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  In this research, ),( m -precontinuous functions,   

almost ),( m - precontinuous functions  and weakly ),( m - precontinuous  functions,  

as functions  from an m -space into a generalized topological space, are introduced. 
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functions, almost ),( m -precontinuous functions  and weakly ),( m -precontinuous 

functions are obtained. 
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CHAPTER 1 

 

INTRODUCTION 

 

1.1 Background 

 

 The concepts of generalized neighborhood systems and generalized topological 

spaces were introduced by Á. Császár [1] in 2000. He also introduced the concepts of 

continuous functions and associated interior and closure operators on generalized 

neighborhood systems and generalized topological spaces.  

 In 2000, V. Popa and T.Noiri [7] introduced and studied minimal structure.  

The notions of   Xm -open set and Xm -closed set and characterized those sets using  

Xm -closure and Xm -interior operetors, respectively. The concept of  Xm -preopen sets 

was introduced by E. Rosas[4] in 2009. In the same year, W. K. Min and Y. K. Kim [9] 

introduced and studied m -precontinuous functions  from an m -spaces into a 

topological space. In 2010, C. Boonpok [2], [3] introduced ),( m -continuous functions, 

almost ),( m -continuous functions and weakly ),( m -continuous functions as 

functions from a generalized topological space into an m -space and investigated some 

their characterizations. Later, S. Pholdee, C. Boonpok and C. Viriyapong [7] introduced 

and studied ),( m -continuous functions, almost ),( m -continuous functions, weakly 

),( m -continuous functions as functions from an m -space into a generalized 

topological space.  

 This thesis is divided into five chapter. The first chapter comprises an 

introduction which contains some historical remark concerning the research 

specialization. We also explain our motivation and outline the goals of the thesis here. 

In the second chapter, we give some definitions, notations  and some known theorems 

that will be used in the later chapters. In the third and the fourth chapter, we give some 

definitions, notations and some interesting proposition of  ),( m -precontinuous 

functions, almost ),( m -precontinuous functions and weakly ),( m -precontinuous 

functions, respective as functions from an m -space  into a generalized topological  

space which is the fundamental properties for the last chapter and we give their 
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characterization. In the last chapter, we draw conclusions based on the obtained results 

and outline a possible direction for further research.   

     

1.2 Objectives of the research  

 

1.2.1 To create  and properties of  ),( m -precontinuous function. 

1.2.2 To create  and properties of  almost ),( m -precontinuous function. 

1.2.3 To create  and properties of  weakly ),( m -precontinuous function. 

1.2.4  The relationships between  ),( m -precontinuous function, almost 

),( m -precontinuous function, weakly ),( m -precontinuous function. 

 

1.3 Research methodology 

 

 The research procedure of this thesis consists  of the following step: 

    1.3.1 Criticism and possible extension of the literature review. 

  1.3.2 Doing research to investigate the main results. 

   1.3.3 Applying the results from 1.3.1 and 1.3.2 to the main results.  

  1.3.4 Making the conclusions and recommendations. 

  

1.4 Scope of the Research 

 

 The scope of the study are:  

  1.4.1 Constructing   ),( m -precontinuous function,  

alomst ),( m -precontinuous function and weakly ),( m -precontinuous function  from 

an m -space into a generalized topological space. 

   1.4.2 Studying properties of ),( m -precontinuous function,  

alomst ),( m -precontinuous function and weakly ),( m -precontinuous function  from 

an m -space into a generalized topological space and studying certain relationships 

between the above three functions. 

   1.4.3 Making the conclusions and recommendations. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Mahasarakham University 



 
 

CHAPTER 2 

 

PRELIMINARIES 

 

This chapter comprises the fundamental properties needed in the proof of each 

theorem in the study. 

 

2.1 Generalized Topological Spaces 

 

 Definition 2.1.1 [1] Let X be a nonempty set and   be a collection of subsets 

of  .X  Then   is called a generalized topology  (briefly GT) on X  iff    and 

iG  for  Ii  implies .
 i

Ii
GG  We call the pair ),( X  a generalized 

topological space (briefly GTS). The  elements of   are called  -open sets and the 

complements are called  -closed sets.  

  Example  2.1.2 Let },,{ cbaX  . 

   (1) Let }},{},{},{,{1 baba  . Then 1  is a generalized topology on X . 

Thus }{},{, ba  and },{ ba  are  -open sets, },{},,{, cacbX  and }{c  are  

 -closed sets. 

   (2) Let }}{},{,{2 ba  . Then 2  is  not a generalized topology on X  

since 2}{ a  and 2}{ b  but .},{}{}{ 2 baba      

  Definition 2.1.3 [1] Let X  be a nonempty set  and   a generalized topology 

on .X  For a subset  A  of ,X  the  -closure of A , denoted by ),(Ac and 

the  -interior  of A ,  denoted by ),(Ai are defined as follows:  

   (1) };,{)(   FXFAFAc  

   (2) .},{)(   GAGGAi  

  Theorem 2.1.4 [1] Let ),( X  be a generalized topology space and XA  . 

Then 

   (1) );()( AXiXAc    

   (2) ).()( AXcXAi    
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     Proposition 2.1.5 [1] Let ),( X  be a generalized topological space and 

XA  Then 

   (1) )(Aix   if and only if there exists V  such that ;AVx   

   (2) )(Acx   if and only if  AV  for every  -open set V containing 

.x  

  Proposition 2.1.6 [1] Let ),( Y  be a generalized topological space. For A  and 

B  of ,Y  the following properties hold: 

    (1) )()( AiYAYc    and );()( AcYAYi    

   (2) if  , AY  then AAc )(  and if ,A  then ;)( AAi   

   (3) if ,BA   then )()( BcAc    and );()( BiAi    

   (4) )(AcA   and ;)( AAi   

   (5) )())(( AcAcc    and ).())(( AiAii    

  Definition 2.1.7 [3]  Let ),( X  be a generalized topology space and .XA  

Then A  is said to be  

   (1)  -semi-open  if )),(( AicA   

   (2)  -preopen  if )),(( AciA   

   (3)  - -open  if ))),((( AiciA   

   (4)  -  -open  if ))).((( AcicA   

   The complement of a  -semi-open (resp.,  -preopen,  - -open,  

 -  -open ) set is called   -semi-closed (resp.,  -preclosed,  - -closed,  

 -  -closed).  

  Definition 2.3.8 [6]  A subset A  of ),( X  is said to be 

   (i)  -regular closed if ))(( AicA   

   (ii)  -regular open if AX   is  -regular closed 
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2.2 m -spaces 

 

   Definition 2.2.1 [8] Let X  be a nonempty set and )(XP  the power set of .X  

A subfamily Xm  of )( XP  is called a minimal structure (briefly m -structure) on X  if 

Xm  and XmX  . 

  By ),,( XmX  we denote a nonempty set X  with an m -structure Xm  on X and 

it is called an m -space. Each member of Xm  is said to be Xm -open and the complement 

of an Xm -open set is said to be Xm -closed.  

  Definition 2.2.2 [8]  Let X  be a nonempty set and Xm  a minimal structure on 

X . For a subset A  of ,X  the Xm -closure of A , denoted by Xm - ),(ACl  and the 

 Xm -interior  of A , denoted  by Xm - )( AInt  are defined as follows:  

   (1) Xm - };,:{)( XmFXFAFACl   

   (2)  Xm - }.,:{)( XmUAUUAInt   

  Lemma 2.2.3 [8] Let X  be a nonempty set and m an Xm -structure on .X  For 

subset A  and B  of ,X  the following properties hold. 

   (1) Xm - XmXAXCl  )( - )(AInt  and Xm - XmXAXInt  )( - );(ACl   

   (2) if ,XmAX  then Xm - AACl )(  and if ,XmA  then 

Xm - ;)( AAInt   

   (3) Xm - ,)(  Cl  Xm - ,)( XXCl   Xm -  )(Int  and Xm - ;)( XXInt   

   (4) if ,BA  then Xm - XmACl )( - )(BCl  and Xm - XmAInt )( - );(BInt  

   (5) XmA - )(ACl  and Xm - ;)( AAInt   

   (6) Xm - XmCl( - XmACl ))( - )(ACl and Xm - XmInt( - XmAInt ))( - ).(AInt  

  Lemma 2.2.4 [8] Let  X  be a nonempty set with a minimal structure Xm and 

A  a subset of .X   Then mx - )(ACl  if and only if  AU  for every Xm -open set 

U  containing .x  

  Definition 2.2.5 [3]  An m -structure Xm  on a nonempty set X  is said to have 

property B  if the union of any family of subsets belong to Xm  belong to .Xm  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Mahasarakham University 



6 

  Lemma 2.2.6 [5] Let X  be a nonempty set and Xm  an m -structure on X

satisfying property .B  For a subsets A  of ,X  the following properties hold.  

   (1) XmA  if and only if Xm - ;)( AAInt   

   (2) A  is Xm -closed if and only if  Xm - ;)( AACl   

   (3) Xm - XmAInt )(  and Xm - )(ACl  is Xm -closed. 

  Definition 2.2.7 [2]  A subset A  of a m -space ),( XmX  is said to be  

   (1) Xm -regular open if XmA  - XmInt( - ));(ACl  

    (2) Xm -semi-open if XmA - XmCl( - ));(AInt  

   (3) Xm -preopen if XmA - XmInt( - ));(ACl  

   (4) Xm - -open if XmA - XmInt( - XmCl( - )));(AInt  

   (5) Xm - -open if XmA - XmCl( - XmInt( - ))).(ACl  

 

2.3  ),( m -continuous functions. 

 

  Definition 2.3.1 [7] A function ),(),(: YmXf X   is said to be 

),( m -continuous at a point Xx  if for each  -open set V  containing ),(xf  there 

exists an Xm -open  set U  containing x  such that .)( VUf   A function 

),(),(: YmXf X   is said to be ),( m -continuous if it has this property at each point 

.Xx  

  Theorem 2.3.2 [7] For a function ),,(),(: YmXf X   the  following 

properties are equivalent: 

   (1) f  is ),( m -continuous at ;Xx  

   (2) Xmx - ))(( 1 VfInt   for every V  containing );(xf  

   (3) )))(((1 Afcfx 
  for every subset A  of X  with Xmx - );(ACl  

   (4) ))((1 Bcfx 
  for every subset B  of Y  with Xmx - ));(( 1 BfCl   

   (5) Xmx - ))(( 1 BfInt   for every subset B  of Y  with ));((1 Bifx 
  

   (6) )(1 Ffx   for every  -closed set F  of Y  such that 

 Xmx - )).(( 1 FfCl   
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   Theorem 2.3.3 [7] For a function ),,(),(: YmXf X   the following 

properties are equivalent: 

   (1) f  is ),( m -continuous; 

   (2) )(1 Vf   is Xm -open in X  for every  -open set V  of ;Y  

   (3) Xmf ( - ))(())( AfcACl   for every subset A  of ;X  

   (4) Xm - ))(())(( 11 BcfBfCl 
   for every subset B of ;Y  

   (5) XmBif  ))((1
 - ))(( 1 BfInt   for every subset B  of ;Y  

   (6) )(1 Ff   is Xm -closed in X  for every  -closed set F  of .Y  

  Definition 2.3.4 [7] A function ),(),(: YmXf X   is said to be almost 

),( m -continuous at a point Xx  if for each  -open set V  containing ),(xf  there 

exists an Xm -open set U  containing x  such that )).(()( VciUf   A function 

),(),(: YmXf X   is said to be almost ),( m -continuous if it has this property at 

each point .Xx  

  Theorem 2.3.5 [7] For a function ),,(),(: YmXf   the following properties 

are equivalent:  

   (1) f  is almost ),( m -continuous; 

   (2) XmVf  )(1 - ))))(((( 1 VcifInt 
  for every  -open set V of ;Y  

   (3) Xm - )())))(((( 11 FfFicfCl    for every  -closed subset F  of ;Y  

   (4) Xm - ))(()))))((((( 11 BcfBcicfCl 
   for every subset B  of ;Y  

   (5) XmBif  ))((1
 - )))))((((( 1 BicifInt 

  for every subset B  of ;Y  

   (6) )(1 Vf   is Xm -open in X  for every  -regular open subset V  of ;Y  

   (7) )(1 Ff   is Xm -closed in X  for every  -regular closed subset V  of .Y  

  Theorem 2.3.6 [7] For  a function ),,(),(: YmXf X   the following 

properties are equivalent: 

   (1) f  is almost ),( m -continuous; 

   (2) Xm - ))(())(( 11 UcfUfCl 
   for every  -open subset U  of ;Y  
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   (3) Xm - ))(())(( 11 UcfUfCl 
   for every  -semiopen subset U  of ;Y  

   (4) XmUf  )(1 - ))))(((( 1 UcifInt 
  for every  -preopen subset U  of .Y  

  Definition 2.3.7 [7]  A function ),(),(: YmXf X  is said to be weakly 

),( m -continuous at a point Xx  if for each  -open set V  containing ),(xf  there 

exists an Xm -open set U  containing x  such that ).()( VcUf   A function 

),(),(: YmXf   is said to be weakly ),( m -continuous if it has this property at 

each point .Xx  

  Theorem 2.3.8 [7] A function ),(),(: YmXf X   is  

weakly ),( m -continuous at x  if and only if for each  -open set V  containing 

Xmxxf ),( - ))).((( 1 VcfInt 
  

  Theorem 2.3.9 [6] A function ),(),(: YmXf X   is weakly  

),( m -continuous if and only if XmVf  )(1 - )))((( 1 VcfInt 
  for every  -open set 

V  of .Y  

  Theorem 2.3.10 [7] For a function ),,(),(: YmXf X   the following 

properties are equivalent:  

   (1) f  is weakly ),( m -continuous; 

   (2) XmVf  )(1 - )))((( 1 VcfInt 
  for every  -open subset  V  of ;Y  

   (3) Xm - )()))((( 11 FfFifCl    for every  -closed subset F of ;Y  

   (4) Xm - ))(())))(((( 11 AcfAcifCl 
   for every subset A  of ;Y  

   (5) XmAif  ))((1
 - ))))(((( 1 AicfInt 

  for every subset A  of ;Y  

   (6) Xm - ))(())(( 11 VcfVfCl 
   for every  -open subset V  of .Y  

  Theorem 2.3.11 [7] For a function ),,(),(: YmXf X   the following 

properties are equivalent: 

   (1) f  is weakly ),( m -continuous; 

   (2) Xm - )()))((( 11 FfFifCl    for every  -regular closed  subset  

F of ;Y  

   (3) Xm - ))(())))(((( 11 GcfGcifCl 
   for every  -open subset G of ;Y  
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   (4) Xm - ))(())))(((( 11 GcfGcifCl 
   for every  -semiopen subset  

G  of .Y  

  Theorem 2.3.12 [7] For a function ),,(),(: YmXf   the following 

properties are equivalent:  

   (1) f  is weakly ),( m -continuous; 

   (2) Xm - ))(())))(((( 11 GcfGcifCl 
   for every  -preopen subset  

G  of ;Y  

   (3) Xm - ))(())(( 11 GcfGfCl 
   for every  -preopen subset G  of ;Y  

   (4) XmGf  )(1 - )))((( 1 GcfInt 
  for every  -preopen subset G  of .Y  
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CHAPTER 3 

 

Properties of ( )-precontinuous  functions 

 

3.1 Properties of  -preclosure and -preinterior   

   

  Definition 3.1.1 Let  be a nonempty set with   an -structure on . 

For a subset  of , the -pre-closure of , denote by -  and the 

-preinterior of , denote by - , are defined as follow. 

(1) - -  is -preclosed ; 

(2) - =  is -preopen ; 

 Example 3.1.2 Let  and .Then  

- and - . 

  Theorem 3.1.3 Let ),( XmX  be an m -space and ., XBA   If ,BA then    

- -  - -   

   proof Assume that . Then  

 A FF :{  is -preclosed and  B KK :{  is -preclosed and . 

This  - -  Next we will show that - -   

Since  C GG :{    is -preopen and    D VV :{  is -preopen , 

- -  

  Theorem 3.1.4 Let  be an -space and let  be a family of 

subset of  Then  the following statements hold. 

   (1) If  is -preopen for all  then 
A

J
   is -preopen. 

   (2) If  is -preclosed for all  then 
A

J
   is -preclosed. 

  Proof (1) Assume  that  is -preopen  for all .J  Let   

Then   AA
J

 ,  and  so  Xm - (Int Xm - XmACl ))(  - XmInt( - )).( 
ACl

J
   

Since  is -preopen, XmA  - XmInt( - )).( 
ACl

J
   This implies 

,m

Xm Xm

X xm m X

A X Xm A Xm )(ApCl

Xm A Xm )(ApInt

Xm XFAFApCl ,:{)(  F Xm }

Xm )(ApInt  GAGG ,:{  Xm }

}3,2,1{X }},2,1{},2{},1{,{ XmX  }2{A

Xm }3,2{)( ApCl Xm }2{)( ApInt

Xm XmpCl  ),(BpCl Xm XmApInt )( ).(BpInt

BA

Xm }FA Xm }KB 

Xm XmApCl )( ).(BpCl Xm XmAInt )( ).(BInt

Xm }AG  Xm }BV 

Xm XmApInt )( ).(BpInt

),( XmX m }:{ JA 

.X

A Xm ,J Xm

A Xm ,J Xm

A Xm .J

A Xm
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 X
J

mA 
 

- XmInt( - )).( 
ACl

J
  Then 

A
J

 is -preopen.  

    (2) Assume that 
  
is -preclosed for all .J   Then  is  

-preopen for all .J    By (1), )( 
AX

J



 is -preopen. Since   

)(),()( 
AXAXAX

JJJ 
   is -preopen. Then  

A
J

 is -preclosed. 

  Lemma 3.1.5  Let X  be a nonempty set with a minimal structure Xm  on  

X  and  A   subset of  X . Then Xmx - )(ApCl  if and only if  ,UA  U  is  

Xm -preopen containing .x   

  Proof ( ) Suppose there exists an -preopen set  containing  such 

that . AU  Then   is -preclosed and .UXA    

Since XmxUXx  , - ).(ApCl  

    ( ) Suppose that - ).(ApCl Then  for some 

-preclosed set  with  Thus  is  -preopen and   

Futhermore,  

   Lemma 3.1.6 Let X  be nonempty set with an m -structure Xm  on X .  

For a subset A  of X , the following properties hold: 

   (1) - -  

   (2) - - ).( AXpInt   

   Proof (1)  Assume that Xmx - ).( AXpCl    Then there exists an  

Xm -preclosed set F  such that Fx  and  .FAX   Thus FX   is an Xm -preopen 

set containing x  such that .AFX   Hence Xmx - ),(ApInt  and so 

 XmXx  - ).(ApInt   

      Assume that - ).(ApInt  Then -   

Thus  for some -preopen set  with  Hence  is -preclosed 

such that   and .GXAX   then - ).( AXpCl    

 

Xm

A Xm AX 

Xm Xm

Xm Xm

 Xm U x

UX  Xm

 Xmx Fx

Xm F .FA FX  Xm .FXx 

.)(  AFX

X Xm XmApInt )( );( AXpCl 

X Xm XmApCl )(

)(

)( XmXx  Xmx ).(ApInt

Gx Xm G .AG GX  Xm

GXx  Xmx

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Mahasarakham University 



 

 

12

    (2) Since  by (1), we obtain that  

- XmAXpInt  )( - -   

Then - - -  

  Lemma 3.1.7 Let X  be nonempty set with Xm  an m -structure  on .X  For a 

subset A  of ,X  the following properties hold: 

   (1) -  is -preopen; 

   (2) -  is -preclosed; 

   (3)  is -preopen if and only if -  

   (4)  is -preclosed if and only if - );(ApCl  

  (5)  Xm - XmpCl( - XmApCl )( - );(ApCl  

  (6) Xm - XmpInt( - XmAInt )( - ).(ApInt  

  Proof (1) follows from Theorem 3.1.2 (1). 

    (2) follows from Theorem 3.1.6 (2). 

    (3)( ) Assume  is -preopen. Then GGA :{   is -preopen  

}.AG  Thus GGA :{  is -preopen - ).(ApInt Since -

 -  

     ( ) Assume that - ).(ApInt By (1),  is -preopen. 

    (4)( ) Assume A is -preclosed.  

Then   is -preclosed }.FA    Thus FFA :{ is -preclosed 

 - ).(ApCl  Since -  -  

     ( ) Assume - ).(ApCl  By (2),  is -preclosed. 

     (5) By (2) and (4), Xm - XmCl( - XmACl ))( - ).(ACl  

     (6) By (1) and (3),  Xm - XmInt( - XmAInt )( - ).(AInt  

 

 

 

 

,XAX 

XmX  ))(( AXXpCl  Xm ).(ApCl

XmX  XmXXApCl  ()( ))( AXpInt  Xm ).( AXpInt 

Xm )(ApInt Xm

Xm )(ApCl Xm

A Xm XmA  );(ApInt

A Xm XmA 

 A Xm Xm

Xm }AG Xm Xm

,)( AApInt  XmA  ).(ApInt

 XmA  A Xm

 Xm

FFA :{ Xm Xm

}FA Xm XmA ),(ApCl XmA  ).(ApCl

 XmA  A Xm
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3.2 ( )-precontinuous  functions 

 

  Definition 3.2.1 Let ( ) be an -space and ( ) be a generalized 

topological  space.  A function  is said to be ( )- precontinuous 

at a point  if for each -open set  containing , there exists an 

-preopen set  containing  such that  A function  

is said to be ( )-precontinuous  if it has this property at each point  

 Example 3.2.2 Let ,  and 

, . Define ),(),(: YmXf X   as follows : 

 and  Then  is -precontinuous. 

 Theorem 3.2.3  For a function  and  the following 

properties are equivalent: 

(1)  is -precontinuous at ; 

(2) -  for every  containing ; 

(3)  for every subset  of  with -  

(4)  for every subset  of  with -  

(5) -  for every subset of  with  

(6)  for every -closed set  of  such that 

 -  

  Proof (1) (2) : Let be any -open subset of  containing   

By assumption, there exists an -preopen subset of  containing  such that 

and so . Since  is  an -preopen set,  we have 

 -  

     (2) (1):  Let   be any -open subset of  containing   

By (2), - and hence there exists an -preopen set  containing

 such that Therefore,  and so  is 

 -precontinuous at  . 

,m

XmX , m ,Y

),(),(: YmXf X  ,m

Xx  V )(xf

Xm U x .)( VUf  ),(),(: YmXf X 

,m .Xx

}3,2,1{X }},3,2{},3,1{},2,1{},2{},1{,{ XmX 

},,{ cbaY  }},{},{},{,{ babaY  

bfaf  )2(,)1( af )3( f ),( m

: ( , ) ( , )Xf X m Y  ,Xx

f ( , )m  x X

Xx m 1( ( ))pInt f V V  ( )f x

1( ( ( )))x f c f A
 A X Xx m ( );pCl A

1( ( ))x f c B
 B Y Xx m 1( ( ));pCl f B

Xx m 1( ( ))pInt f B B Y 1( ( ));x f i B


1( )x f F  F Y

Xx m 1( ( )).pCl f F

 V  Y ( ).f x

Xm U X x

( ) ,f U V 1( )x U f V  U Xm

Xx m 1( ( )).pInt f V

 V  Y ( ).f x

Xx m 1( ( ))pInt f V
Xm U

x 1( ).x U f V  1( ) ( ( )) ,f U f f V V  f

( , )m  x
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   (2) (3): Let  be a subset of  such that - and let 

be any -open subset of  containing  By (2), we have -  

Then, there exists an -preopen subset  of  containing  such that 

 Since -    Thus 

Since  is -open containing   

  
and hence ))).(((1 Afcfx 

   

   (3) (4): Let  be any subset of  such that -  

By (3),  Hence,  

   (4) (5): Let  be any subset of  such that -   

Then  - - -  

By(4), we have 
  
Hence, 

 

    (5) (6): Let  be  a -closed subset of  such that  

Then  because  is -open. By (5),  

- - -   

Hence, Xmx  -  

   (6) (2):  Let  be any -open subset of containing  

Suppose that -  Then -  

- -   By (6),  

Hence  This is a contradiction 

 Theorem 3.2.4 For a function  the following properties 

are equivalent: 

  (1) is -precontinuous; 

  (2) is -preopen in  for every -open set  of  

  (3) -  for every subset  of  

 A X Xx m ( )pCl A V

 Y ( ).f x Xx m 1( ( )).pInt f V

Xm U X x

1( ).x U f V  Xx m ( ),pCl A .U A  

( ) ( ) ( ) ( ).f U A f U f A V f A       V  ( ),f x

( ) ( ( )),f x c f A

 B Y Xx m 1( ( )).pCl f B

1 1 1( ( ( ( ))) ( ( )).x f c f f B f c B 
    1( ( )).x f c B



 B Y Xx m 1( ( )).pInt f B

x X  ( Xm 1( ( )) XpInt f B m  (pCl X  1( ))f B
Xm 1( (pCl f Y  )).B

1( (x f c Y
  ))B 1(f Y  ( ))i B X  1( ( )).f i B



1( ( )).x f i B


 F  Y 1( ).x f F

1 1 1( ) ( ) ( ( ))x X f F f Y F f i Y F
        Y F 

Xx m 1( ( )) XpInt f Y F m   1( ( )) XpInt X f F X m   1( ( )).pCl f F

1( ( )).pCl f F

 V  Y ( ).f x

Xx m 1( ( )).pInt f V x X  Xm 1( ( )) XpInt f V m 

(pCl X  1( ))f V
Xm 1( (pCl f Y  )).V 1( )x f Y V X    1( ).f V

1( ).x f V

: ( , ) ( , ),Xf X m Y 

f ( , )m 
1( )f V

Xm X  V ;Y

( Xf m ( )) ( ( ))pCl A c f A A ;X
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  (4) - for every subset  of  

  (5) - for every subset of ;  

  (6) is -preclosed in  for every -closed set of  

 Proof  (1) (2): Let  and let  Since  is 

-precontinuous, there exists an -preopen subset of  containing  such 

that  Since  is -preopen, we have -  Hence 

- )),(( VfpInt  and so   is -preopen in . 

   (2) (1): Let  and be a -open subset of  containing  

Then ).(1 Vfx   By (2), -  and hence there exists an -preopen 

subset of  containing  such that  Therefore  and so 

 is -precontinuous at . 

    (2) (3): Let  be any subset of . Let -  and  

containing . By (2), we get that -  Thus there exists an 

-preopen subset of  such that  Since -

 Then  Since  is -

open containing   and so  Hence, -

  Then -  

    (3) (4): Let  be any subset of  By (3),  

-  Hence, -  

   (4)  (5): Let be any subset of  By (4), we have  

                               - -  

                                                                   -  

                                                          

                                                                    

                                                                  
 

Xm 1 1( ( )) ( ( ))pCl f B f c B
  B ;Y

1( ( )) Xf i B m
  1( ( ))pInt f B B Y

1( )f F
Xm X  F .Y

 V  1( ).x f V f

( , )m  Xm U X x

( ) .f U V U Xm Xx m 1( ( )).pInt f V

1( ) Xf V m  1( )f V
Xm X

 x X V  Y (x).f

Xx m 1( ( ))pInt f V
Xm

U X x 1( ).x U f V  ( )f U V

f ( , )m  x

 A X Xx m ( )pCl A V 

(x)f Xx m 1( ( )).pInt f V

Xm U X 1( ).x U f V  Xx m

( ), .pCl A U A   ( ) ( ) ( ) ( ).f U A f U f A V f A       V 

( ),f x ( ) ( ( )),f x c f A 1( ( ( )).x f c f A
 Xm

1( ) ( ( ( ))).pCl A f c f A
 ( Xf m ( )) ( ( )).pCl A c f A

 B .Y

( Xf m 1 1( ( ))) ( ( ( ))).pCl f B c f f B
  Xm 1 1( ( )) ( ( )).pCl f B f c B

 

 B .Y

X  Xm 1( ( )) XpInt f B m  (pCl X  1( ))f B

Xm 1( (pCl f Y  ))B

1( (f c Y
  ))B

1(f Y  ( ))i B

X  1( ( )).f i B

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Hence, - . 

  (5) (6): Let  be any -closed subset of . Then 

 By(5);   

                                  

                                  -  

                  -  

                                 -    

     Hence, -  

  (6)  (2): It is obvious. 

 

3.3 Almost -precontinuous function 

 

    In this section, we introduce a new type of continuity called almost 

-precontinuous which is weaker  than -precontinuous. 

 Definition 3.3.1 Let  be an -space and   a generalized 

topological spaces. A function  is said to be almost 

-precontinuous at a point  if for each -open set  containing 

there exists an Xm -preopen  U  containing  such that )).(()( VciUf    A function 

is said to be  almost -precontinuous if  property at each 

point . 

  Remark 3.3.2 From the above definitions, we have a following implication 

but the reverse relation may not be true in general: 

 

-precontinuous almost precontinuous. 

 

1( ( )) Xf i B m
  1( ( ))pInt f B

 F  Y

Y  F (i Y  ).F X  1 1( ) (f F f Y   )F

1( (f i Y
  ))F

Xm 1( (pInt f Y  ))F

Xm (pInt X  1( ))f F

X  Xm 1( ( )).pCl f F

Xm 1 1( ( )) ( ).pCl f F f F 



( , )m 

( , )m  ( , )m 

( , )XX m m ( , )Y 

: ( , ) ( , )Xf X m Y 

( , )m  x X  V ( ),f x

x

: ( , ) ( , )Xf X m Y  ( , )m 

x X

( , )m   ( , )m 
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  Example 3.3.3 Let  and  

Define as follows :  and . Then, is almost 

-precontinuous but it is not -precontinuous.  

  Theorem 3.3.4 For a function  and  the 

following properties are equivalent:  

(1)  is almost -precontinuous at  

(2) -  for every -open set  containing 

; 

(3) -  for every -regular open set  containing 

 

(4) For every -regular open set containing  there exists an 

 -preopen set containing  such that  

 Proof (1) (2): Let  be any -open subset of  containing  

Then there exists an -preopen subset  of  containing  such that 

 Thus ))),(((1 VcifUx 
  and so Xmx  - )))).(((( 1 VcifpInt 

  

   (2) (3): Let  be any -regular open subset of  containing 

 Since ))(( VciV   and by (2), we have -  

   (3) (4): Let  be any -regular open subset of  containing 

 By (3),  -  Then there exists an -preopen set  

containing such that  

   (4) (1): Let  be any -open subset of  containing . 

Then Since  is -regular open,  by (4), there exists an 

-preopen set  containing  such that  Hence,  is almost 

-precontinuous at . 

 

 

{1, 2}, { ,{1}, }XX m X  { , }, { ,{ }, }.Y a b a Y  

: ( , ) ( , )Xf X m Y  (1)f a (2)f b f

( , )m  ( , )m 

: ( , ) ( , )Xf X m Y  ,x X

f ( , )m  ;x X

Xx m 1( ( ( ( ))))pInt f i c V 
  V

( )f x

Xx m 1( ( ))pInt f V  V

( );f x

 V ( ),f x

Xm U x ( ) .f U V

 V  Y ( ).f x

Xm U X x

( ) ( ( )).f U c i V 

 V  Y

( ).f x Xx m 1( ( )).pInt f V

 V  Y

( ).f x Xx m 1( ( )).pInt f V
Xm U

x U  1( ).f V

 V  Y ( )f x

( ) ( ( )).f x V i c V   ( ( ))i c V  

Xm U x ( ) ( ( )).f U i c V  f

( , )m  x
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 Theorem  3.3.5 For a function  the following properties 

are equivalent:  

(1)  is almost -precontinuous; 

(2) - ))))(((( 1 VcifpInt 
 for every -open set  of ; 

(3) -  for every -closed subset  of ; 

(4) -  for every subset  of ; 

(5) -  for every subset  of  ; 

(6) is -preopen in  for every -regular open subset  of ; 

(7) is -preclosed in  for every -regular closed  subset  of 

. 

 proof. (1) (2): Let   be any -open subset of  and   By (1), 

there exists an -preopen subset  of  containing  such that )).(()( VciUf    

Thus Xmx - ))).(((( 1 Vcif 
  Then - )))).(((( 1 VcifpInt 

  

    (2) (3): Let  be any -closed subset of . By (2), we have 
 

                                         
 

                                                      
-  

                                                -  

                                                    -   

                                                      -
  

    This implies  that  - . 

  (3) (4): Let  be a subset of . Since  is -closed and by (3), 

we have -  

  (4) (5): Let be any subset of . By (4), we obtain that 

- - Then 

 -  

: ( , ) ( , )Xf X m Y 

f ( , )m 

1( ) Xf V m   V Y

Xm 1 1( ( ( ( ))) ( )pCl f c i F f F 
   F Y

Xm 1 1( ( ( ( ( ))))) ( ( ))pCl f c i c B f c B   
  B Y

1( ( )) Xf i B m
  1( ( ( ( ( )))))pInt f i c i B  

 B Y

1( )f V
Xm X  V Y

1( )f F
Xm X  F

Y

 V  Y 1( ).x f V

Xm U X x

1( ) Xf V m 

 F  Y

X  1( )f F 1(f Y  )F

Xm 1( ( ( (pInt f c i Y 
  ))))F

Xm 1( (pInt f Y  ( ( ( ))))i c F 

Xm (pInt X 1( ( ( ))))f i c F 


X Xm 1( ( ( ( ))).pCl f i c F 


Xm 1 1( ( ( ( )))) ( )pCl f i c F f F 
 

 B Y ( )c B 

Xm 1 1( ( ( ( ( ))))) ( ( )).pCl f c i c B f c B   
 

 B Y

X  1( (f c Y
 )))B X  ( Xm 1( ( ( ( (pCl f c i c Y  

  ))))).B

1( ( )) Xf i B m
  1( ( ( ( ( )))).pInt f i c i B  


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  (5) (6): Let  be any -regular open subset of  Since 

 and by (5), -  Then,  

-  is -preopen. 

  (6) (7): Let  be any -regular closed subset of  By (6),  

 is Xm -preopen in .X  Then )(1 Ff   is Xm -preclosed. 

  (7) (1): Let and  let be any -regular open subset of  

containing  By (7), - ))V  

X  -  Since - there exists an 

-preopen set containing  such that   Hence, by Theorem 3.3.1(4),  

 is almost -precontinuos at  Then  is almost -precontinuous. 

  Theorem 3.3.6  For a function , the following properties 

are equivalent:  

  (1)  is almost -precontinuous. 

  (2) -  for every - -open subset  of ; 

  (3) -  for every -semi-open subset  of 

; 

  (4) -  for every -preopen subset of 

. 

  Proof.  (1) (2): Let  be any - -open subset of . Since  is  

-regular closed, by Theorem 3.2.2(7), -  Thus, 

- -  

   (2) (3): It follows from the fact that every -semi-open set is  

- -open. 

   (3) (1): Let  be any -regular closed subset of . Since  is 

-semi-open and by (3), we have -   

Thus, by  Theorem 3.3.2(7),  is almost -precontinuous. 

 V  .Y

( ( ( )))i c i V V    1( ) Xf V m  1( ( )).pInt f V

1( ) Xf V m  1( ( ))pInt f V
Xm

 F  .Y

X  1 1( ) (f F f Y   )F

 x X V  Y

( ).f x X  1 1( ) (f V f Y   ) XV m 1( (pCl f Y 

Xm 1( ( )).pInt f V 1( ) Xx f V m  1( ( )),pInt f V

Xm U x 1( ).U f V

f ( , )m  x f ( , )m 

: ( , ) ( , )Xf X m Y 

f ( , )m 

Xm 1 1( ( )) ( ( ))pCl f U f c U
    U Y

Xm 1 1( ( )) ( ( ))pCl f U f c U
   U

Y

1( ) Xf U m  1( ( ( ( ))))pInt f i c U 
  U

Y

 U   Y ( )c U

 Xm 1 1( ( ( ))) ( ( )).pCl f c U f c U 
 

Xm 1( ( )) XpCl f U m  1 1( ( ( ))) ( ( )).pCl f c U f c U 
 

 

 

 F  Y F

 Xm 1 1 1( ( )) ( ( )) ( ).pCl f F f c F f F
   

f ( , )m 
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   (1) (4): Let  be any -preopen subset of  , Then ))(( UciU    

and  is -regular open. By Theorem 3.3.2 (6), we have 

-  Thus, -  

   (4) (1):  Let  be any -regular open subset of . Then  is 

-preopen. By (4), - -  and so

 is -preopen.  Hence, by Theorem 3.3.2(6),  is almost 

-precontinuous.      

     

 

 

 

 

 

 

 U  Y

( ( ))i c U   1( ( ( ))) Xf i c U m 
 

1( ( ( ( )))).pInt f i c U 
 1( ) Xf U m  1( ( ( ( )))).pInt f i c U 



 U  Y U

 1( ) Xf U m  1( ( ( ( )))) XpInt f i c U m 
  1( ( )),pInt f U

1( )f U
Xm f

( , )m 
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CHAPTER 4 

 

WEAKY -PRECONTINUOUS FUNTIONS  

 

In this section, we define the notion of weakly -precontinuous functions 

and investigate characterizations of weakly -precontinuous functions. 

  Definition 4.1 Let  be an -space and   a generalized 

topological space. A function  is said to be  weakly 

-precontinuous  at a point Xx  if for each -open set  containing  

there exists Xm -preopen U   containing  such that    

A function  is said to be weakly -precontinuous  if it has  

this  property at each point . 

   Remark 4.2  From the above definitions. We have the following implication 

but the reverse relation may not be true in general:   

   almost  -precontinuous weakly -precontinuous.  

  Example 4.3 Let },3,2,1{X   }},3,2{},3{,{ XmX   and  },,,{ cbaY   

}},,{},{},{,{ Ycbcb  Define  as follows: ,)1( bf   af )2(  

and cf )3(   Then,  is weakly -precontinuous but it is not almost 

-precontinuous . 

  Theorem 4.4 A function  is weakly 

-precontinuous at  if and only if for each -open set  containing 

-  

  Proof. Assume that  is weakly -precontinuous  at . Let  be an 

-open set containing  Thus, there exists an -preopen set  containing  

such that  Then, , and so -  

  Conversely, let  and  a -open set of  containing   

By assumption, we have -  Put -   

Then  is an -preopen set in  containing  such that  

( , )m 

( , )m 

( , )m 

( , )XX m m ( , )Y 

: ( , ) ( , )Xf X m Y 

( , )m   V ( ),f x

XU m x ( ) ( ).f U c V

: ( , ) ( , )Xf X m Y  ( , )m 

x X

( , )m   ( , )m 

: ( , ) ( , )Xf X m Y 

f ( , )m 

( , )m 

: ( , ) ( , )Xf X m Y 

( , )m  x  V

( ), Xf x x m 1( ( ( ))).pInt f c V


f ( , )m  x V

 ( ).f x Xm U x

( ) ( ).f U c V 1( ( ))x U f c V
  Xx m 1( ( ( ))).pInt f c V



x X V  Y ( ).f x

Xx m 1( ( ( ))).pInt f c V


XU m 1( ( ( ))).pInt f c V


U Xm X x ( ) ( ).f U c V
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  Theorem 4.5  A function   is weakly 

-precontinuous if and only if -  for every -open 

set of . 

  Proof.  Assume that  is weakly -precontinuous. Let  be an 

-open set of  and  Then   Since  is weakly  

-precontinuous at , by Theorem 4.1, - . Hence, 

-  

  Conversely, let  and let  be any -open set  containing By  

assumption, we have -  By Theorem 4.1  is 

weakly -precontinuous  at .x   

   Theorem 4.6 For a function  the following properties 

are equivalent:  

(1)  is weakly -precontinuous;  

(2) -  for every -open subset of  

(3) -  for every -closed subset  of ;  

(4) -  for every subset  of  

(5) -  for every subset of  

(6) -  for every -open subset  of  

   Proof. (1) (2): It follows from only if part of Theorem 4.2 . 

     (2) (3): Let  be any -closed subset  of . Then  is a 

-open subset of . By (2),  we have   

                                                                       -   

                                                                       -  

                                                                       -   

 

 

: ( , ) ( , )Xf X m Y 

( , )m  1( ) Xf V m  1( ( ( )))pInt f c V
 

V Y

f ( , )m  V

 Y 1( ).x f V ( ) .f x V f

( , )m  x Xx m 1( ( ( )))pInt f c V


( ) Xf V m 1( ( ( ))).pInt f c V


x X V  ( ).f x

1( ) Xx f V m  1( ( ( ))).pInt f c V
 f

( , )m 

: ( , ) ( , ),Xf X m Y 

f ( , )m 

1( ) Xf V m  1( ( ( )))pInt f c V
  V ;Y

Xm 1 1( ( ( ))) ( )pCl f i F f F
   F Y

Xm 1 1( ( ( ( )))) ( ( ))pCl f i c A f c A  
  A ;Y

1( ( )) Xf i A m
  1( ( ( ( ))))pInt f c i A 

 A ;Y

Xm 1 1( ( )) ( ( ))pCl f V f c V
   V .Y



 F  Y Y  F

 Y X  1 1( ) (f F f Y   )F

Xm 1( ( (pInt f c Y
  )))F

Xm 1( (pInt f Y  ( )))i F

X  Xm 1( ( ( ))).pCl f i F

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Thus, -  

   (3) (4): Let  be a subset of . Since  is a -closed in  and 

by (3), it  follows that -  

   (4) (5): Let  be a subset of . From (4), it follows that  

                                                          

                                                                          -  

                                                                          -  

   (5) (6): Let be an -open subset of   Suppose that 

 Then  and so there exists a -open set   containing 

 such that  Thus  By (5), 

-   Then there exists an -preopen set  

containing  such that  Since   and 

 we have  Thus, -   

Hence -  

    (6)   (1): Let Xx   and let  V  be a   -open subset of  Y  containing 

).(xf   By (6), we have  

                                                                     

                                                                  - -   

                                                                  -    

Then there exists an -preopen  subset of  containing  such that 

 Hence,  is weakly - precontinuous. 

   Theorem 4.7  For a function  the following properties 

are equivalent:  

(1) f is weakly ),( m  -precontinuous;  

Xm 1 1( ( ( ))) ( ).pCl f i F f F
 

 A Y ( )c A  Y

Xm 1 1( ( ( ( )))) ( ( )).pCl f i c A f c A  
 

 A Y

1( ( ))f i A X
   1( (f c Y

  ))A

X  ( Xm 1( ( ( (pCl f i c Y 
  ))))A

Xm 1( ( ( ( )))).pInt f c i A 


 V  .Y

1( ( )).x f c V
 ( ) ( ),f x c V  W

( )f x .WV .)(  VWc

XmWfx   )(1 ))).((( 1 WcfpInt 


Xm G

x )).((1 WcfGx 
  VWc )(

),()( WcGf  .)(1   VfG Xmx )).(( 1 VfpCl 

Xm )).(())(( 11 VcfVfpCl 
 

)))((()( 11 VcifVfx 
 

X Ycf ((1


 )))(Vc

X Xm pCl Yf (( 1 )))(Vc

Xm ))).((( 1 VcfpInt 


Xm W X x

)).((1 VcfW 
 f ),( m

),,(),(: YmXf X 
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(2) -  for every -regular closed subset 

of ;  

(3) -  for every - -open subset 

  of ; 

(4) -   for every -semi-open 

subset  of .  

  Proof.  (1) (2): Let be any -regular closed subset of  Then  

is -open, by Theorem 4.6 (6), we have -  Since 

 is -regular closed, we have -  

     (2) (3): Let  be any a - -open subset of . Then 

 and so  is -regular closed. From (2), we have  

-  

     (3) (4): It follows from fact that every  -semi-open set is 

- -open. 

     (4) (1): Let  be any -open subset of . Then, by (4),  

- -   Hence, By Theorem 4.6 

(6),  is weakly -precontinuous.  

  Theorem 4.8 For a function  the following properties 

are equivalent:  

(1)  is weakly -precontinuous;  

(2) -  for every -preopen subset 

 of ;  

(3) -  for every -preopen subset of ; 

(4) -  of every -preopen subset of ; 

Xm )()))((( 11 FfFifpCl   

F Y

Xm ))(())))(((( 11 GcfGcifpCl 
   

G Y

Xm ))(())))(((( 11 GcfGcifpCl 
  

G Y

 F  .Y )(Fi

 Xm ))).((()))((( 11 FicfFifpCl 
 

F  Xm ).()))((()))((( 111 FfFicfFifpCl   

 G   Y

)))((()( GcicGc   )(Gc 

Xm )).(())))(((( 11 GcfGcifpCl 
 

 

 

 V  Y

Xm XmVfpCl  ))(( 1 )).(())))(((( 11 VcfVcifpCl 
 

f ),( m

),,(),(: YmXf X 

f ),( m

Xm ))(())))(((( 11 GcfGcifpCl 
  

G Y

Xm ))(())(( 11 GcfGfpCl 
   G Y

XmGf  )(1 )))((( 1 GcfpInt 
  G Y
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  Proof. (1) (2): Let  be any -preopen subset of . Then 

 and  so  is -regular closed. From Theorem 4.7 (2), it 

follows that -  

     (2) (3): Let  be any -preopen subset of  Then 

)).(( GciG   By (2), we have 

 - -  

     (3) (4): Let  be any -preopen subset of . By (3), we have 

                                              

                                                           

                                                          

                                                          -   

                                                          - . 

     (4) (1): Since every -open set is -preopen, by (4) and 

Theorem 4.6 (2), it follows that  is weakly -precontinuous. 

 

 

 

 

 

 

 G  Y

))),((()( GcicGc   )(Gc 

Xm )).(())))(((( 11 GcfGcifpCl 
 

 G  .Y

Xm XmGfpCl  ))(( 1 )).(())))(((( 11 GcfGcifpCl 
 

 G  Y

)))((()( 11 GcifGf 
 

 X Yf (1 )))(( Gci 

 X  Ycf ((1
 )))(Gc

X Xm YfpCl (( 1 )))(Gc

Xm )))((( 1 GcfpInt 


  

f ),( m
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CHAPTER 5 

 

CONCLUSION   

 

5.1  Conclusions 

 

 This thesis is aimed at  studying the -precontinuous functions, almost 

-precontinuous functions and weakly  precontinuous functions , First,  

We introduce the concept of above functions as follows: 

   (1) Let be an -space and be a generalized topological 

space. A function  is said to be - precontinuous at a point 

if for each -open set  containing   there exists an -preopen set  

containing  such that . A function  is said to be 

-precontinuous if  is -preontinuous at x  for all . 

   (2)  Let  be a nonempty set with  an -structure on . For a subset 

 of  the -preclosure of , denote by -  and the -preinterior of 

, denote by - are defined as follow : 

    (2.1) - is -preclosed  

    (2.2) - is -preopen}.  

    From that definition 1 and 2, we derive attractive theorems as follows : 

     (I) Let  be nonempty set with  an -structure on . For a 

subset  of , the following properties hold :  

      (3.1) -    -  

      (3.2) -    -  

     (II) Let  be nonempty set with  an -structure on . For a 

subset of , the following properties hold:  

      (1)  is -preopen if and only if -  

      (2) is -preopen if and only if -  

      (3) - - -  

),( m

),( m ),( m

),( XmX m ),( Y

),(),(: YmXf X  ),( m

Xx  V ),(xf Xm U

x VUf )( ),(),(: YmXf X 

),( m f ),( m Xx

X Xm m X

A X Xm A Xm )(ApCl Xm

A Xm )(ApInt

Xm FFAFApCl ,:{)(  Xm };

Xm UAUUApCl ,:{)(  Xm

X Xm m X

A X

Xm XpCl ( XA ) Xm( :))(ApInt

Xm XpInt( XA ) Xm( )).(ApCl

X Xm m X

A X

A Xm Xm ;)( AApInt 

A Xm Xm ;)( AApCl 

Xm pInt Xm( XmApInt ))( );(ApInt
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      (4) - - -  

      (5) - is -preopen and -  is 

-preclosed. 

     (III) Let  be a nonempty set with a minimal structure -preopen 

and a subset A of . Then -  if and only if   is  

-preopen containing .  

     (IV)  For a function the following properties are 

equivalent:  

      (1)  is precontinuous at  

      (2) -  for every containing  

      (3) for every subset  of  with 

                                  -  

      (4) for every subset of with 

          -  

      (5) - for every subset of  with 

            

      (6) for every -closed subset of such that  

            -  

     (V) For a function  the following properties are 

equivalent:  

      (1)  is -precontinuous at  

      (2) is -preopen in  for every -open set  of  

      (3) - for every subset of  

      (4) -  for every subset of  

      (5) -  for every subset of  

      (6) is -preopen in for every -closed set of  

Xm XmpCl( XmApCl ))( );(ApCl

Xm )(ApInt Xm Xm )(ApCl

Xm

X Xm

X Xmx )(ApCl ,UA U

Xm x

),(),(: YmXf X 

f ),( m ;Xx

Xmx ))(( 1 VfpInt  V );(xf

)))(((1 Afcfx 
 A X

Xmx );(ApCl

))((1 Bcfx 
 B Y

Xmx ));(( 1 BfpCl 

Xmx ))(( 1 BfpInt  B Y

));((1 Bifx 


)(1 Ffx   F Y

Xmx )).(( 1 FfpCl 

),,(),(: YmXf X 

f ),( m ;Xx

)(1 Vf 
Xm X  V ;Y

Xmf ( ))(()( AfcApCl  A ;X

Xm ))(())(( 11 BcfBfpCl 
  B ;Y

XmBif  ))((1
 ))(( 1 BfpInt  B ;Y

)(1 Ff 
Xm X  F .Y
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   (3) Let be an -space and be a generalized topological 

space. A function  is said to be almost -precontinuous at a 

point  if for each -open set containing  there exists a -preopen set 

containing  such that  A function  is said to 

be almost -precontinuous if  is almost -precontinuous at x  for all 

 From that definition, we derive attractive theorems as follows:  

    (I) For a function  the following properties are 

equivalent:  

     (1)  is almost -precontinuous at  

     (2) - for every -open set containing  

 

     (3) -  for every -regular open set   

containing     

     (4) for every -regular open set  containing , there exists a  

-preopen set  containing  such that   

    (II) For a function  the following properties are 

equivalent:  

     (1)  is almost -precontinuous ;  

     (2) -  for every -open set  

 of  

     (3) -  for every -closed subset 

of  

     (4) -  for every subset 

 of  

     (5) -  for every  subset 

fo ;     

     (6) is -preopen in  for every -regular open subset  

of ;    

),( XmX m ),( Y
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     (7) is -preclosed in  for every -regular closed subset  

 of ;  

    (III) For a function : , the following properties are 

equivalent:  

     (1)  is almost -precontinous;  

     (2) -  for every - -open subset 

 of  ;  

     (3) - for every -preopen subset 

of ;  

     (4) -  for every -preopen subset  

 of .  

   (4)  Let  be an -space and be a generalized topological 

space. A  function is said to be weakly -precontinuous at a 

point  if for each -open set containing  there exists a -preopen set 

 containing  such that . A function  is said to 

be weakly -precontinuous if  is weakly -precontinuous at x  for all 

.  

    (I). A function  is weakly -precontinuous at 

 if and only if for each -open set  containing , -  

    (II). A function is weakly -precontinuous if 

and only if - for every -open set of .  

    (III). For a function  the following properties are 

equivalent :  

     (1)   is weakly -precontinuous;  

     (2) -  for every -open subset  

 of ;  

     (3) -  for every -closed subset  

of ;  

)(1 Ff 
Xm X 

F Y
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Xm ))(())(( 11 UcfUfpCl 
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U Y
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U Y

XmUf  )(1 ))))(((( 1 UcifpInt 
 

U Y

),( XmX m ),( Y

),(),(: YmXf X  ),( m

Xx  V ),(xf Xm
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     (4) -  for every subset  of ;  

     (5) -  for every subset  of ;  

     (6) -  for every -open subset of  

    (IV). For a fuction , the following properties are 

equivalent:  

     (1)  is weakly -precontinuous; 

     (2) -  for every -regular closed subset 

of ;  

     (3) - for every - -open  

subset of ;  

     (4) -  for every -preopen 

subset of ; 

     (V)  For a fuction , the following properties are 

equivalent:  

     (1)  is weakly -precontinuous;  

     (2) - for every -preopen subset 

of ;  

     (3) -  for every -preopen subset  

of ;  

     (4) -  for every -preopen subset 

of ;  

    We have finally discovered that certain relationship of  

-precontinuous function, almost -precontinuous function, and weakly 

-precontinuous function as follows that -precontinuous function always 

imply almost -precontinuous function and almost -precontinuous function, 

we have a following weakly -precontinuous function implications but the reverse 

relations may not be true in general: 
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-precontinuous function 

 

almost -precontinuous function 

 

weakly -precontinuous function 

 

5.2  Recommendations  

 

  To this end, even though I have found several properties as presented in this 

thesis, there are several questions yet to be answered and it may be worth investigating 

in future studies. I formulate the questions as follows:  

   1. Are there any properties of -precontinuous function,  

almost -precontinuous function and weakly -precontinuous function ? 

   2. Is there any property of these functions on other structure space? 

   3. Do these functions have any connections with others? 
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