definition 2.2.1. [17]Let X be a nonempty set and P (X) be the power set of X . A

subfamilymX of P (X) is called aminimal structure (brieflym− structure) on X if

∅ ∈ mX and X ∈ mX .

The pair (X,mX), we denote a nonempty setX with anm−structuremX onX

and it is called a minimalstructurespace (briefly m − space). Each member of mX is

said to bemX −open and the complement of anmX− open set is said to bemX − closed.

Definition 2.2.2. [17]Let X be a nonempty set and mX an m−structure on X . For a

subset A of X , the mX − interior of A and the mX − closure of A with respect to mX

are defined as follows:

(1)mXInt(A) =
∪
{U : U ⊆ A,U ∈ mX};

(2)mXCl(A) =
∩
{F : A ⊆ F,X \ F ∈ mX}.

Lemma 2.2.3. [14]Let X be a nonempty set and mX an m−structure on X . For any

subsets A and B of X , the following properties hold:

(1)mXCl(X \ A) = X \mXInt(A) andmXInt(X \ A) = X \mXCl(A);

(2) If (X \A) ∈ mX , thenmXCl(A) = A and ifA ∈ mX , thenmXInt(A) = A;

(3)mXCl(∅) = ∅,mXCl(X) = X,mXInt(∅) = ∅ andmXInt(X) = X;

(4) If A ⊆ B, thenmXCl(A) ⊆ mXCl(B) andmXInt(A) ⊆ mXInt(B);

(5) A ⊆ mXCl(A) andmXInt(A) ⊆ A;

(6)mXCl(mXCl(A)) = mXCl(A) andmXInt(mXInt(A)) = mXInt(A);

(7)mXInt(A ∩B) = mXInt(A) ∩mXInt(B) and

mXInt(A) ∪mXInt(B) ⊆ mXInt(A ∪B);

(8)mXCl(A ∪B) = mXCl(A) ∪mXCl(B) andmXCl(A ∩B)

⊆ mXCl(A) ∩mXCl(B) .

Definition 2.2.4. [15]Anm−structuremX on a nonempty setX is said to have property

B if the union of any family of subsets belonging tomX belongs tomX .

Lemma 2.2.5. [17]Let X be a nonempty set and mX is an m−structure on X satisfying

propertyB. For A ⊆ X the following properties hold:

(1) A ∈ mX if and only ifmXInt(A) = A,

(2) A ismX−closed if and only ifmXCl(A) = A,

(3)mXInt(A) ismX−open andmXCl(A) ismX−closed.
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Lemma 2.2.6. [15]Let X be a nonempty set and mX is an m−structure on X . For any

subset A of X , x ∈ mXCl(A) if and only if U ∩ A ̸= ∅ for every U ∈ mX containing x.

Definition 2.2.7. [2]Let (X,mX) be anm−space and R ⊆ X . Then R is called

mX−regular closed if and only if R = mXCl(mXInt(R)).

The family of allmX−regular closed sets in anm−space (X,mX) is denoted by

RC (X,mX).

Definition 2.2.8. [19]A subset A of an m−space (X,mX) is called an mX − preopen

set if A ⊆ mXInt(mXCl(A)) and anmX − preclosed set ifmXCl(mXInt(A)) ⊆ A.

The family of allmX−preopen sets in anm−space (X,mX) is denoted by

PO(X,mX), andmX−preclosed sets in anm−space (X,mX) is denoted byPC(X,mX).

Definition 2.2.9. [19]A subsetA of anm−space (X,mX) is called anmX−semi−open

if A ⊆ mXCl(mXInt(A)) and anmX − semi− closed ifmXInt(mXCl(A)) ⊆ A.

The family of allmX−semi−open in anm−space (X,mX) is denoted bySO(X,mX),

andmX−semi−closed in anm−space (X,mX) is denoted by SC(X,mX).

Definition 2.2.10. [19]Let (X,mX) be anm−space andA ⊆ X , themX−preclosure of

A is denoted bymXpcl(A) is defined as the intersection of allmX−preclosed of (X,mX)

containing A.

Proposition 2.2.11. [19]Let (X,mX) be an m−space and A,B ⊆ X . If A ⊆ B, then

mXpcl(A) ⊆ mXpcl(B).

Proposition 2.2.12. [19]Let (X,mX) be an m−space and A ⊆ X . If mX satisfies the

propertyB. ThenmXpcl(A)= A ∪mXCl(mXInt(A)).

2.3 Biminimal structure spaces

In this section, we introduce the bim−space and the bim−operator notions. Also,

we define some important subsets associated to these concepts. This section discusses

some properties of biminimal structure spaces.

Definition 2.3.1. [3]Let X be a nonempty set and m1
X ,m

2
X be m− structures on X .

A triple (X,m1
X ,m

2
X) is called a biminimal structure space ( briefly bim − space).
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Let (X,m1
X ,m

2
X) be a biminimal structure space andA ⊆ X . ThemX−closure

and mX − interior of A with respect to mi
X are denoted by mi

XCl(A) and mi
XInt(A)

respectively, for i = 1, 2.

Each member of mi
X is said to be an mi

X − open set and the complement of an

mi
X−open set is said to bemi

X − closed , for i = 1, 2.

Definition 2.3.2. [3]Let (X,m1
X ,m

2
X) be a biminimal structure space and Y be a subset

of X . Define minimal structuresm1
Y ,m

2
Y on Y as follows:

m1
Y = {A∩Y | A ∈ m1

X} andm2
Y = {B∩Y | B ∈ m2

X}. A triple (X,m1
Y ,m

2
Y )

is called a biminimal structure subspace ( briefly bim− subspace) of (X,m1
X ,m

2
X).

Definition 2.3.3. [4]A subset A of biminimal structure spaces (X,m1
X ,m

2
X) is said to be

(1) (i, j)mX−regular open ifA = mi
XInt(m

j
XCl(A)), where i, j = 1 or 2 and

i ̸= j;

(2) (i, j)mX − semi− open if A ⊆ mi
XCl(mj

XInt(A)), where i, j = 1 or 2 and

i ̸= j;

(3) (i, j)mX − preopen if A ⊆ mi
XInt(m

j
XCl(A)), where i, j = 1 or 2 and

i ̸= j;

(4) (i, j)mX − α− open if A ⊆ mi
XInt(m

j
XCl(mi

XInt(A))), where i, j = 1 or

2 and i ̸= j;

The complement of an (i, j)mX− regular open (resp.((i, j)mX− semi-open,

(i, j)mX− preopen, (i, j)mX − α− open) set is called (i, j)mX − regular closed (resp.

((i, j)mX − semi− closed, (i, j)mX − preclosed, (i, j)mX − α− closed).

Lemma 2.3.4. [4]Let (X,m1
X ,m

2
X) be a biminimal structure space and A be a subset of

X . Then

(1) A is (i, j)mX − regular closed if and only if A = mi
XCl(mj

XInt(A));

(2) A is (i, j)mX − semi− closed if and only ifmi
XInt(m

j
XCl(A)) ⊆ A;

(3) A is (i, j)mX − preclosed if and only ifmi
XCl(mj

XInt(A)) ⊆ A;

(4) A is (i, j)mX − α− closed if and only ifmi
XCl(mj

XInt(m
i
XCl(A))) ⊆ A.

Definition 2.3.5. [4]Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure space.

A function f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) is said to be (i, j)−M − continuous at a

point x ∈ X and each V ∈ mi
Y containing f(x), there exists U ∈ mj

X containing x such
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that f(U) ⊆ V , where i, j = 1 or 2 and i ̸= j.

A function f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) is said to be (i, j) − M −

continuous if it has this property at each point x ∈ X .

Theorem 2.3.6. [4]For a function f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ), the following prop-

erties are equivalen:

(1) f is (i, j)−M−continuous;

(2) f−1(V ) = mj
XInt(f

−1(V )) for every V ∈ mi
Y ;

(3) f(mi
XCl(A)) ⊆ mi

YCl(f(A)) for every subset A of X;

(4)mj
XCl(f−1(B)) ⊆ f−1(mi

YCl(B)) for every subset B of Y ;

(5) f−1(mi
Y Int(B)) ⊆ mj

XInt(f
−1(B)) for every subset B of Y ;

(6)mj
XCl(f−1(F )) = f−1(F ) for everymi

Y−closed set F of Y .
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CHAPTER 3

A− SETS IN BIMINIMAL STRUCTURE SPACES

In this section, we introduce the concept ofA−sets in biminimal structure spaces

and study some fundamental properties of A−sets in biminimal structure spaces.

3.1 A−sets in minimal structure spaces

In this section, wewill introduce the notion ofA−sets inminimal structure spaces

and investigate some of their properties.

Definition 3.1.1. Let (X,mX) be an m−space. A subset M of X is said to be an

mX − A − set if there exist G and R such that M = G ∩ R when G is mX−open

and R ismX−regular closed.

The family of allmX−A−sets in anm−space (X,mX) is denoted byA (X,mX).

Example 3.1.2. Let X = {1, 2, 3}. Define anm−structure mX on X as follows:

mX = {∅, {2}, {1, 2}, {1, 3}, X}. Then RC(X,mX) = {∅, {2}, {1, 3}, X} and

A (X,mX) = {∅, {1}, {2}, {1, 2}, {1, 3}, X}.

Definition 3.1.3. Let (X,mX) be an m−space and A ⊆ X , then A is said to be an

mX − t− set ifmXInt(A) = mXInt(mXCl(A)).

The family of allmX − t−sets in anm−space (X,mX) is denoted by t(X,mX).

Example 3.1.4. Let X = {1, 2, 3} and define mX = {∅, {1}, {2}, {1, 3}, {2, 3}, X} be

anm−structure on X . It follows that t(X,mX) = {∅, {1}, {2}, {3}, {1, 3}, {2, 3}, X}.

Proposition 3.1.5. Let (X,mX) be anm−space andR ⊆ X . IfR ismX− regular closed

then R is anmX − t−set.

Proof. Let R be anmX− regular closed. Then R = mXCl(mXInt(R)).

Consequently,mXCl(R) = mXCl(mXCl(mXInt(R))).

Thus mXInt(mXCl(R)) = mXInt(mXCl(mXInt(R))). Hence mXInt(mXCl(R)) =

mXInt(R). Therefore, R is anmX − t−set.

The converse is not true as can be seen from the following example.

12

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Mahasarakham University 

xxx
Pencil



13

Example 3.1.6. Let X = {1, 2, 3}. Definem−structures mX on X as follows :

mX = {∅, {1}, {2}, {1, 3}, {2, 3}, X}. Thus t(X,mX) = {∅, {1}, {2}, {3},

{1, 3}, {2, 3}, X} and RC(X,mX) = {∅, {1}, {2}, {1, 3}, {2, 3}, X}.

We can see that t(X,mX) is not RC(X,mX).

3.2 A−sets in biminimal structure spaces

In this section, we will introduce the notion of A−sets in biminimal structure

spaces and investigate some of their properties.

Definition 3.2.1. A subset A of a biminimal structure space (X,m1
X ,m

2
X) is said to be

(i, j)mX − locally closed if there exist G and F such that A = G ∩ F when G is an

mi
X−open set G and F is anmj

X−closed set, where i, j = 1, 2 and i ̸= j.

The family of all (i, j)mX− locally closed sets in biminimal structure spaces

(X,m1
X ,m

2
X) is denoted by (i, j)− LC (X,m1

X ,m
2
X), where i, j = 1, 2 and i ̸= j.

Example 3.2.2. Let X = {a, b, c}. Define m−structures m1
X and m2

X on X as follows:

m1
X = {∅, {b, c}, X} andm2

X = {∅, {c}, X}. It follows that ∅, {a, b}, X arem2
X−closed.

Thus (1, 2)− LC (X,m1
X ,m

2
X) = {∅, {b}, {b, c}, {a, b}, X}.

Lemma 3.2.3. Let S be a subset of a biminimal stucture space (X,m1
X ,m

2
X) and let i, j =

1, 2 and i ̸= j. If S is an (i, j)mX−locally closed set then there exists an mi
X−open set

U such that S = U ∩mj
XCl(S) .

Proof. Let S be a (i, j)mX−locally closed set. Then there exist U and F such that S =

U ∩ F where U ismi
X−open and F ismj

X− closed. Since S = U ∩ F, S ⊆ F .

Thusmj
XCl(S) ⊆ mj

XCl(F ). Since F ismj
X−closed,m

j
XCl(S) ⊆ F .

Then U ∩mj
XCl(S) ⊆ U ∩ F = S. Since S ⊆ U and S ⊆ mj

XCl(S).

Then S ⊆ U ∩ mj
XCl(S). Therefore, there exists an mj

X− open set U such that S =

U ∩mj
XCl(S).

The converse is not true as can be seen the following example.

Example 3.2.4. Let X = {1, 2, 3}. Definem−structures m1
X andm2

X on X as follows:

m1
X = {∅, {1}, {2}, X} andm2

X = {∅, {1}, {2}, {2, 3}, X}. SetS = {3}. Since there ex-

istsX ∈ m1
X such that S = X ∩m2

XCl(S) and (1, 2)−LC (X,m1
X ,m

2
X) = {∅, {1}, {2},

{1, 3}, {2, 3}, X}. We see that S is not a (1, 2)− LC (X,m1
X ,m

2
X).
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The converse of above lemma is true ifmj
X has propertyB as following propo-

sition.

Proposition 3.2.5. Let S be a subset of a biminimal stucture space (X,m1
X ,m

2
X) and let

mj
X has property B, where i, j = 1, 2 and i ̸= j. Then S is an (i, j)mX−locally closed

set iff there exists anmi
X−open set U such that S = U ∩mj

XCl(S).

Proof. (⇒) By Lemma 3.2.3.

(⇐) Let S = U ∩ mj
XCl(S), for some U ∈ mi

X . Since m
j
X has property B,

mj
XCl(S) is closed in (X,mj

X). Thus S is an (i, j)mX−locally closed.

Definition 3.2.6. Let (X,m1
X ,m

2
X) be a biminimal structure space. A subset M of X

is said to be an (i, j)mX − A − set if there exist G and R, such that M = G ∩ R when

G ∈ mi
X and R ismj

X−regular closed, where i, j = 1, 2 and i ̸= j.

The family of all (i, j)mX−A−sets in a biminimal structure space (X,m1
X ,m

2
X)

is denoted by (i, j)−A (X,m1
X ,m

2
X), where i, j = 1, 2 and i ̸= j.

Example 3.2.7. Let X = {1, 2, 3}. Define m1
X = {∅, {1, 2}, {1, 3}, X} and m2

X =

{∅, {2}, {1, 2}, X}which arem−structures onX . It follows thatRC(X,m2
X) = {∅, X}.

Thus (1, 2)−A (X,m1
X ,m

2
X) = {∅, {1, 2}, {1, 3}, X}.

Remark. The intersection of two (i, j)mX − A−sets may not be an (i, j)mX − A−set

as shown in the next example.

Example 3.2.8. Let X = {1, 2, 3}. Define m1
X = {∅, {1, 2}, {1, 3}, X} and m2

X =

{∅, {2}, {1, 2}, X} which arem−structures on X .

It follows that {1, 2} and {1, 3} are (1, 2)mX − A−sets. But {1, 2} ∩ {1, 3} is not a

(1, 2)mX −A−set.

Remark. The union of two (i, j)mX−A−sets may not be an (i, j)mX−A−set as shown

in the next example.

Example 3.2.9. Let X = {1, 2, 3}. Define m1
X = {∅, {1}, {2}, {2, 3}, X}, m2

X =

{∅, {1}, {3}, {2, 3}, X}, which are m−structures on X . It follows that RC(X,m2
X) =

{∅, {1}, {2, 3}, X}. Thus (1, 2) − A (X,m1
X ,m

2
X) = {∅, {1}, {2}, {2, 3}, X}. Conse-

quently {1} and {2} are (1, 2)mX −A−sets. But {1} ∪ {2} is not a (1, 2)mX −A−set.
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Lemma 3.2.10. Let (X,m1
X ,m

2
X) be a biminimal structure spacem

j
X has the propertyB.

If a subset M of X is an (i, j)mX − A−set, then M is (i, j)mX−locally closed, where

i, j = 1, 2 and i ̸= j.

Proof. LetM is an (i, j)mX −A−set. Then there exist G and R such thatM = G ∩ R

where G is mi
X− open and R is mj

X−regular closed. Since R is mj
X−regular closed,

R = mj
XCl(mj

XInt(R)). Butmj
X has the propertyB thenmj

XCl(mj
XInt(R)) is closed.

Hence R ismj
X closed. It follows thatM is an (i, j)mX−locally closed.

The converse of Lemma 3.2.10, is not true, as shown in the next example.

Example 3.2.11. Let X = {1, 2, 3}. Definem−structures m1
X andm2

X on X as

follows : m1
X = {∅, {1}, {2}, X} and m2

X = {∅, {1}, {2}, {1, 2}, {2, 3}, X}. Thus

(1, 2) − A(X,m1
X ,m

2
X) = {∅, {1}, {2}, {2, 3}, X} and (1, 2) − LC(X,m1

X ,m
2
X) =

{∅, {1}, {2}, {3}, {1, 3}, {2, 3}, X}.

We can see that {3} is an (1, 2)−LC(X,m1
X ,m

2
X) but it is not a (1, 2)−A(X,m1

X ,m
2
X).

The converse of Lemma 3.2.10, is true if mj
X ⊆ mi

X and mj
X has the property

B as the following proposition.

Proposition 3.2.12. Let (X,m1
X ,m

2
X) be a biminimal structure space andm

j
X ⊆ mi

X has

the property B. If a subset M of X is both (i, j)mX−semi−open and (i, j)mX−locally

closed, thenM is an (i, j)mX −A−set, where i, j = 1, 2 and i ̸= j.

Proof. LetM be both (i, j)mX−semi−open and (i, j)mX−locally closed.

It follows that M ⊆ mi
XCl(mj

XInt(M)) and there exists an mi
X−open set U such that

M = U ∩mj
XCl(M). Sincemj

XCl(M) ⊆ mj
XCl(mi

XCl(mj
XInt(M))) ⊆

mj
XCl(mj

XCl(mj
XInt(M))) ⊆ mj

XCl(mj
XInt(M)). Butmj

XCl(mj
XInt(M)) ⊆

mj
XCl(M), hencemj

XCl(M) = mj
XCl(mj

XInt(M)).

We will show thatmj
XCl(mj

XInt(M)) is regular closed.

Sincemj
XInt(M) = mj

XInt(m
j
XInt(M)) ⊆ mj

XInt(m
j
XCl(mj

XInt(M))).

It follows thatmj
XCl(mj

XInt(M)) ⊆ mj
XCl(mj

XInt(m
j
XCl(mj

XInt(M)))).

Sincemj
XInt(m

j
XCl(mj

XInt(M))) ⊆ mj
XCl(mj

XInt(M)).

Thenmj
XCl(mj

XInt(m
j
XCl(mj

XInt(M)))) ⊆ mj
XCl(mj

XCl(mj
XInt(M))) =

mj
XCl(mj

XInt(M)). Thusmj
XCl(mj

XInt(M)) = mj
XCl(mj

XInt(m
j
XCl(mj

XInt(M)))).
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Hencemj
XCl(mj

XInt(M)) ismj
X regular closed. Consequentlymj

XCl(M) ismj
X regular

closed. Therefore,M is an (i, j)mX −A−set.

Definition 3.2.13. Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

Then A is said to be an (i, j)mX − t − set if mi
XInt(A) = mi

XInt(m
j
XCl(A)), where

i, j = 1, 2 and i ̸= j.

The family of all (i, j)mX−t−sets in a biminimal structure spaces (X,m1
X ,m

2
X)

is denoted by (i, j)− t(X,m1
X ,m

2
X) for i, j = 1, 2 and i ̸= j.

Example 3.2.14. LetX = {1, 2, 3}. Definem−structures m1
X andm2

X onX as follows:

m1
X = {∅, {1}, {3}, {2, 3}, X} andm2

X = {∅, {1}, {1, 2}, X}.

Thus (1, 2)− t(X,m1
X ,m

2
X) = {∅, {3}, {2, 3}, X}.

Theorem 3.2.15. Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

ThenA is an (i, j)mX−t−set if and only ifA is (i, j)mX−semi−closed, where i, j = 1, 2

and i ̸= j.

Proof. (⇒) Let A be an (i, j)mX − t− set. Thenmi
XInt(A) = mi

XInt(m
j
XCl(A)).

Thusmi
XInt(m

j
XCl(A)) ⊆ A. Hence A is (i, j)mX− semi−closed .

(⇐) Let A be (i, j)mX−semi−closed. Thenmi
XInt(m

j
XCl(A)) ⊆ A.

Thusmi
XInt(m

i
XInt(m

j
XCl(A))) ⊆ mi

XInt(A). Hencemi
XInt(m

j
XCl(A)) ⊆

mi
XInt(A). Sincemi

XInt(A) ⊆ mi
XInt(m

j
XCl(A)). Thusmi

XInt(A) =

mi
XInt(m

j
XCl(A)). Hence A is an (i, j)mX − t−set.

Definition 3.2.16. Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

Then A is said to be an (i, j)mX − B − set if A = U ∩ T , when U is an mi
X−open set

and T is anmj
X − t−set, where i, j = 1, 2 and i ̸= j.

The family of all (i, j)mX−B−sets in a biminimal structure space (X,m1
X ,m

2
X)

is denoted by (i, j)− B (X,m1
X ,m

2
X), where i, j = 1, 2 and i ̸= j.

Example 3.2.17. LetX = {1, 2, 3}. Definem−structures m1
X andm2

X onX as follows:

m1
X = {∅, {1}, {2}, {2, 3}, X} andm2

X = {∅, {1}, {3}, {2, 3}, X}.

Then {∅, {1}, {2}, {1, 2}, {2, 3}, X} arem2
X − t−sets.

Therefore, (1, 2)− B (X,m1
X ,m

2
X) = {∅, {1}, {2}, {1, 2}, {2, 3}, X}.
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Theorem 3.2.18. Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

If A is an (i, j)mX −A−set, then A is an (i, j)mX − B−set for all i, j= 1, 2 and i ̸= j.

Proof. Let A be an (i, j)mX − A−set. Then there exist G and R such that A = G ∩ R

whereG ismi
X−open in (X,mi

X) andR is anmj
X− regular closed. By Proposition 3.1.5,

R is anmj
X − t−set. Hence A is an (i, j)mX − B−set.

The converse is not true as can be seen from the following example.

Example 3.2.19. Let X = {1, 2, 3}. Definem−structures m1
X andm2

X on X as

follows : m1
X = {∅, {1}, {3}, {2, 3}, X} and m2

X = {∅, {1}, {2}, X}. Thus (1, 2) −

A(X,m1
X ,m

2
X) = {∅, {1}, {3}, {1, 3}, {2, 3}, X} and (1, 2)−B(X,m1

X ,m
2
X) = {∅, {1},

{2}, {3}, {1, 3}, {2, 3}, X}. We can see that {2} is a (1, 2)mX − B−set but it is not a

(1, 2)mX −A−set.

Definition 3.2.20. Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

Then A is said to be an (i, j)mX − C − set if A = U ∩ B, when U is an mi
X−open and

B ismj
X− preclosed, where i, j = 1, 2 and i ̸= j.

The family of all (i, j)−C−sets in a biminimal structure space (X,m1
X ,m

2
X) is

denoted by (i, j)− C (X,m1
X ,m

2
X), where i, j = 1, 2 and i ̸= j.

Example 3.2.21. Let X = {1, 2, 3}. Definem−structures m1
X andm2

X on X as

follows : m1
X = {∅, {1}, {2}, {2, 3}, X} andm2

X = {∅, {1}, {3}, {2, 3}, X}.

Thus ∅, {1}, {2}, {1, 2}, {2, 3}, X are preclosed in (X,m2
X).

Therefore, (1, 2)− C (X,m1
X ,m

2
X) = {∅, {1}, {2}, {1, 2}, {2, 3}, X}.

Theorem 3.2.22. Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

If A is an (i, j)mX −A−set, then it is an (i, j)mX − C−set for all i, j = 1, 2 and i ̸= j.

Proof. Let A be an (i, j)mX − A−set. Then there exist G and R such that A = G ∩ R

whereG ismi
X−open andR ismj

X− regular closed. SinceR = mj
XCl(mj

XInt(R)), thus

mj
XCl(mj

XInt(R)) ⊆ R. Hence R is anmj
X− preclosed.

Therefore, A is an (i, j)mX − C−set.

The converse is not true as can be seen from the following example.
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Example 3.2.23. Let X = {1, 2, 3}. Definem−structures m1
X andm2

X on X as

follows :m1
X = {∅, {1}, {2}, {1, 3}, X} = m2

X . Thus (1, 2)−A(X,m1
X ,m

2
X) = {∅, {1},

{2}, {1, 3}, X} and (1, 2)− C(X,m1
X ,m

2
X) = {∅, {1}, {2}, {3}, {1, 3}, {2, 3}, X}.

We can see that {3} is a (1, 2)mX − C−set but it is not a (1, 2)mX −A−set.

Proposition 3.2.24. Let (X,m1
X ,m

2
X) be a biminimal structure space andM be a subset

of X . IfM is an (i, j)mX−locally closed set, then it is also an (i, j)mX − B−set, where

i, j = 1, 2 and i ̸= j.

Proof. Let M be (i, j)mX−locally closed set. Then there exist U and B such that M =

U ∩ B where U is mi
X−open and B is mj

X−closed. Since B is mj
X−closed, B =

mj
XCl(B). Thus mj

XInt(B) = mj
XInt(m

j
XCl(B)). Hence B is an mj

X − t−set. Thus

M is an (i, j)mX − B−set.

In general, an (i, j)mX −B−set need not be (i, j)mX−locally closed set, as can

be seen from the following example.

Example 3.2.25. Let X = {1, 2, 3}. Definem−structures m1
X andm2

X on X as

follows : m1
X = {∅, {1}, {3}, {2, 3}, X} and m2

X = {∅, {1}, {2}, X}. Thus (1, 2) −

B(X,m1
X ,m

2
X) = {∅, {1}, {2}, {3}, {1, 3}, {2, 3}, X} and (1, 2) − LC(X,m1

X ,m
2
X) =

{∅, {1}, {3}, {1, 3}, {2, 3}, X}. We can see that {2} is a (1, 2)mX − B−set but it is not

(1, 2)mX−locally closed set.

Proposition 3.2.26. Let (X,m1
X ,m

2
X) be a biminimal structure space andM be a subset

of X . IfM is an (i, j)mX−locally closed set, then it is also an (i, j)mX − C−set, where

i, j = 1, 2 and i ̸= j.

Proof. Let M be an (i, j)mX−locally closed set. Then there exist U and B such that

M = U ∩ B where U is an mi
X−open in (X,mi

X) and B is an mj
X−closed. It follows

that mj
XCl(mj

XInt(B)) ⊆ mj
XCl(B) = B. Then B is an mj

X−preclosed. Hence M is

an (i, j)mX − C−set.

In general, an (i, j)mX − C−set is not (i, j)mX−locally closed set, as can be

seen from the following example.
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Example 3.2.27. Let X = {1, 2, 3}. Definem−structures m1
X andm2

X on X as

follows : m1
X = {∅, {1}, X} andm2

X = {∅, {1}, {2}, {2, 3}, X}.

Thus (1, 2)− C(X,m1
X ,m

2
X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, X} and

(1, 2)− LC(X,m1
X ,m

2
X) = {∅, {1}, {1, 3}, {2, 3}, X}.

We can see that {2} is a (1, 2)mX − C−set but it is not a (1, 2)mX−locally closed set.

Moreover, an (i, j)mX − B−set and an (i, j)mX − C−set are independent as

can be seen from the following examples.

Example 3.2.28. Let X = {1, 2, 3}. Definem−structures m1
X andm2

X on X as

follows : m1
X = {∅, {1}, X} andm2

X = {∅, {1}, {2}, {2, 3}, X}.

Thus (1, 2)− B(X,m1
X ,m

2
X) = {∅, {1}, {2}, {3}, {1, 3}, {2, 3}, X} and

(1, 2) − C(X,m1
X ,m

2
X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, X}. We can see that

{1, 2} is a (1, 2)mX − C−set but it is not a (1, 2)mX − B−set.

Example 3.2.29. LetX = {1, 2, 3}. Definem−structures m1
X andm2

X onX as follows:

m1
X = {∅, {2}, {3}, X} and m2

X = {∅, {1}, {2}, X}. Thus (1, 2) − B(X,m1
X ,m

2
X) =

{∅, {1}, {2}, {3}, {1, 3}, {2, 3}, X} and (1, 2)− C(X,m1
X ,m

2
X) = {∅, {2}, {3}, {1, 3},

{2, 3}, X}. We can see that {1} is a (1, 2)mX − B−set but it is not (1, 2)mX − C−set.

We can conclude the relation among an (i, j)mX−A−set, an (i, j)mX−B−set,

an (i, j)mX − C−set, an (i, j)mX − LC−set as the following diagram.

(i, j)mX −A−set (i, j)mX − B−set

(i, j)mX − LC−set (i, j)mX − C−set
?

-

HHHHHHHHHj���������*

-

Proposition 3.2.30. Let A be a subset of a biminimal stucture space (X,m1
X ,m

2
X) and

mj
X has the property B. Then A is an (i, j) − C−set iff A = U ∩ mj

Xpcl(A) for some

U ∈ mi
X , where i, j = 1, 2 and i ̸= j.

Proof. (⇒) LetA be (i, j)mX −C−set. Then there exist U andB such thatA = U ∩B

where U is mi
X−open and B is mj

X−preclosed. From A ⊆ B, mj
Xpcl(A) ⊆ mj

Xpcl(B)
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by Proposition 2.2.12, mj
Xpcl(B) = B ∪ mj

XCl(mj
XInt(B)). As B is mj

X−preclosed,

mj
XCl(mj

XInt(B)) ⊆ B. Hence mj
Xpcl(B) = B. Thus mj

Xpcl(A) ⊆ B. It follows that

U ∩mj
Xpcl(A) ⊆ U ∩ B = A. Since A ⊆ U and A ⊆ mj

Xpcl(A), A ⊆ U ∩mj
Xpcl(A).

Therefore A = U ∩mj
Xpcl(A).

(⇐) Let A = U ∩mj
Xpcl(A) for some U ∈ mi

X . Since m
j
Xpcl(A) is an mj

X−

preclosed. Therefore, A is an (i, j)mX − C−set.

Proposition 3.2.31. Let A be a subset of a biminimal stucture space (X,m1
X ,m

2
X) and

mj
X has the propertyB. ThenA = U ∩mj

XCl(mj
XInt(A)) for some U ∈ mi

X if and only

if A is anmj
X−semi−open and (i, j)mX − C−set, where i, j = 1, 2 and i ̸= j.

Proof. (⇒) LetA = U∩mj
XCl(mj

XInt(A)) for someU ∈ mi
X . ThenA ⊆ mj

XCl(mj
XInt(A)).

Thus A ismj
X−semi−open. By Lemma 2.2.5,m

j
XCl(mj

XInt(A)) ism
j
X−closed. Since

mj
XInt(m

j
XCl(mj

XInt(A))) ⊆ mj
XCl(mj

XInt(A)),

mj
XCl(mj

XInt(m
j
XCl(mj

XInt(A)))) ⊆ mj
XCl(mj

XInt(A)). Hence m
j
XCl(mj

XInt(A)

ismj
X−preclosed. Then A is an (i, j)mX − C−set.

(⇐) LetA be anmj
X−semi−open and (i, j)mX−C−set. By proposition 3.2.30,

A = U ∩ mj
Xpcl(A) for some U ∈ mi

X . Since A is mj
X−semi−open. Then A ⊆

mj
XCl(mj

XInt(A). Sincem
j
X has the propertyB and by Proposition 2.2.12,mj

Xpcl(A) =

A ∪ mj
XCl(mj

XInt(A)). Thus mj
Xpcl(A) = mj

XCl(mj
XInt(A). Hence A = U ∩

mj
XCl(mj

XInt(A)) for some U ∈ mi
X .

Theorem 3.2.32. Let (X,m1
X ,m

2
X) be a biminimal structure space andm

j
X has the prop-

erty B. If a subset M of X is an mj
X−semi−open and (i, j)mX − C−set, then it is an

(i, j)mX −A−set.

Proof. Let M be an mj
X−semi−open and (i, j)mX − C−set. By Proposition 3.2.31,

then M = U ∩ mj
XCl(mj

XInt(M)) for some U ∈ mi
X . Since mj

XCl(mj
XInt(M)) is

mj
X−regular closed. Therefore,M is an (i, j)mX −A−set.

Definition 3.2.33. Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces. A

function f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) is said to be

(1) (i, j) − semi − continuous if f−1(V ) ∈ (i, j) − SO(X,m1
X ,m

2
X) for all

V ∈ mi
Y .
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(2) (i, j)−LC − continuous if f−1(V ) ∈ (i, j)−LC(X,m1
X ,m

2
X) for all V ∈

mi
Y .

(3) (i, j)−A−continuous if f−1(V ) ∈ (i, j)−A(X,m1
X ,m

2
X) for all V ∈ mi

Y .

Example 3.2.34. Let X = {1, 2, 3} and Y = {a, b}.

Considerm−structures on X and Y as follows :

m1
X = {∅, {1, 2}, {1, 3}, X} andm2

X = {∅, {2}, {1, 2}, X}.

m1
Y = {∅, {a}, {a, b}, Y } andm2

Y = {∅, {a}, {b}, Y }.

Let f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) and f(∅) = ∅, f({1}) = {a}, f({2}) = {a},

f({3}) = {b}, f(X) = Y .

Consider ∅, {a}, {a, b}, Y ∈ m1
Y , we get f−1(∅) = ∅, f−1({a}) = {1, 2}, f−1({a, b})

= {1, 3}, f−1(Y ) = X are (1, 2)mX −A−sets. Thus f is (1, 2)−A−continuous.

Proposition 3.2.35. Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces

and let f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) be a mapping. If f is (i, j) − A−continuous

then f is (i, j)− LC−continuous.

Proof. Let f be (i, j)−A−continuous and V ∈ mi
Y .

Then f−1(V ) ∈ (i, j)−A(X,m1
X ,m

2
X). By Lemma 3.2.10, we have f−1(V ) ∈ (i, j)−

LC(X,m1
X ,m

2
X). Hence f is (i, j)− LC−continuous.

Theorem 3.2.36. Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces and

mj
X has the property B. If a mapping f : (X,m1

X ,m
2
X) → (Y,m1

Y ,m
2
Y ) is (i, j) −

semi−continuous and (i, j)− LC−continuous then f is (i, j)−A−continuous.

Proof. Let f be an (i, j)− semi−continuous and (i, j)− LC−continuous and V ∈ mi
Y .

Then f−1(V ) ∈ (i, j) − SO(X,m1
X ,m

2
X) and f−1(V ) ∈ (i, j) − LC(X,m1

X ,m
2
X).

By Theorem 3.2.12, thus f−1(V ) ∈ (i, j) − A(X,m1
X ,m

2
X). Therefore, f is (i, j) −

A−continuous.

Definition 3.2.37. Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces.

A function f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) is said to be (i, j) − C − continuous if

f−1(V ) ∈ (i, j)− C(X,m1
X ,m

2
X) for all V ∈ mi

Y .

Example 3.2.38. Let X = {1, 2, 3} and Y = {a, b, c}.

Considerm−structures on X and Y as follows :
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m1
X = {∅, {1}, {2}, {2, 3}, X} andm2

X = {∅, {1}, {3}, {2, 3}, X}.

m1
Y = {∅, {a}, {b}, {a, b}, {b, c}, Y } andm2

Y = {∅, {a}, {b}, Y }.

Let f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) and f(∅) = ∅, f({1}) = {a}, f({2}) = {b},

f({3}) = {c}, f(X) = Y .

Consider ∅, {a}, {b}, {a, b}, {b, c}, Y ∈ m1
Y , we get f−1(∅) = ∅, f−1({a}) = {1},

f−1({b}) = {2}, f−1({a, b}) = {1, 2}, f−1({b, c}) = {2, 3}, f−1(Y ) = X are (1, 2)mX−

C−sets. Thus f is (1, 2)− C−continuous.

Definition 3.2.39. Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces.

A function f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) is said to be (i, j) − B − continuous if

f−1(V ) ∈ (i, j)− B(X,m1
X ,m

2
X) for all V ∈ mi

Y .

We can see that if f is an (i, j)−A−continuous, then f is an (i, j)−B−continuous.

But the converse is not true.

Example 3.2.40. Let X = {1, 2, 3} and Y = {a, b, c}.

Considerm−structures on X and Y as follows :

m1
X = {∅, {1}, {2}, {2, 3}, X} andm2

X = {∅, {1}, {3}, {2, 3}, X}.

m1
Y = {∅, {a}, {b}, {a, b}, {b, c}, Y } andm2

Y = {∅, {a, b}, {b, c}, Y }.

Let f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) and f(∅) = ∅, f({1}) = {a}, f({2}) = {b},

f({3}) = {c}, f(X) = Y .

Consider ∅, {a}, {b}, {a, b}, {b, c}, Y ∈ m1
Y , we get f−1(∅) = ∅, f−1({a}) = {1},

f−1({b}) = {2}, f−1({a, b}) = {1, 2}, f−1({b, c}) = {2, 3}, f−1(Y ) = X are (1, 2)mX−

B−sets. Thus f is (1, 2)− B−continuous.

Theorem 3.2.41. Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces. If

a mapping f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) is (i, j) − semi−continuous and (i, j) −

C−continuous then f is (i, j)−A−continuous.

Proof. Let f be (i, j)− semi−continuous and (i, j)− C−continuous, and let V ∈ mi
Y .

Then f−1(V ) ∈ (i, j)−SO(X,m1
X ,m

2
X) and f−1(V ) ∈ (i, j)−C(X,m1

X ,m
2
X). By Theo-

rem 3.2.32, thus f−1(V ) ∈ (i, j)−A(X,m1
X ,m

2
X). Therefore, f is (i, j)−A−continuous.
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CHAPTER 4

A−CONNECTED SETS IN BIMINIMAL STRUCTURE SPACES

In this section, we introduce the concept ofA−connected sets in biminimal struc-

ture spaces and study some fundamental properties of A−connected sets in biminimal

structure spaces.

4.1 A−separated sets in biminimal structure spaces

In this section, we will introduce the notion of A−separated sets in biminimal

structure spaces and investigate some of their properties.

Definition 4.1.1. Let (X,m1
X ,m

2
X) be a biminimal structure space and letM ⊆ X . Then

M is an (i, j)mX −AC − set if X \M is an (i, j)mX −A− set.

The family of all (i, j)mX−AC−sets in a biminimal structure space (X,m1
X ,m

2
X)

is denoted by (i, j)−AC (X,m1
X ,m

2
X).

Example 4.1.2. Let X = {1, 2, 3}. Define m-structures m1
X and m2

X on X as follows:

m1
X = {∅, {1}, X} andm2

X = {∅, {1}, {2}, {1, 3}, X}. Thus (i, j)−A (X,m1
X ,m

2
X) =

{∅, {1}, {2}, {1, 3}, X}. Then (i, j)−AC (X,m1
X ,m

2
X) = {∅, {2, 3}, {1, 3}, {2}, X}.

Definition 4.1.3. Let (X,m1
X ,m

2
X) be a biminimal structure space and letM ⊆ X . Then

the A − closure of M and the A − interior of M , denoted by Acl(M) and Aint(M),

respectively, are denoted as the following:

Acl(M) = ∩{F : M ⊆ F, F ∈ (i, j)−AC (X,m1
X ,m

2
X)};

Aint(M) = ∪{G : G ⊆ M,G ∈ (i, j)−A(X,m1
X ,m

2
X)}.

Example 4.1.4. Let X = {1, 2, 3}. Define m-structures m1
X and m2

X on X as follows:

m1
X = {∅, {1}, X} andm2

X = {∅, {1}, {2}, {1, 3}, X}. Then (1, 2)−A(X,m1
X ,m

2
X) =

{∅, {1, 3}, {2}, {1}, X} and (i, j)−AC (X,m1
X ,m

2
X) = {∅, {2}, {1, 3}, {2, 3}, X}. Let

M = {1} ⊆ X . Then Acl(M) = {1, 3} and Aint(M) = {1}.

Proposition 4.1.5. Let (X,m1
X ,m

2
X) be a biminimal structure space andM ⊆ X .

Then Acl(X \M) = X \ Aint(M) and Aint(X \M) = X \ Acl(M).

23
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Proof. LetM ⊆ X .

Then X \ Aint(M) = X \ ∪{G : G ⊆ M,G ∈ (i, j)−A(X,m1
X ,m

2
X)}

= ∩{X \G : G ⊆ M,G ∈ (i, j)−A(X,m1
X ,m

2
X)}

= ∩{X \G : X \M ⊆ X \G,X \G ∈ (i, j)− AC(X,m1
X ,m

2
X)}

= Acl(X \M).

Consequently, we have Aint(X \M) = X \ Acl(M).

Proposition 4.1.6. Let (X,m1
X ,m

2
X) be a biminimal structure space andM ⊆ X . Then

(1)Aint(M) ⊆ M ;

(2) IfM ⊆ K, then Aint(M) ⊆ Aint(K);

(3) IfM is (i, j)mX −A−set then Aint(M) = M .

Proof. (1) Since ∪{G : G ⊆ M,G ∈ (i, j)−A(X,m1
X ,m

2
X)} ⊆ M .

Then Aint(M) ⊆ M .

(2) Let M ⊆ K, then ∪{G : G ⊆ M,G ∈ (i, j) − A(X,m1
X ,m

2
X)} ⊆ ∪{H : H ⊆

K,H ∈ (i, j)−A(X,m1
X ,m

2
X)}. Hence Aint(M) ⊆ Aint(K).

(3) LetM is an (i, j)mX −A−set. SinceM ⊆ M andM ∈ {G : G ⊆ M,G ∈ (i, j)−

A(X,m1
X ,m

2
X)}. ThenM ⊆ ∪{G : G ⊆ M,G ∈ (i, j)−A(X,m1

X ,m
2
X)} = Aint(M).

By (1), Aint(M) ⊆ M . Hence Aint(M) = M .

Proposition 4.1.7. Let (X,m1
X ,m

2
X) be a biminimal structure space andM ⊆ X .Then

(1)M ⊆ Acl(M).

(2) IfM ⊆ K, then Acl(M) ⊆ Acl(K);

(3) IfM is (i, j)mX −AC−set, then Acl(M) = M

Proof. (1) Since Aint(X −M) ⊆ X \M . ThenM ⊆ X −Aint(X \M).

By Proposition 4.1.5,M ⊆ Acl(M).

(2) Let M ⊆ K, then ∩{F : M ⊆ F, F ∈ (i, j) − AC(X,m1
X ,m

2
X)} ⊆ ∩{E : K ⊆

E,E ∈ (i, j)−AC(X,m1
X ,m

2
X)}. Hence Acl(M) ⊆ Acl(K).

(3) LetM is an (i, j)mX −AC−set. It follows that X \M is an (i, j)mX −A−set.

By Proposition 4.1.6,Aint(X\M) = X\M . By Proposition 4.1.5,X\Acl(M) = X\M .

Then Acl(M) = M .

Proposition 4.1.8. Let (X,m1
X ,m

2
X) be a biminimal structure space andM ⊆ X . Then

(1) x ∈ Acl(M) if and only ifM ∩ V ̸= ϕ for every (i, j)mX −A−set V

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Mahasarakham University 



25

containing x.

(2) x ∈ Aint(M) if and only if there exists an (i, j)mX − A−set U such that

U ⊆ M and x ∈ U .

Proof. (1) (⇒) Suppose there is an (i, j)mX−A−set V containing x such thatM∩V = ∅.

Then X \ V is an (i, j)mX −AC−set such thatM ⊆ X \ V and x /∈ X \ V . It follows

that x /∈ Acl(M).

(⇐) Suppose x /∈ Acl(M). Then there exists E such that M ⊆ E ∈ (i, j) −

AC(X,m1
X ,m

2
X) but x /∈ E. It follows that X \ E is an (i, j)mX −A−set containing x

such thatM ∩ (X \ E) = ∅.

(2) It obvious, by Definition 4.1.3.

Definition 4.1.9. Let (X,m1
X ,m

2
X) be a biminimal structure space and let Y ⊆ X and

M ⊆ Y . Then an AY − closure ofM is defined as follows:

AclY (M) = Acl(M) ∩ Y .

Example 4.1.10. Let X = {1, 2, 3} and Y = {2, 3}. Define m-structures m1
X and m2

X

on X as follows: m1
X = {∅, {1}, X} and m2

X = {∅, {1}, {2}, {1, 3}, X}. LetM = {3},

then Acl(M) = {3}. Hence AclY (M) = Acl(M) ∩ Y = {3} ∩ {2, 3} = {3}. Thus

Acl(M) = {3}. Then AclY (M) = {3}.

Definition 4.1.11. Let (X,m1
X ,m

2
X) be a biminimal structure space and let K,M ⊆ X .

ThenK andM are (i, j)A− separated if and only ifAcl(K)∩M = ∅ = Acl(M)∩K,

where (i, j) = 1, 2 and i ̸= j.

Moreover, if (Y,m1
Y ,m

2
Y ) be a biminimal subspace of X , then U, V ⊆ Y be

(i, j)A−separated in Y if AclY (U) ∩ V = ∅ and AclY (V ) ∩ U = ∅.

Example 4.1.12. Let X = {1, 2, 3}. Define m-structures m1
X andm2

X on X as follows:

m1
X = {∅, {1}, X} andm2

X = {∅, {1}, {2}, {1, 3}, X}. Thus (1, 2)−A (X,m1
X ,m

2
X) =

{∅, {1}, {2}, {1, 3}, X}. Then (1, 2) − AC (X,m1
X ,m

2
X) = {∅, {2, 3}, {1, 3}, {2}, X}.

Let K = {1} andM = {2}. It follows that Acl(K) = {1, 3} and Acl(M) = {2}. Thus

Acl(K) ∩M = ∅ and Acl(M) ∩K = ∅. Therefore, K andM are (1, 2)A−separated.

Theorem 4.1.13. Let (X,m1
X ,m

2
X) be a biminimal structure space and (Y,m1

Y ,m
2
Y ) be

a biminimal subspace of X and let U, V ⊆ Y . Then U, V be (i, j)A−separated in X iff

U and V be (i, j)A−separated in Y .
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Proof. (⇒) Let U and V be (i, j)A−separated in X . Then Acl(U) ∩ V = ∅ and

Acl(V )∩U = ∅, so (Acl(U)∩Y )∩V = ∅ and (Acl(V )∩Y )∩U = ∅. ThusAclY (U)∩

V = ∅ and AclY (V ) ∩ U = ∅. Hence U and V be (i, j)A−separated in Y .

(⇐) Let U and V be (i, j)A−separated in Y . Then AclY (U) ∩ V = ∅ and

AclY (V ) ∩ U = ∅. Thus (Acl(U) ∩ Y ) ∩ V = ∅ and (Acl(V ) ∩ Y ) ∩ U = ∅. Since

U, V ⊆ Y soAcl(U)∩V = ∅ andAcl(V )∩U = ∅. Hence U and V be (i, j)A−separated

in X .

Proposition 4.1.14. Let (X,m1
X ,m

2
X) be a biminimal structure space andK,M ⊆ X .

If K andM are (i, j)A−separated thenK andM are disjoint.

Proof. LetK andM be (i, j)A−separated. ThenAcl(K)∩M = ∅ = Acl(M)∩K. By

Proposition 4.1.7, K ⊆ Acl(K) and M ⊆ Acl(M). Then K ∩M = ∅. Thus K and M

are disjoint.

Remark. Let (X,m1
X ,m

2
X) be a biminimal structure space and K,M ⊆ X . By Propo-

sition 4.1.14, if K and M are (i, j) − A−separated then K and M are disjoint. But

the converse is not true, i.e. if K and M are disjoint, then K and M does not need be

(i, j)A−separated as can be seen from the following example.

Example 4.1.15. LetX = {1, 2, 3}. Definem−structures m1
X andm2

X onX as follows:

m1
X = {∅, {1}, X} and m2

X = {∅, {1}, {2}, {1, 3}, X}. Let K = {1, 2} and M =

{3}. Then Acl(K) = X and Acl(M) = {1, 3}. Thus Acl(K) ∩ M = {3} ̸= ∅ and

Acl(M) ∩K = {1} ̸= ∅. Hence K andM are not (i, j)A−separated.

Proposition 4.1.16. Let (X,m1
X ,m

2
X) be a biminimal structure space andK,M ⊆ X .

If K and M are (i, j)A−separated, then D and E are (i, j)A−separated, where D ⊆ K

and E ⊆ M .

Proof. Let K and M are (i, j)A−separated. Then Acl(K) ∩ M = ∅ = Acl(M) ∩ K.

Since D ⊆ K and E ⊆ M . Then Acl(D) ∩ E = ∅ = Acl(E) ∩D. Therefore, D and E

are (i, j)A−separated.

Definition 4.1.17. Let (X,m1
X ,m

2
X) be a biminimal structure space. Then (X,m1

X ,m
2
X)

is said to be a TA−space if the arbitary union of (i, j)mX−A−sets is an (i, j)mX−A−set.
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Example 4.1.18. Let X = {1, 2, 3}. Define m-structures m1
X andm2

X on X as follows:

m1
X = {∅, {1, 2}, {1, 3}, X} andm2

X = {∅, {2}, {1, 2}, X}. Then (1, 2)−A(X,m1
X ,m

2
X)

= {∅, {1, 2}, {1, 3}, X}. Thus (1, 2)−A(X,m1
X ,m

2
X) is TA−space.

Remark. By Definition 4.1.17, if (X,m1
X ,m

2
X) is a TA−space, then every intersection

of (i, j)mX −AC−sets is (i, j)mX −AC−sets as well.

Proposition 4.1.19. Let (X,m1
X ,m

2
X) be a biminimal structure space andK,M ⊆ X .

If (X,m1
X ,m

2
X) is a TA−space, then the following statements are equivalent:

(1) K andM are (i, j)A−separated.

(2) There are (i, j)mX −AC−sets FK and FM such that K ⊆ FK ⊆ (X \M)

andM ⊆ FM ⊆ (X \K);

(3) There are (i, j)mX − A−sets GK and GM such that K ⊆ GK ⊆ (X \M)

andM ⊆ GM ⊆ (X \K).

Proof. (1)⇒(2) Let K and M are (i, j)A−separated. Then Acl(K) ∩ M = ∅ =

Acl(M) ∩ K. Since (X,m1
X ,m

2
X) is TA− space, Acl(K) and Acl(M) are (i, j)mX −

AC−sets. It follows that K ⊆ Acl(K) ⊆ (X \M) andM ⊆ Acl(M) ⊆ (X \K).

(2)⇒(1) Let K ⊆ FK ⊆ (X \ M) and M ⊆ FM ⊆ (X \ K) for some

FK , FM ∈ (i, j) − AC(X,m1
X ,m

2
X). It follows that FK ∩ M = ∅ = FM ∩ K. Since

K ⊆ FK and M ⊆ FM , Acl(K) ⊆ Acl(FK) and Acl(M) ⊆ Acl(FM). By Proposition

4.1.16, Acl(FK) = FK and Acl(FM) = FM and Acl(K) ⊆ FK and Acl(M) ⊆ FM .

Thus Acl(K) ∩M = ∅ = Acl(M) ∩K. Therefore,K andM are (i, j)A−separated.

(2)⇒(3) Suppose thatK ⊆ FK ⊆ (X \M) andM ⊆ FM ⊆ (X \K) for some

FK , FM ∈ (i, j)−AC(X,m1
X ,m

2
X). HenceX \FK andX \FM are (i, j)mX −A−sets.

Thus M ⊆ (X \ FK) ⊆ (X \K) and K ⊆ (X \ FM) ⊆ (X \M). Set GK = X \ FM

and GM = X \ FK . Therefore,K ⊆ GK ⊆ (X \M) andM ⊆ GM ⊆ (X \K).

(3)⇒(2) Suppose thatK ⊆ GK ⊆ (X \M) andM ⊆ GM ⊆ (X \K) for some

GK , GM ∈ (i, j)−A(X,m1
X ,m

2
X). HenceX \GK andX \GM are (i, j)mX−AC−sets.

ThusM ⊆ (X \ GK) ⊆ (X \K) and K ⊆ (X \ GM) ⊆ (X \M). Set FK = X \ GM

and FM = X \GK . Therefore,K ⊆ FK ⊆ (X \M) andM ⊆ FM ⊆ (X \K).
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4.2 A−connected sets in biminimal structure spaces

In this section, we will introduce the notion of A−connected sets in biminimal

structure spaces and investigate some of their properties.

Definition 4.2.1. LetC be a nonempty subset of a biminimal structure space (X,m1
X ,m

2
X).

ThenC is an (i, j)A−connected set ofX if and only if for any two subsetsK andM such

that C = K ∪ M , K and M are (i, j)A−separated sets imply either K = ∅ or M = ∅.

The space X is said to be an (i, j)A−connected set iff it is an (i, j)A−connected subset

of itself, where (i, j) = 1, 2 and i ̸= j.

Example 4.2.2. Let X = {1, 2, 3}. Define m-structures m1
X and m2

X on X as follows:

m1
X = {∅, {1}, X} andm2

X = {∅, {1}, {2}, {1, 3}, X}. We have (1, 2)−A (X,m1
X ,m

2
X)

= {∅, {1}, {2}, {1, 3}, X} and (1, 2) − AC (X,m1
X ,m

2
X) = {∅, {2, 3}, {1, 3}, {2}, X}.

Let C = {1, 2} ⊆ X . We can see that {1}and {2} are (1, 2)A−separated such that

C = {1} ∪ {2} but {1} ̸= ∅ ̸= {2}. It follows that C is not (i, j)A−connected in

(X,m1
X ,m

2
X).

Consider {1, 3} ⊆ X . We can see that for every subset M and K. Such that

{1, 3} = K ∪M , K andM are (1, 2)A−separated implyK = ∅ orM = ∅.

Proposition 4.2.3. Let (X,m1
X ,m

2
X) be a biminimal structure space and (X,m1

X ,m
2
X) is

a TA−space, then the following statements are equivalent:

(1) The space X is (i, j)A−connected sets;

(2) IfX = G1 ∪G2, G1 ∩G2 = ∅, G1 and G2 are (i, j)mX −A−set then either

G1 = ∅ or G2 = ∅;

(3) IfX = F1 ∪F2, F1 ∩F2 = ∅, F1 and F2 are (i, j)mX −AC−set, then either

F1 = ∅ or F2 = ∅;

(4) If H ⊆ X is both (i, j)mX − A−set and (i, j)mX − AC−set, then either

H = ∅ or H = X .

Proof. (1)⇒(2) Assume that X is (i, j)A−connected. Let X = G1 ∪ G2, G1 ∩ G2 = ∅

and G1, G2 ∈ (i, j)−A(X,m1
X ,m

2
X). Then G1 and G2 are (i, j)mX −A−sets such that

G1 ⊆ G1 ⊆ (X \ G2) and G2 ⊆ G2 ⊆ (X \ G1). By Proposition 4.1.19, G1 and G2 are

(i, j)A−separated sets. Since X is (i, j)A−connected and X ̸= ∅ thus either G1 = ∅ or
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G2 = ∅.

(2)⇒(3) LetX = F1 ∪F2, F1 ∩F2 = ∅ and F1, F2 ∈ (i, j)−AC(X,m1
X ,m

2
X).

Set G1 = X \ F1 and G2 = X \ F2. It follows that G1, G2 ∈ (i, j) − A(X,m1
X ,m

2
X).

Since G1 ∪G2 = (X \ F1) ∪ (X \ F2) = X \ (F1 ∩ F2) = (X \ ∅) = X and G1 ∩G2 =

(X \ F1) ∩ (X \ F2) = X \ (F1 ∪ F2) = X \ X = ∅. By the assumption, either

X \ F2 = G2 = ∅ or X \ F1 = G1 = ∅. By the assumption, either F1 = ∅ or F2 = ∅.

(3)⇒(4) LetH ⊆ X andH be both an (i, j)mX−A−set and (i, j)mX−AC−set.

ThenX\H is both an (i, j)mX−A−set and (i, j)mX−AC−set. SinceX = H∪(X\H),

H ∩ (X \ H) = ∅ and H,X \ H ∈ (i, j)mX − AC(X,m1
X ,m

2
X). By the assumption,

either H = ∅ or X \H = ∅. Hence either H = ∅ or H = X .

(4)⇒(2) LetX = G1∪G2, G1∩G2 = ∅ andG1, G2 ∈ (i, j)−A(X,m1
X ,m

2
X).

Since G1 = X \ G2, G1 is an (i, j)mX −AC−set. By the assumption, either G1 = ∅ or

G1 = X . Hence either G1 = ∅ or G2 = ∅.

(2)⇒(1) Let X = K ∪ M and K,M are (i, j)A−separated. Set G1 = X \

Acl(K) andG2 = X \Acl(M). SinceX is TA−space,G1 andG2 are (i, j)mX −A−set.

Then M ⊆ X \ Acl(K) and K ⊆ X \ Acl(M). Thus M ⊆ G1 and K ⊆ G2. Hence

G1 = M and G2 = K,G1 ∩G2 = ∅. Therefore, G1 = M = ∅ and G2 = K = ∅.

Lemma 4.2.4. Let (X,m1
X ,m

2
X) be a biminimal structure space and K,M ⊆ X . If C is

an (i, j)A−connected C ⊆ K ∪M,K andM are (i, j)A−separated, then either C ⊆ K

or C ⊆ V .

Proof. Let C be an (i, j)A−connected, C ⊆ K ∪ M ,K and M be (i, j)A−separated.

Then C = C ∩ (K ∪M) = (C ∩K)∪ (C ∩M). SinceK andM are (i, j)A−separated.

ThenAcl(K)∩M = ∅ = Acl(M)∩K. SinceAcl(C ∩K) ⊆ Acl(K) and C ∩M ⊆ M .

HenceAcl(C∩K)∩(C∩M) ⊆ Acl(K)∩M = ∅. SimilaryAcl(C∩M)∩(C∩K) = ∅.

Consequently (C∩K) and (C∩M) are (i, j)A−separated. SinceC = (C∩K)∪(C∩M)

is (i, j)A−connected, either C ∩ K = ∅ or C ∩ M = ∅. It follows that either C =

∅ ∪ (C ∩M) or S = (C ∩K) ∪ ∅. Hence either C ⊆ M or C ⊆ K.

Theorem 4.2.5. Let (X,m1
X ,m

2
X) be a biminimal structure space.

If C is an (i, j)A−connected set, C ⊆ B ⊆ Acl(C)then C is an (i, j)A−connected set.

Proof. LetB = K∪M,K andM be (i, j)A−separated. ConsequentlyAcl(K)∩M = ∅
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and Acl(M) ∩ K = ∅. It follows that Acl(K) ⊆ (X \ M) and Acl(M) ⊆ (X \ K).

Since C ⊆ B = K ∪ M and by Lemma 4.2.4, either C ⊆ K or C ⊆ M . So either

B ⊆ Acl(C) ⊆ Acl(K) ⊆ (X \M) or B ⊆ Acl(C) ⊆ Acl(M) ⊆ (X \K). Therefore,

eitherM = ∅ or K = ∅.

Corollary 4.2.6. Let (X,m1
X ,m

2
X) be a biminimal structure space.

If C is (i, j)A−connected sets, then Acl(C) is (i, j)A−connected sets.

Lemma 4.2.7. Let (X,m1
X ,m

2
X) be a biminimal structure space.

If Cα is (i, j)A−connected for all α ∈ J and for β, γ ∈ J , β ̸= γ, Cβ and Cγ are not

(i, j)A−separated, then
∪
α∈J

Cα is (i, j)A−connected as well.

Proof. Let
∪
α∈J

Cα = K∪M ,K andM are (i, j)A−separated. It follows thatK∩M = ∅.

Since Cα ⊆
∪
α∈J

Cα and by Lemma 4.2.4, either Cα ⊆ K or Cα ⊆ M for all α ∈ J . Since

Cβ and Cγ are not (i, j)A−separated for all β, γ ∈ J and β ̸= γ, then there does not exist

β, γ ∈ J such that Cβ ⊆ K and Cγ ⊆ M . Then either Cα ⊆ K, ∀α ∈ J or Cα ⊆ M ,

∀α ∈ J . In the first case
∪
α∈J

Cα ⊆ K and M = ∅. In the second one
∪
α∈J

Cα ⊆ M and

K = ∅.

Corollary 4.2.8. Let (X,m1
X ,m

2
X) be a biminimal structure space and C =

∪
α∈J

Cα. If

Cα is (i, j)A−connected for all α ∈ J and Cβ ∩ Cγ ̸= ∅ for all β, γ ∈ J then C is

(i, j)A−connected.

Corollary 4.2.9. Let (X,m1
X ,m

2
X) be a biminimal structure spaces and C =

∪
α∈J

Cα. If

Cα is an (i, j)A−connected for all α ∈ J and
∩
α∈J

Cα ̸= ∅ thenC is an (i, j)A−connected.

Definition 4.2.10. Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces.

Let f : X → Y , we will say that f is (i, j)(AX ,AY )−continuous iff f−1(W ) ∈ (i, j) −

A(X,m1
X ,m

2
X) for allW ∈ (i, j)−A(Y,m1

Y ,m
2
Y ).

Remark. By Definition 4.2.10, if f is (i, j)(AX ,AY )−continuous, then f is (i, j) −

A−continuous as well.

Example 4.2.11. LetX = {1, 2, 3} = Y . Considerm−structures onX and Y as follows:

m1
X = {∅, {1}, X} andm2

X = {∅, {1}, {2}, {1, 3}, X}.
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m1
Y = {∅, {1}, {2}, {2, 3}, Y } andm2

Y = {∅, {1}, {3}, {2, 3}, Y }.

By definition 4.2.10, consider ∅, {1}, {2}, {2, 3} ∈ (1, 2)−A(Y,m1
Y ,m

2
Y ), we get f−1(∅)

= ∅, f−1({1}) = {1, 3}, f−1({2}) = {1}, f−1({2, 3}) = {2} are (1, 2)mX − A−sets.

Thus f is (AX ,AY )− continuous.

Lemma 4.2.12. Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be TA− spaces.

If f is (i, j)(AX ,AY )−continuous and V,W ⊆ Y are (i, j)A−separated then f−1(V ) and

f−1(W ) are (i, j)A−separated.

Proof. ByProposition 4.1.19, there existGV andGW are (i, j)mY−A−sets such thatV ⊆

GV ⊆ (Y \W ) andW ⊆ GW ⊆ (Y \ V ). Then f−1(V ) ⊆ f−1(GV ) ⊆ (X \ f−1(W ))

and f−1(W ) ⊆ f−1(GW ) ⊆ (X \ f−1(V )), with f−1(GV ) and f−1(GW ) are (i, j)mX −

A−sets. By Proposition 4.1.19, f−1(V ) and f−1(W ) are (i, j)A−separated.

Theorem 4.2.13. Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be TA−spaces. If C ⊆ X is

(i, j)A−connected and f is (i, j)(AX ,AY )− continuous then f(C) is (i, j)A−connected.

Proof. Suppose f(C) = V ∪W , V andW be (i, j)A−separated. Since f(C) = V ∪W ,

then C ⊆ (f−1(V )∪ f−1(W )). By the hypothesis f−1(V ) and f−1(W ) are (i, j)A−sets.

By Lemma 4.2.12, f−1(V ) and f−1(W ) are (i, j)A−separated. By Lemma 4.2.4, either

C ⊆ f−1(V ) or C ⊆ f−1(W ) , i.e either f(C) ⊆ V or f(C) ⊆ W . It follows thatW = ∅

or V = ∅. Hence f(C) is (i, j)A−connected.
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CHAPTER 5

CONCLUSIONS

The aim of this thesis is to introduce the concepts ofA−sets in biminimal struc-

ture spaces. Andwe study some properties of (i, j)A−continuous on the space. Moreover,

we introduce the concepts of some A−connected by using A−separated and study rela-

tionships other types of A−connected on biminimal structure spaces and study some of

their properties. The results are follows:

1) Let (X,mX) be anm−space. A subsetM of X is said to be anmX −A−set if there

exist G and R such thatM = G ∩R when G is open and R is amX−regular closed.

2) Let (X,mX) be an m−space and A ⊆ X , then A is said to be an mX − t−set if

mXInt(A) = mXInt(mXCl(A)).

3) Let (X,mX) be an m−space and R ⊆ X . If R is mX− regular closed then R is

mX − t−set.

4) A subsetA of a biminimal structure space (X,m1
X ,m

2
X) is said to be (i, j)mX−locally closed

if there exist G and F such that A = G ∩ F when G is an mi
X−open set G and F is

anmj
X−closed set, where i, j = 1, 2 and i ̸= j.

From the above definitions, I have the following theorems are derived:

4.1) Let S be a subset of a biminimal stucture space (X,m1
X ,m

2
X) and let i, j =

1, 2 and i ̸= j. If S is an (i, j)mX−locally closed set then there exists an

mi
X−open set U such that S = U ∩mj

XCl(S) .

4.2) Let S be a subset of a biminimal stucture space (X,m1
X ,m

2
X) and let m

j
X

has propertyB, where i, j = 1, 2 and i ̸= j. Then S is an (i, j)mX−locally

closed set iff there exists anmi
X−open set U such that S = U ∩mj

XCl(S).

4.3) Let (X,m1
X ,m

2
X) be a biminimal structure spacem

j
X has the propertyB. If

a subsetM ofX is an (i, j)mX−A−set, thenM is (i, j)mX−locally closed,

where i, j = 1, 2 and i ̸= j.
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4.4) Let (X,m1
X ,m

2
X) be a biminimal structure space and mj

X ⊆ mi
X has the

propertyB. If a subsetM ofX is both (i, j)mX−semi−open and (i, j)mX−

locally closed, thenM is an (i, j)mX −A−set, where i, j = 1, 2 and i ̸= j.

4.5) Let (X,m1
X ,m

2
X) be a biminimal structure space andM be a subset of X .

Ifmj
X has the propertyB andM is an (i, j)mX−locally closed set, then it

is also an (i, j)mX − B−set, where i, j = 1, 2 and i ̸= j.

4.6) Let (X,m1
X ,m

2
X) be a biminimal structure space andM be a subset of X .

Ifmj
X has the propertyB andM is an (i, j)mX−locally closed set, then it

is also an (i, j)mX − C−set, where i, j = 1, 2 and i ̸= j.

5) Let (X,m1
X ,m

2
X) be a biminimal structure space. A subset M of X is said to be an

(i, j)mX −A−set if there exists G and R, such thatM = G ∩ R when G ∈ mi
X and

R ismj
X−regular closed, where i, j = 1, 2 and i ̸= j.

From the above definitions, I have the following theorems are derived:

5.1) The intersection of two (i, j)mX−A−sets may not be an (i, j)mX−A−set.

5.2) The union of two (i, j)mX −A−sets may not be an (i, j)mX −A−set.

5.3) Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

If A is an (i, j)mX −A−set, then A is an (i, j)mX −B−set for all i, j= 1,

2 and i ̸= j.

5.4) Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

If A is an (i, j)mX −A−set then it is an (i, j)mX − C−set for all i, j = 1,

2 and i ̸= j.

6) Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

Then A is said to be an (i, j)mX − t−set ifmi
XInt(A) = mi

XInt(m
j
XCl(A)), where

i, j = 1, 2 and i ̸= j.

From the above definitions, I have the following theorems are derived:

6.1) Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

Then A is an (i, j)mX − t−set if and only if A is (i, j)mX−semi−closed .
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7) Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

Then A is said to be an (i, j)mX − B−set if A = U ∩ T , when U is anmi
X−open set

and T is anmj
X − t−set, where i, j = 1, 2 and i ̸= j.

8) Let (X,m1
X ,m

2
X) be a biminimal structure space and A ⊆ X .

Then A is said to be (i, j)mX − C−set if A = U ∩B, when U is anmi
X−open and B

ismj
X− preclosed, where i, j = 1, 2 and i ̸= j.

From the above definitions, I have the following theorems are derived:

8.1) Let A be a subset of a biminimal stucture space (X,m1
X ,m

2
X) andm

j
X has

the property B. Then A is an (i, j) − C−set iff A = U ∩ mj
Xpcl(A) for

some U ∈ mi
X , where i, j = 1, 2 and i ̸= j.

8.2) Let (X,m1
X ,m

2
X) be a biminimal structure space andm

j
X has the property

B. If a subset M of X is an mj
X−semi−open set and (i, j)mX − C−set,

then it is an (i, j)mX −A−set.

9) LetA be a subset of a biminimal stucture space (X,m1
X ,m

2
X) andm

j
X has the property

B. Then A = U ∩ mj
XCl(mj

XInt(A)) for some U ∈ mi
X if and only if A is an

mj
X−semi−open set and (i, j)mX − C−set.

10) Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces. A function f :

(X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) is said to be

(1) an (i, j)− semi−continuous if f−1(V ) ∈ (i, j)− SO(X,m1
X ,m

2
X)

for all V ∈ mi
Y .

(2) an (i, j)− LC−continuous if f−1(V ) ∈ (i, j)− LC(X,m1
X ,m

2
X)

for all V ∈ mi
Y .

(3) an (i, j)−A−continuous if f−1(V ) ∈ (i, j)−A(X,m1
X ,m

2
X)

for all V ∈ mi
Y .

From the above definitions, I have the following theorems are derived:

10.1) Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces and

let f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) be a mapping. If f is (i, j) −

A−continuous then f is (i, j)− LC−continuous.
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10.2) Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces and

mj
X has the propertyB. If a mapping f : (X,m1

X ,m
2
X) → (Y,m1

Y ,m
2
Y )

is (i, j)−semi−continuous and (i, j)−LC−continuous then f is (i, j)−

A−continuous.

11) Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces. A function f :

(X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) is said to be (i, j)−C−continuous if f−1(V ) ∈ (i, j)−

C(X,m1
X ,m

2
X) for all V ∈ mi

Y .

From the above definitions, I have the following theorems are derived:

11.1) Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces. If a

mapping f : (X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) is an (i, j)−semi−continuous

and (i, j)− C−continuous then f is (i, j)−A−continuous.

12) Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces. A function f :

(X,m1
X ,m

2
X) → (Y,m1

Y ,m
2
Y ) is said to be (i, j) − B−continuous if f−1(V ) ∈

(i, j)− B(X,m1
X ,m

2
X) for all V ∈ mi

Y .

13) Let (X,m1
X ,m

2
X) be a biminimal structure space and let M ⊆ X . Then M is an

(i, j)mX −AC−set if X \ A is an (i, j)mX −A−set.

14) Let (X,m1
X ,m

2
X) be a biminimal structure space and letM ⊆ X . Then theA−closure

ofM and the A−interior ofM , denoted by Acl(M) and Aint(M), respectively, are

denoted as the following :

Acl(M) = ∩{F : M ⊆ F, F ∈ (i, j)−AC (X,m1
X ,m

2
X)}.

Aint(M) = ∪{G : G ⊆ M,G ∈ (i, j)−A(X,m1
X ,m

2
X)}.

From the above definitions, I have the following theorems are derived:

14.1) Let (X,m1
X ,m

2
X) be a biminimal structure space andM ⊆ X .

Then Acl(X \M) = X \ Aint(M) and Aint(X \M) = X \ Acl(M)

14.2) Let (X,m1
X ,m

2
X) be a biminimal structure space andM ⊆ X .

Then (1)Aint(M) ⊆ M .

(2) IfM ⊆ K, then Aint(M) ⊆ Aint(K).

(3) IfM is (i, j)mX −A−set then Aint(M) = M .
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15) Let (X,m1
X ,m

2
X) be a biminimal structure space andM ⊆ X .

Then (1)x ∈ Acl(M) if and only ifM ∩ V ̸= ϕ for every (i, j)mX −A−set V

containing x

16) Let (X,m1
X ,m

2
X) be a biminimal structure space and let Y ⊆ X andM ⊆ Y . Then

an AY−closure ofM is defined as follows : AclY (M) = Acl(M) ∩ Y .

17) Let (X,m1
X ,m

2
X) be a biminimal structure space and let K,M ⊆ X . Then K and

M are (i, j)A−separated if and only if Acl(K) ∩ M = ∅ = Acl(M) ∩ K, where

(i, j) = 1, 2 and i ̸= j.

From the above definitions, I have the following theorems are derived:

17.1) Let (X,m1
X ,m

2
X) be a biminimal structure space and (Y,m1

Y ,m
2
Y ) be a

biminimal subspace ofX and letU, V ⊆ Y . ThenU, V be (i, j)A−separated

in X iff U and V be (i, j)A−separated in Y .

17.2) Let (X,m1
X ,m

2
X) be a biminimal structure space andK,M ⊆ X .

If K andM are (i, j)A−separated thenK andM are disjoint.

17.3) Let (X,m1
X ,m

2
X) be a biminimal structure space andK,M ⊆ X .

IfK andM are (i, j)A−separated, thenD andE are (i, j)A−separated,

where D ⊆ K and E ⊆ M .

18) Let (X,m1
X ,m

2
X) be a biminimal structure space. Then (X,m1

X ,m
2
X) is said to be a

TA−space if the arbitary union of (i, j)mX −A−sets is an (i, j)mX −A−set.

19) Let (X,m1
X ,m

2
X) be a biminimal structure space andK,M ⊆ X .

If (X,m1
X ,m

2
X) is a TA−space, then the following statements are equivalent:

(1) K andM are (i, j)A−separated.

(2) There are (i, j)mX −AC−sets FK and FM such thatK ⊆ FK ⊆ (X \M)

andM ⊆ FM ⊆ (X \K);

(3) There are (i, j)mX −A−sets GK and GM such thatK ⊆ GK ⊆ (X \M)

andM ⊆ GM ⊆ (X \K).

20) Let C be a nonempty subset of a biminimal structure space (X,m1
X ,m

2
X). Then C is

an (i, j)A−connected set of X if and only if for any two subsets K andM such that
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C = K ∪ M , K and M are (i, j)A−separated sets imply either K = ∅ or M = ∅.

The space X is said to be an (i, j)A−connected set iff it is an (i, j)A−connected

subset of itself, where (i, j) = 1, 2 and i ̸= j.

From the above definitions, I have the following theorems are derived:

20.1) Let (X,m1
X ,m

2
X) be a biminimal structure space and K,M ⊆ X . If C

is an (i, j)A−connected C ⊆ K ∪M,K andM are (i, j)A−separated,

then either C ⊆ K or C ⊆ V .

20.2) Let (X,m1
X ,m

2
X) be a biminimal structure space.

If C is an (i, j)A−connected set, C ⊆ B ⊆ Acl(C) then C is an

(i, j)A−connected set.

20.3) Let (X,m1
X ,m

2
X) be a biminimal structure space.

If C is (i, j)A−connected sets then Acl(C) is (i, j)A−connected sets.

20.4) Let (X,m1
X ,m

2
X) be a biminimal structure space.

If Cα is (i, j)A−connected for all α ∈ J and for β, γ ∈ J , β ̸= γ, Cβ

and Cγ are not (i, j)A−separated then
∪
α∈J

Cα is (i, j)A−connected as

well.

20.5) Let (X,m1
X ,m

2
X) be a biminimal structure space and C =

∪
α∈J

Cα. If Cα

is (i, j)A−connected for all α ∈ J and Cβ ∩ Cγ ̸= ∅ for all β, γ ∈ J

then C is (i, j)A−connected.

20.6) Let (X,m1
X ,m

2
X) be a biminimal structure spaces and C =

∪
α∈J

Cα. If

Cα is an (i, j)A−connected for all α ∈ J and
∩
α∈J

Cα ̸= ∅ then C is an

(i, j)A−connected.

21) Let (X,m1
X ,m

2
X) be a biminimal structure space and (X,m1

X ,m
2
X) is a TA−space,

then the following statements are equivalent:

(1) The space X is (i, j)A−connected sets;

(2) IfX = G1∪G2, G1∩G2 = ∅, G1 andG2 are (i, j)mX −A−set then either

G1 = ∅ or G2 = ∅;

(3) IfX = F1∪F2, F1∩F2 = ∅, F1 and F2 are (i, j)mX −AC−set then either

F1 = ∅ or F2 = ∅;
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(4) If H ⊆ X is both (i, j)mX −A−set and (i, j)mX −AC−set then either

H = ∅ or H = X .

22) Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be biminimal structure spaces. Let f : X → Y ,

wewill say that f is (i, j)(AX ,AY )−continuous iff f−1(W ) ∈ (i, j)−A(X,m1
X ,m

2
X)

for allW ∈ (i, j)−A(Y,m1
Y ,m

2
Y ).

From the above definitions, I have the following theorems are derived:

22.1) Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) be TA− spaces.

If f is (i, j)(AX ,AY )−continuous and V,W ⊆ Y are (i, j)A−separated

then f−1(V ) and f−1(W ) are (i, j)A−separated.

22.2) Let (X,m1
X ,m

2
X) and (Y,m1

Y ,m
2
Y ) beTA−spaces. If C ⊆ X is (i, j)A−connected

and f is (i, j)(AX ,AY )− continuous then f(C) is (i, j)A−connected.
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