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CHAPTER 1

INTRODUCTION

1.1 Background

The concepts of generalized neighborhood systems and generalized topological
spaces were introduced by A. Csészar [1] in 2000. He also introduced the concepts of
continuous functions and associated interior and closure operators on generalized
neighborhood systems and generalized topological spaces.

In 2000, V. Popa and T.Noiri [7] introduced and studied minimal structure.

The notions of m, -open set and m, -closed set and characterized those sets using

m, -closure and m, -interior operetors, respectively. The concept of m, -preopen sets
was introduced by E. Rosas[4] in 2009. In the same year, W. K. Min and Y. K. Kim [9]
introduced and studied m -precontinuous functions from an m -spaces into a
topological space. In 2010, C. Boonpok [2], [3] introduced (, m)-continuous functions,
almost (x, m) -continuous functions and weakly (z, m) -continuous functions as
functions from a generalized topological space into an m -space and investigated some
their characterizations. Later, S. Pholdee, C. Boonpok and C. Viriyapong [7] introduced
and studied (m, ) -continuous functions, almost (m, x) -continuous functions, weakly
(m, &) -continuous functions as functions from an m -space into a generalized
topological space.

This thesis is divided into five chapter. The first chapter comprises an
introduction which contains some historical remark concerning the research
specialization. We also explain our motivation and outline the goals of the thesis here.
In the second chapter, we give some definitions, notations and some known theorems
that will be used in the later chapters. In the third and the fourth chapter, we give some
definitions, notations and some interesting proposition of (m, x) -precontinuous
functions, almost (m, x) -precontinuous functions and weakly (m, x) -precontinuous

functions, respective as functions from an m -space into a generalized topological

space which is the fundamental properties for the last chapter and we give their

> Mahasarakham University



characterization. In the last chapter, we draw conclusions based on the obtained results

and outline a possible direction for further research.

1.2 Objectives of the research

1.2.1 To create and properties of (m, x)-precontinuous function.

1.2.2 To create and properties of almost (m, x) -precontinuous function.
1.2.3 To create and properties of weakly (m, x)-precontinuous function.
1.2.4 The relationships between (m, x) -precontinuous function, almost

(m, x) -precontinuous function, weakly (m, «) -precontinuous function.

1.3 Research methodology

The research procedure of this thesis consists of the following step:
1.3.1 Criticism and possible extension of the literature review.
1.3.2 Doing research to investigate the main results.

1.3.3 Applying the results from 1.3.1 and 1.3.2 to the main results.

1.3.4 Making the conclusions and recommendations.

1.4 Scope of the Research

The scope of the study are:

1.4.1 Constructing (m, ) -precontinuous function,
alomst (m, x) -precontinuous function and weakly (m, x) -precontinuous function from
an m -space into a generalized topological space.

1.4.2 Studying properties of (m, x)-precontinuous function,
alomst (m, x) -precontinuous function and weakly (m, x) -precontinuous function from
an m -space into a generalized topological space and studying certain relationships

between the above three functions.

1.4.3 Making the conclusions and recommendations.

/\‘\
| = |
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CHAPTER 2
PRELIMINARIES

This chapter comprises the fundamental properties needed in the proof of each

theorem in the study.
2.1 Generalized Topological Spaces

Definition 2.1.1 [1] Let X be a nonempty set and x be a collection of subsets
of X. Then x is called a generalized topology (briefly GT) on X iff ¢ € 4 and
Geu foriel #¢ implies G ZtJlGi € u. We call the pair (X, ) a generalized
topological space (briefly GTS). The elements of  are called u -open sets and the
complements are called x -closed sets.

Example 2.1.2 Let X ={a,b,c}

(1) Let g4 ={¢,{a},{b}.{a,b}}. Then g, is a generalized topology on X .
Thus ¢,{a},{b} and {a,b} are u«-open sets, X {b,c},{a,c} and {c} are
u -closed sets.

(2) Let w, ={¢,{a},{b}}. Then g, is not a generalized topology on X
since {a} € i, and {b} e x, but {a}u{b}={a,b}¢e 1,.

Definition 2.1.3 [1] Let X be a nonempty set and x a generalized topology
on X. Forasubset A of X, the u-closure of A denoted by c,(A) and
the u -interior of A = denoted by i,(A), are defined as follows:

(1) c,(A)={FIACF,X -F e u};

(2) i,(A) =UG|G = A G e 1}
Theorem 2.1.4 [1] Let (X, ) be a generalized topology space and Ac X .

Then
(1) ¢, (A)=X-i,(X-A);

() i,(A)=X-c,(X-A).

=7 Mahasarakham University



Proposition 2.1.5 [1] Let (X, «) be a generalized topological space and
Ac X Then

(1) xei,(A) ifand only if there exists V € x4 such that xeV < A;

(2) xec,(A) ifandonly if V.~ A= ¢ forevery u-open set V containing

Proposition 2.1.6 [1] Let (Y, «) be a generalized topological space. For A and
B of Y, the following properties hold:
(D c,(Y-A=Y-i, (A andi, (Y -A)=Y-c,(A)
(2)if Y —Aecy, thenc,(A)=A andif Ae u, theni, (A)=A;
(3)if AcB, thenc,(A)cc,(B) and i, (A)<i, (B);
(4) Acc,(A) and i, (A) S A
(5) c,(c,(A)=c,(A) and i (i, (A)=i,(A).
Definition 2.1.7 [3] Let (X, ) be a generalized topology space and Ac X.
Then A is said to be
(1) u-semi-open if Acc,(i,(A),
(2) u-preopen if Aci, (c,(A)),
(3) - e -open if Aci,(c, (i, (A)),
(4) u-p-open if Acc,(i,(c,(A)).
The complement of a 4 -semi-open (resp., 4 -preopen, -« -open,
- 3-open) setis called u-semi-closed (resp., u -preclosed, u -a -closed,
u - 3 -closed).
Definition 2.3.8 [6] A subset A of (X, ) is said to be
(i) u-regular closed if A=c,(i,(A))

(if) u -regular openif X — A is u -regular closed

) \
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2.2 m-spaces

Definition 2.2.1 [8] Let X be a nonempty set and P(X) the power set of X.
A subfamily my of P(X) is called a minimal structure (briefly m-structure) on X if
gem, and X em, .

By (X,m,), we denote a nonempty set X with an m-structure m, on X and
it is called an m-space. Each member of m, is said to be m, -open and the complement
of an m, -open set is said to be m, -closed.

Definition 2.2.2 [8] Let X be a nonempty set and m, a minimal structure on
X . Forasubset A of X, the my -closure of A, denoted by m, -CI(A), and the

m, -interior of A, denoted by m, -Int(A) are defined as follows:
1) m-Cl(A)={F:AcF,X-Fem};
(2) my-Int(A)={U :U c AU em,}.
Lemma 2.2.3 [8] Let X be a nonempty setand man m, -structure on X. For
subset A and B of X, the following properties hold.
(1) m, -CI(X = A) =X —m, - Int(A) and m, - Int(X — A)= X —m, -CI(A);
(2) if X —Aemy,then m,-CI(A)=A and if Aem,, then

m, - Int(A) = A;
(3) m, -Cl(g) =@, m,-CI(X) =X, m,-Int(g)=¢ and m, - Int(X) = X;
(4) if Ac B, then my -CI(A) < m, -CI(B) and m, - Int(A) < m, - Int(B);
(5) Acm, -CI(A) and m, - Int(A) c A,
(6) m, -Cl(m, -CI(A)) =m, -CI(A)and m, - Int(m, - Int(A)) =m, - Int(A).

Lemma 2.2.4 [8] Let X be a nonempty set with a minimal structure m, and

A asubset of X. Then xem-CI(A) if and only if U n A= ¢ for every m, -open set

U containing X.

Definition 2.2.5 [3] An m-structure m, on a nonempty set X is said to have

property B if the union of any family of subsets belong to m, belong to m,.

) \
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Lemma 2.2.6 [5] Let X be a nonempty set and m, an m-structure on X
satisfying property B. For a subsets A of X, the following properties hold.
(1) Aem, ifand only if m, - Int(A) = A;
(2) A is m, -closed if and only if m, -CI(A)=A;
(3) my - Int(A) em, and m, -CI(A) is m, -closed.
Definition 2.2.7 [2] A subset A of a m-space (X,m,) is said to be
(1) m, -regular open if A=m, - Int(m, -CI(A));
(2) m, -semi-open if Ac m, -CIl(m, - Int(A));
(3) m, -preopen if A< m, -Int(m, -CI(A));
(4) my -« -open if Acm, - Int(m, -Cl(m, - Int(A)));
(5) m, - g-openif Acm, -Cl(m, - Int(m, -CI(A))).

2.3 (m, w) -continuous functions.

Definition 2.3.1 [7] A function f :(X,m,)— (Y, ) is said to be
(m, ) -continuous at a point x € X if for each x -open set V containing f(x), there
exists an m, -open set U containing x such that f(U) < V. A function
f:(X,m,)—> (Y, ) issaid to be (m, ££) -continuous if it has this property at each point
Xe X.

Theorem 2.3.2 [7] For a function f :(X,m,)— (Y, «), the following

properties are equivalent:

(1) f is (m, &) -continuous at X € X;
(2) xemy -Int(f*(V)) forevery V e u containing f(x);
(3) xe f7(c,(f(A)) forevery subset A of X with xem, -CI(A);
4) xe f‘l(cH(B)) for every subset B of Y with xem, -CI(f *(B));
(5) xem, -Int(f*(B)) forevery subset B of Y with xe f’l(iﬂ(B));
(6) xe f*(F) for every u-closed set F of Y such that

xem, -CI(f*(F)).

) \
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Theorem 2.3.3 [7] For a function f : (X, m,)— (Y, &), the following

properties are equivalent:

(1) f is (m, u)-continuous;

(2) (V) is m,-openin X forevery u-opensetV of Y;

(3) f(my -CI(A)) =c,(f(A)) forevery subset A of X;

(4) m,-CI(f*(B)) < f(c,(B)) for every subset B of Y;

(5) f’l(iﬂ(B)) cm, -Int(f*(B)) for every subset B of Y;

(6) f*(F) is my-closed in X forevery u-closed set F of Y.

Definition 2.3.4 [7] A function f :(X,my)— (Y, x) is said to be almost

(m, x) -continuous at a point x € X if for each x4 -openset V containing f(x), there
exists an m, -open set U containing x such that f(U)<i,(c,(V)). A function
f:(X,my)— (Y, ) issaid to be almost (m, «) -continuous if it has this property at
each point x e X.

Theorem 2.3.5 [7] For a function f : (X, m)— (Y, x), the following properties

are equivalent:

(1) f isalmost (m, x)-continuous;

(2) (V) emy-Int(f™(i,(c,(V)) forevery u-opensetV of Y;

(3) m,-CI(f™(c,(i,(F)))) < f(F) forevery . -closed subset F of Y;
(4) my -Cl(f‘1(cﬂ(iﬂ(cﬂ(B)))))g f‘l(cy(B)) for every subset B of Y;
(5) f7(i,(B)) =m, -Int(f(i,(c,(i,(B)))) forevery subset B of Y;

(6) (V) is m -openin X forevery u-regular open subset V of Y;
(7) f7(F) is m, -closed in X for every u -regular closed subset V of Y.

Theorem 2.3.6 [7] For a function f :(X,m,)— (Y, ), the following

properties are equivalent:

(1) f isalmost (m, &) -continuous;

(2) m,-CI(f™*(U)) < f7(c,(U)) forevery u -opensubset U of Y;

) \
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(3) m,-CI(f*(U)) < f™(c,(U)) for every x-semiopen subset U of Y;
(4) £ U) < my-Int(f ’1(iﬂ(cﬂ (U)))) for every u -preopen subset U of Y.
Definition 2.3.7 [7] A function f :(X,m,) — (Y, ) is said to be weakly
(m, 1) -continuous at a point x e X if for each x -open set V containing f (X), there
exists an m, -open set U containing X such that f(U)<c,(V). A function

f(X,m)— (Y, ) issaid to be weakly (m, &) -continuous if it has this property at
each point x € X.

Theorem 2.3.8 [7] A function f :(X,m,)— (Y, ) is
weakly (m, ) -continuous at x if and only if for each . -open set V containing
f(x), xemy - Int(f *(c,(V))).

Theorem 2.3.9 [6] A function f :(X,m,)— (Y, ) is weakly
(m, ) -continuous if and only if (V)< m, - Int(f ’1(c#(\/))) for every u -open set
V of Y.

Theorem 2.3.10 [7] For a function f :(X,m,) — (Y, x), the following

properties are equivalent:

(1) f isweakly (m, x)-continuous;

2) (V)= m,-Int(f7(c,(V)) forevery u-opensubset V of Y;
(3) m,-CI(f(i,(F))) < f *(F) for every u-closed subset F of Y;
(4) my -Cl(f_l(iy(Cﬂ(A))))g f‘l(cﬂ(A)) for every subset A of Y;
(5) f7(i,(A) = my - Int(f(c,(i,(A)))) for every subset A of Y;
(6) m,-CI(f (V))<= f(c,(V)) for every x-opensubsetV of Y.

Theorem 2.3.11 [7] For a function f :(X,m,) — (Y, x), the following

properties are equivalent:

(1) f isweakly (m, «)-continuous;

(2) m,-CI(f7(i,(F))) < f (F) for every x-regular closed subset
FofY,;

(3) m,-CI(f (i, (c,(G))) < f*(c,(G)) forevery 1 -open subset G of Y;

) \
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(4) m, -CI(f (i, (c,(G))) = f {c,(G)) forevery u-semiopen subset
GofY.
Theorem 2.3.12 [7] For a function f :(X,m) — (Y, x), the following

properties are equivalent:

(1) f isweakly (m, x)-continuous;

(2) m,-CI(f (i, (c,(G))) < f(c,(G)) forevery 1 -preopen subset
G of Y;

(3) m,-CI(f *(G)) < f*(c,(G)) for every u -preopen subset G of Y;

4) fHG)cm, - Int(f‘l(cﬂ (G))) for every u -preopen subset G of Y.

g
.-| |

== Mahasarakham University




F

N

CHAPTER 3

Properties of ( m,« )-precontinuous functions

3.1 Properties of m, -preclosure and m, -preinterior

Definition 3.1.1 Let X be a nonempty set with m, an m -structure on X.
For a subset A of X, the m, -pre-closure of A, denote by m, - pCI(A) and the
m, -preinterior of A, denote by m, - pInt (A), are defined as follow.
(L)ym, - pCI(A)={F: AcF,X-F is m, -preclosed };
(2)m, - pInt(A)= U {G:G < AG is m, -preopen };
Example 3.1.2 Let X ={1,2,3} m, ={¢,{8}.{2},{L2}, X} and A={2}.Then
m, - PCI(A) ={2,3}yand m, - pInt (A) ={2}.
Theorem 3.1.3 Let (X, m, ) bean m-space and A,B < X. If Ac B,then
m, - pCl cm, - pCI(B), m, - pInt(A) = m, - pInt(B).
proof Assume that A< B. Then
A={F :F is my-preclosed and Ac F} o.5={K :K is m,-preclosed and B < K}

This m, - pCI(A) < m, - pCI(B). Next we will show that m, - Int(A) < m, - Int(B).
Since G={G:G is my-preopenand G c A} ¢ D={V :V is m, -preopen V < B},

m, - pInt(A) < m, - pInt(B).
Theorem 3.1.4 Let (X, m, ) bean m-space and let {A, :y € J} be a family of

subset of X. Then the following statements hold.

(1) If A is m, -preopen forall y €J, then yLe)J A, is m, -preopen.
(2) If A is m, -preclosed forall y €J, then A A, is m, -preclosed.
V43

Proof (1) Assume that A is m, -preopen forally e J. Let 1eJ.

Then A, gykEJJ A, and so my -Int( m, -CI(A;)) = m,- Int(mX-CI(yaejJ A)).

Since A, is m, -preopen, A, cm, - Int(mX-CI(uJ A))). This implies
ye

=7 Mahasarakham University
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;ZJ A, < m, -Int(m, -C|(yL€)J A))). Then 7L€)J A, is m, -preopen.

(2) Assume that A, is m, -preclosed forall y € J. Then X —A is
m, -preopen forall y € J. By (1), 7KEJJ(X —A,) is m, -preopen. Since
ykEJJ(X -A)=X _(QJ A), X _(QJ A)) is m, -preopen. Then yg A, is m, -preclosed.
Lemma 3.1.5 Let X be a nonempty set with a minimal structure m, on
X and A subsetof X .Then xem, -pCI(A) ifandonly if AnU = ¢, U is
m, -preopen containing x.
Proof (=) Suppose there exists an m, -preopen set U containing x such
that U n A=¢. Then X -U is m, -preclosed and Ac X -U.
Since x¢ X —=U, x& m, - pCI(A).
(<) Suppose that x ¢ m, - pCI(A).Then x¢ F for some
m, -preclosed set F with Ac F. Thus X —F is my-preopenand xe X —F.
Futhermore, (X —F) A= 4.
Lemma 3.1.6 Let X be nonempty set with an m -structure my on X .
For asubset A of X, the following properties hold:
(1) X —=m, - pInt(A)=m, - pCI(X — A);
(2) X—=m, - pCI(A)=m, - pInt(X — A).
Proof (1) (<) Assume that x ¢ m, - pCI(X — A). Then there exists an
m, -preclosed set F suchthat xg F and X —Ac F. Thus X —F isan m, -preopen
set containing x such that X —F < A. Hence Xxemy - pInt(A), and so
X¢ X —m, - pInt(A).
(2) Assume that x ¢ X —m, - pInt(A). Then xem, - pInt(A).
Thus x eG for some m, -preopen set G with G < A Hence X —G is m, -preclosed

suchthat x¢ X -G and X —Ac X —G. then xgm, - pCI(X — A).

=7 Mahasarakham University
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(2) Since X —Ac X, by (1), we obtain that
X —m, - pInt(X = A)=m, - pCI(X — (X —A)) =m, - pCI(A).
Then X —m, - pCI(A) = X — (X —m, - pInt(X — A)) =m, - pInt(X — A).
Lemma 3.1.7 Let X be nonempty set with m, an m -structure on X. For a

subset A of X, the following properties hold:

(1) m, - pInt(A) is m, -preopen;

(2) m, - pCI(A) is m, -preclosed;

(3) A is my -preopen if and only if A=m, - pInt(A);

(4) Ais my -preclosed if and only if A=m, - pCI(A);

(5) m, - pCI(m, - pCI(A) =m, - pCI(A);

(6) my - pInt(m, - Int(A) =m, - pint(A).

Proof (1) follows from Theorem 3.1.2 (1).

(2) follows from Theorem 3.1.6 (2).

(3)(=) Assume A is m, -preopen. ThenAe{G:G is m, -preopen
G c A}.Thus Ac {G :G is m, -preopen G < A} =m, - pint(A).Since m, -
pInt(A) = A, A=m, - pInt(A).
(<) Assume that A=m, - pInt(A).By (1), A is m, -preopen.
(4)( =) Assume Ais m, -preclosed.
Then Ae{F:F is m,-preclosed Ac F}. Thus Ao ~{F:F is m, -preclosed
Ac F} =m,-pCI(A). Since Acm, - pCI(A), A=m, - pCI(A).
(<) Assume A=m, - pCI(A). By (2), A is m, -preclosed.
(5) By (2) and (4), m, -CI(m, -CI(A)) =m, -CI(A).
(6) By (1) and (3), m, -Int(m, - Int(A) =m, - Int(A).

) \
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3.2 (m,u)-precontinuous functions

Definition 3.2.1 Let ( X,m, ) be an m-space and (Y, ) be a generalized
topological space. A function f:(X,my)—(Y,z) issaid to be ( m,x )- precontinuous
atapoint xe X if foreach u-openset V containing f(x), there exists an
m, -preopen set U containing x such that f(U) cV. A function f:(X,m,)—(Y,u)
Is said to be (' m,x )-precontinuous if it has this property at each point x € X.

Example 3.2.2 Let X={123}, m, ={a,{0.{2}.{1,2}.{1,3}.{2,3}, X} and
Y ={a,b,c}, pu ={p.{a}.{b}{a,b}}. Define f:(X,my)—(Y,u) as follows

f()=a,f(2)=b and f(3)=a Then f is (m,)-precontinuous.

Theorem 3.2.3 For a function f:(X,m,)— (Y,«) and x e X, the following

properties are equivalent:

(1) f is(m, u)-precontinuous at xe X ;
(2) xem, - pInt(f *(V)) for every V e u containing f(X);
(3) xe f‘l(c#(f(A))) for every subset A of X with xem, - pCI(A);
(4)xe f7(c,(B)) for every subset B of Y with xem, - pCI(f*(B));
(5) xem, - pint(f*(B)) for every subset Bof Y with xe f~(i,(B));
(6)xe f*(F) forevery u-closedset F of Y such that

xem, - pCI(f*(F)).

Proof (1) =(2) : Let V be any u-open subset of Y containing f(X).

By assumption, there exists an m, -preopen subset U of X containing X such that
f(U)cV,andso xeU < f (V). Since U is an m, -preopen set, we have
xem, - pint(f*(V)).

(2) =(1): Let V beany u-opensubsetof Y containing f(X).

By (2), xem, - pInt(f*(V))and hence there exists an m, -preopen set U containing

x suchthat xeU < f (V). Therefore, f(U)c f(f*(V))cV, andso f is

(m, x) -precontinuous at  X.

~1 \
A
===’ Mahasarakham University




F

N

14

(2) =(3): Let A be asubsetof X suchthat xem, - pCI(A)and let V
be any s -open subset of Y containing f(x). By (2), we have x em, - pInt(f *(V)).
Then, there exists an m, -preopen subset U of X containing X such that
xeU c f(V). Since xem, - pCI(A), UnA=g Thus
pxfTUNA)cTfU)NT(A) <V T(A).Since V is u-open containing f(Xx),

f(x)ec,(f(A), and hencexe f~(c,(f(A)).

(3) =(4): Let B be any subset of Y such that x e m, - pCI(f *(B)).
By (3), xe f7(c,(f(f*(B))) < f(c,(B)). Hence, xe f7(c,(B)).

(4) = (5): Let B be any subset of Y such that x ¢ m, - pint(f *(B)).
Then xe X — (m, - pInt(f *(B))=m,- pCI(X — f*(B)) =m, - pCI(f (Y — B)).
By(4), we have xe f7(c (Y - B)) = f (Y - i,(B)) =X— f7(i,(B)). Hence,
xe £7(i,(B)).

(5) =(6): Let F be a u-closed subset of Y such that x ¢ f *(F).
Then xe X — f*(F)=f(Y-F)=f"(i,(Y —F)) because Y —F is x-open. By (5),
xem, - pInt(f *(Y =F))=m, - pInt(X — f *(F)) = X —m, - pCI(f *(F)).

Hence, x ¢ m, - pCI(f *(F)).

(6) =(2): Let V beany u-open subset of Y containing f(x).
Suppose that x ¢ m, - pInt(f *(V)). Then xe X —m, - pInt(f *(V))=m,

- pCI(X = £7(V)) =m, - pCI(f *(Y = V)). By (6), xe f (Y =V)=X - (V).
Hence x ¢ f (V). This is a contradiction
Theorem 3.2.4 For a function f :(X,m,)— (Y, &), the following properties

are equivalent:

(1) fis (m, y)-precontinuous;
(2) f*(v)is m, -preopenin X forevery gz -openset V of Y;
(3) f(my- pCI(A)) =c,(f(A)) forevery subset A of X;

=7 Mahasarakham University
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(4) m, - pCI(f™(B)) < f™(c,(B))for every subset B of Y;
(5) f’l(iﬂ(B))gmx- pint(f *(B)) for every subset Bof Y ;
(6) f*(F)is m, -preclosed in X for every u-closed set F of Y.

Proof (1) =(2): Let V e i and let x e f (V). Since f is

(m, 1) -precontinuous, there exists an m, -preopen subset U of X containing x such
that f(U)c<V. Since U is m, -preopen, we have xem, - pInt(f *(V)). Hence
f*(V)=m, -pint(f(V)), andso f*(V) is m, -preopenin X.
(2) =(): Let xe X and V bea u-opensubsetof Y containing f(x).
Then xe f (V). By (2), xem, - pInt(f *(V)) and hence there exists an m, -preopen

subset U of X containing X suchthat xeU < f (V). Therefore f(U)cV andso
f is (m, u)-precontinuous at X.

(2) =(3): Let A be any subset of X.Let xem, - pCI(A) and V € u
containing f(x). By (2), we get that x e m, - pInt(f *(V)). Thus there exists an
m, -preopen subset U of X such that xeU < f (V). Since xem, -
pCI(A), UnA=¢. Then g f(UNA) cTU)NT(A) <V T(A). Since V is u-
open containing f(x), f(x)ec,(f(A), andso xe f‘l(cﬂ(f(A)). Hence, m, -
pCI(A) < f™(c,(f(A)). Then f(m,- pCI(A)) =c,(f(A)).
(3) =(4): Let B be any subset of Y. By (3),
f(m, - pCI(f *(B))) cc, (f(f(B))). Hence, m, - pCI(f(B)) < f (c,(B)).
(4) = (5): Let Bbe any subset of Y. By (4), we have
X = m, - pint(f *(B))=m, - pCI(X — f*(B))
=m, - pCI(f (Y - B))
c f7(c, (Y- B))
= £7(Y - i,(B))
=X - f7(i,(B)).

) \
=l
“€x=>" Mahasarakham University




16

Hence, f7(i,(B)) = m,- pint(f™*(B)).
(5) =(6): Let F beany p-closed subset of Y. Then
Y- F =i, (Y-F).By®5); X- fY(F)=f'(Y-F)
= f’l(iﬂ(Y - F))
cm, - pint(f (Y - F))
=m, - pInt(X = f*(F))
=X —m, - pCI(f*(F)).
Hence, m, - pCI(f *(F)) < f *(F).

(6) = (2): Itis obvious.
3.3 Almost (m, ) -precontinuous function

In this section, we introduce a new type of continuity called almost

(m, z2) -precontinuous which is weaker than (m, . -precontinuous.
Definition 3.3.1 Let(X,m, ) be an m-space and (Y, ) a generalized
topological spaces. A function f :(X,m,)— (Y, ) is said to be almost
(m, z2) -precontinuous at a point X € X if for each g -openset V containing f(x),
there exists an m, -preopen U containing x such that f(U)ci,(c,(V)). A function
f(X,my)— (Y, u)is said to be almost (m, «)-precontinuous if property at each

point xe X .
Remark 3.3.2 From the above definitions, we have a following implication

but the reverse relation may not be true in general:

(m, z2) -precontinuous = almost (m, ) precontinuous.

> Mahasarakham University
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Example 3.3.3 Let X ={1,2}, m, ={¢,{1}, X} and Y ={a,b}, u ={4.{a},Y}.
Define f:(X,m,)— (Y,u)asfollows: f(1)=a and f(2)=b. Then, f isalmost
(m, z£) -precontinuous but it is not (m, «) -precontinuous.
Theorem 3.3.4 For a function f :(X,m,)— (Y,x) and xe X, the
following properties are equivalent:
(1) f isalmost (m, x)-precontinuous at x € X;
(2) xem, - plnt(f’l(iﬂ (c,(V)))) forevery u-openset V containing
f(x);
(3) xem, - pInt(f*(V)) forevery u-regular openset V containing
f(x);
(4)For every u -regular open set V containing f (x), there exists an
m, -preopen set U containing X such that f(U)cV.
Proof (1) =(2): Let V be any u-open subsetof Y containing f(x).

Then there exists an m, -preopen subset U of X containing x such that
f(U)cc,(i,(V)). Thus xeU < ffl(i#(c#(\/))), andsoxem, - plnt(ffl(iﬂ(c#(\/)))).
(2) =(3): Let V beany u-regular open subset of Y containing
f (x). SinceV =i (c,(V)) and by (2), we have x e m, - pInt(f~(V)).
(3) =(4): Let V beany u-regular open subset of Y containing
f(x). By (3), xem, - pInt(f*(V)). Then there exists an m, -preopen set U
containing xsuchthat U < f (V).
(4) =(1): Let V be any u-open subset of Y containing f(x).
Then f(x)eV ci (c,(V)).Sincei,(c,(V)) is w-regular open, by (4), there exists an
m, -preopen set U containing x such that f(U)ci,(c,(V)). Hence, f isalmost

(m, ) -precontinuous at X.

) \
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Theorem 3.3.5 For a function f:(X,m,)— (Y, ) the following properties

are equivalent:

(1) f isalmost (m, x)-precontinuous;

() f*V)cm,g- plnt(f‘l(iﬂ(cﬂ(\/))))for every u-openset V of Y ;
(3)m, - pCI(f(c,(i,(F)) < f(F) for every u -closed subset F of Y ;
(4)m, - pCI(f’l(c#(iﬂ(cﬂ(B)))))g ffl(cﬂ(B)) for every subset B of Y ;
(5) f7(i,(B)) c my - pInt(f (i, (c,(i,(B))))) forevery subset B of Y ;
(6) f*(V)is m, -preopenin X forevery u-regular open subset V of Y ;

(7) f*(F)ism, -preclosed in X for every u -regular closed subset F of

proof. (1) =(2): Let V beany g -opensubsetof Y and xe f (V). By (1),

there exists an m, -preopen subset U of X containing x such that f (U) ci (c,(V)).

Thus x e m, -(f7(i,(c,(vV))). Then f~*(V)<m, - pint(f (i, (c,(V)))).
(2)=(3): Let F beany u-closed subset of Y . By (2), we have
X - f7(F) =f(Y-F)
< m, - pInt(f (¢, (i, (Y = F))
=m, - pInt(f (Y - (i, (c,(F)))
=m, - pint(X - f7(i,(c,(F)))
= X —my - pCI(f (i, (c, (F))).
This implies that m, - pCI(f (i, (c,(F)))) < f (F).
(3)=(4): Let B beasubsetof Y . Since c,(B) is u-closed and by (3),
we have m, - pCI(f *(c, (i, (c,(B))) < f (c,(B)).
(4) = (5): Let B be any subset of Y . By (4), we obtain that
X — f7(c,(Y - B))) = X — (my- pCI(f™*(c,(i,(c,(Y — B))))). Then

£4(5,(B)) = m, - pInt( (i, (c, (i, (B)).

) \
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(5) =(6): Let V beany u-regular open subset of Y. Since
i,(c,(i,(V))=V and by (5), f7(V)<cm,- pInt(f*(V)). Then,
f(V)=m, - pInt(f *(V)) is m, -preopen.
(6) =(7): Let F beany u-regular closed subset of Y. By (6),
X — f(F)=f7*(Y~- F) is m, -preopenin X. Then f*(F) is m, -preclosed.
(7) =(1): Let xe X and let V be any u -regular open subset of Y
containing f(x). By (7), X — (V)= f*(Y-V)=m,- pCI(f (Y -V))
=X —m, - pInt(f *(V)). Since xe f*(V)=m, - pInt(f *(V)), there exists an
m, -preopen set U containing x such that U < f (V). Hence, by Theorem 3.3.1(4),
f isalmost (m, x) -precontinuos at x Then f isalmost (m, z)-precontinuous.

Theorem 3.3.6 For a function f:(X,m,)— (Y, ), the following properties
are equivalent:

(1) f isalmost (m, ) -precontinuous.
(2) my- pCI(f*(U)) < f(c,(U)) forevery - B-opensubset U of Y ;

(3) my - pCI(f*(U)) < f™(c,(U)) forevery 1 -semi-open subset U of
4) f*U)cm,- plnt(f’l(iﬂ (c,(U)))) forevery  -preopen subset U of

Proof. (1) =(2): Let U be any u- f-opensubsetof Y . Since c,(U) is
u -regular closed, by Theorem 3.2.2(7), m, - pCI(f‘l(c# ) = f‘l(c# (U)). Thus,
m, - pCI(f *(U)) =m, - pCI(f *(c,U))) = f "(c, V).
(2) = (3): It follows from the fact that every u -semi-open set is
- [ -open.
(3) =(1): Let F beany u-regular closed subset of Y . Since F is
4 -semi-open and by (3), we have m, - pCI(f *(F)) < f7(c,(F)) = f *(F).

Thus, by Theorem 3.3.2(7), f isalmost (m, x)-precontinuous.
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(1) =(4): Let U be any u -preopen subset of Y , Then U i, (c,(U))
and i,(c,(U)) is u-regular open. By Theorem 3.3.2 (6), we have f’l(iﬂ (c,(U))=m,
- pInt(f (i, (c,U)))). Thus, f*(U)cm, - pint(f @, (c,U))).

(4) =(1): Let U beany u-regular opensubsetof Y . Then U is
4 -preopen. By (4), f(U) < m, - pInt(f~(i,(c,(U))))=m, - pint(f *(U)), and so

f(U) is m, -preopen. Hence, by Theorem 3.3.2(6), f is almost

(m, ) -precontinuous.

g
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CHAPTER 4

WEAKY (m, 1) -PRECONTINUOUS FUNTIONS

In this section, we define the notion of weakly (m, x) -precontinuous functions
and investigate characterizations of weakly (m, x) -precontinuous functions.
Definition 4.1 Let(X,m, ) be an m -space and (Y, ) a generalized
topological space. A function f :(X,m,)— (Y, ) is said to be weakly
(m, u) -precontinuous at a point x e X if for each -openset V containing f(x),

there exists m, -preopen U U em, containing x suchthat f(U)cc, (V).

A function f:(X,m,)— (Y, ) issaid to be weakly (m, «)-precontinuous if it has

this property at each point xe X .
Remark 4.2 From the above definitions. We have the following implication
but the reverse relation may not be true in general:

almost (m, x) -precontinuous = weakly (m, ) -precontinuous.
Example 4.3 Let X ={1,2,3}, m, ={¢,{3},{2,3}, X} and Y ={a,b,c},
u={¢,{b}.{c}.{b,c},Y}Define f:(X,m,)—(Y,u) asfollows: f(1)=b, f(2)=a
and f(3)=c Then, f isweakly (m, ) -precontinuous but it is not almost
(m, ) -precontinuous .
Theorem 4.4 A function f :(X,m,)— (Y, ) is weakly
(m, ) -precontinuous at x if and only if for each x4 -open set V containing
f(x), xem, - pInt(f™(c,(V))).
Proof. Assume that f is weakly (m, «)-precontinuous at x.Let V bean
4 -open set containing f (x). Thus, there exists an m, -preopen set U containing X
such that f(U)cc, (V). Then, xeU < f™(c,(V)),and so xem, - pInt(f~(c,(V))).
Conversely, let xe X and V a u-opensetof Y containing f(x).
By assumption, we have xem, - plnt(f‘l(cﬂ(\/))). Put U =m,- plnt(f‘l(c#(\/))).

Then U isan m, -preopen setin X containing x suchthat f(U)cc, (V).
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Theorem 4.5 A function f :(X,m,)— (Y, u) is weakly
(m, «£) -precontinuous if and only if (V)< m, - pint(f~(c,(V))) for every . -open

set Vof Y.

Proof. Assume that f isweakly (m, z)-precontinuous. Let V be an
w-opensetof Y and xe f'(V).Then f(x)eV. Since f isweakly
(m, u) -precontinuous at x, by Theorem 4.1, xem, - pInt(f ’l(c#(\/))) . Hence,
f(vV)cmy-pInt(f~(c, (V).
Conversely, let xe X and let V be any u-open set containing f (x).By
assumption, we have x e f (V) cm, - plnt(f‘l(cﬂ(\/))). By Theorem 4.1 f is

weakly (m, x) -precontinuous at x.
Theorem 4.6 For a function f :(X,m, ) — (Y, x), the following properties

are equivalent:

(1) f isweakly (m, x)-precontinuous;

2 f*V)cm,- plnt(f‘l(cﬂ(\/))) for every u -open subset V of Y;
(3) my - pC|(f_1(iﬂ(F)))g f *(F) forevery u-closed subset F of Y ;
(4) m, - pCI(f‘l(iﬂ(c#(A)))) - f‘l(c#(A)) for every subset A of Y;

) f7(i,(A) cmy - pint(f(c,(i,(A)))) forevery subset Aof Y;

6) m, - pCI(f*(V)) < f7(c,(V)) for every u-opensubset V of Y.

Proof. (1) = (2): It follows from only if part of Theorem 4.2 .
(2)=(3): Let F beany u-closed subset of Y .Then Y - F isa

1 -open subset of Y . By (2), wehave X — f*(F)=f"(Y-F)
cm, - pint(f7(c,(Y - F)))
=m, - pInt(f (Y - i,(F))

=X-my- pCI(f‘l(i#(F))).
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Thus, m, - pCI(f’l(iy(F)))g f (F).
(3)=(4): Let A beasubsetof Y .Since c,(A) isa u-closedin Y and
by (3), it follows that m, - pCI(f’l(iﬂ(cﬂ(A)))) - f’l(c#(A)).
(4)=(5): Let A beasubsetof Y .From (4), it follows that

0, (A) =X - T7(c, (Y - A)

c X = (my- pCI(f (i, (c, (Y - A))))

=m, - pint(f~(c, (i, (A))).
(5)=(6): Let V be an u-open subset of Y. Suppose that

X ¢ f‘l(c#(V)). Then f(x)ec,(V), and so there exists a 4 -openset W containing

f(x) suchthat V "W =¢. Thus ¢, (W) "V =4. By (5),

xe f*W)cm, - plnt(f‘l(cﬂ(VV))). Then there exists an m, -preopen set G
containing x such that xe G f’l(cﬂ(\N)). Since ¢c,W)nV =¢ and
f(G)=c, W), wehave G f(V)=¢. Thus, xem,- pCI(f~(V)).

Hence m, - pCI(f *(V)) < f™(c,(V)).

(6) = (1): Let xe X andlet V bea u -open subset of Y containing
f(x). By (6), wehave xe f*(V) < f(i,(c,(V))

= X - e, —¢, (V)
c X —m,- pCl-(f (Y ~c, (V)
= m,- pint(f (¢, (V))).

Then there exists an m, -preopen subset W of X containing x such that

W < f7(c,(V)). Hence, f isweakly (m,x)- precontinuous.

Theorem 4.7 For a function f :(X,m,)— (Y, ), the following properties
are equivalent:

(1) f is weakly (m, &) -precontinuous;
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(2)ym, - pCI(f ‘1(i#(F))) c f(F) forevery u -regular closed subset
Fof Y;

(3)m, - pCI(f (i, (c,(G))) < f(c,(G)) forevery - 3-open subset
G of Y;
(4)m, - pCI(f‘l(iﬂ(C#(G))))g f‘l(cﬂ(G)) for every 1 -semi-open
subset G of Y .

Proof. (1) =(2): Let F beany u-regular closed subset of Y. Then i,(F)
is x-open, by Theorem 4.6 (6), we have m, - pCI(f’l(iﬂ(F)))g ffl(c#(i#(F))). Since
F is u-regular closed, we have m, - pCI(f™(i,(F))) < f ™(c,(i,(F)))= f (F).

(2) =>(3): Let G beanya u- f-opensubsetof Y . Then
¢, (G)=c,(i,(c,(G)) andso c,(G) is u-regular closed. From (2), we have
m, - pCI(f (i, (c,(G))) = F(c,(G)).
(3) =(4): It follows from fact that every x -semi-open set is
M- [ -open.
(4) =(1): Let V beany u-opensubsetof Y . Then, by (4),
m, - pCI(f *(V))cm, - pC|(f_l(i#(C#(V))))g f‘l(c#(\/)). Hence, By Theorem 4.6
(6), T isweakly (m,z)-precontinuous.

Theorem 4.8 For a function f : (X, m,) — (Y, x), the following properties

are equivalent:

(1) f is weakly (m,u)-precontinuous;

(2)ym, - pCI(f‘l(iﬂ(C#(G))))g f‘l(cﬂ(G)) for every u -preopen subset
GofY;

(3)m, - pCI(f (G)) < f (c,(G)) for every u-preopen subset G of Y ;

4 f*G)cm, - plnt(f‘l(cﬂ(G))) of every u -preopen subset G of Y ;
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Proof. (1) =(2): Let G be any  -preopen subset of Y . Then
¢, (G)=c,(i,(c,(G))), and so c,(G) is u-regular closed. From Theorem 4.7 (2), it
follows that m, - pCI(f (i, (c,(G)))) = f "'(c,(G)).
(2) =(3): Let G be any u-preopen subset of Y. Then
Gci,(c,(G)). By (2), we have

m, - pCI(f (G)) = m, - pCI(f (i, (c,(G))) = f {c,(G)).

(3) =(4): Let G beany u-preopen subset of Y . By (3), we have
f(G) < (i, (c,(G))
=X - fHY -i,(c,(G))
=X - f7(c,(Y - ¢,(G)))
< X —my- pCI(f (Y - ¢,(G)))

=m, - pInt(f ~(c,(G))).
(4) = (1): Since every u-open setis g -preopen, by (4) and

Theorem 4.6 (2), it follows that f is weakly (m, x) -precontinuous.
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CHAPTER 5

CONCLUSION

5.1 Conclusions

This thesis is aimed at studying the (m, x) -precontinuous functions, almost

(m, 1) -precontinuous functions and weakly (m, #) precontinuous functions , First,

We introduce the concept of above functions as follows:
(1) Let (X,m,)bean m -space and (Y, ) be a generalized topological
space. A function f :(X,my)— (Y, x) issaid to be (m, x) - precontinuous at a point
x e X if for each g -openset V containing f(x), there exists an m, -preopen set U
containing X such that f(U) <V . Afunction f:(X,m,)—(Y,x) issaid to be
(m, 1) -precontinuous if f is (m, z) -preontinuous at x forall xe X .
(2) Let X beanonempty set with m, an m -structure on X . For a subset
A of X the my -preclosure of A, denote by m, - pCI(A) and the m, -preinterior of
A, denote by m, - pInt(A) are defined as follow :
(2.1) my - pCI(A)={F : Ac F,Fis my -preclosed };
(2.2) my - pCI(A)={U :U < AU is m, -preopen}.
From that definition 1 and 2, we derive attractive theorems as follows :

(1) Let X be nonempty set with m, an m -structure on X . Fora

subset A of X , the following properties hold :

(3.1) my - pCI(X — A)=X — (my- pInt(A)):

(3.2) my - pInt(X — A)=X — (m,- pCI(A)).

(I1) Let X be nonempty set with my, an m -structure on X . For a

subset Aof X , the following properties hold:

(1) A is my -preopen if and only if m, - pInt(A) = A;

(2) Ais my -preopen if and only if m, - pCI(A) = A;

(3) my - pInt (my - pInt(A)) =m, - pInt(A);
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m, -preclosed.
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(4) my - pCl(m, - pCI(A)) = m, - pCI(A);
(5) my - pInt(A)is m, -preopen and m, - pCI(A) is

(1) Let X be a nonempty set with a minimal structure m, -preopen

and a subset Aof X . Then xem,- pCI(A) ifandonly if AnU =¢, U is

m, -preopen containing X.

equivalent:

equivalent:

=7 Mahasarakham University

(IV) For afunction f :(X,m,)— (Y, ) the following properties are

(1) f is (m,u)precontinuous at x € X;
(2) xem, - pint(f*(V)) for every V < u containing f (x);
(3) xe f7(c,(f(A)))for every subset A of X with
Xxem, - pCl(A);
(4) xe f‘l(cﬂ(B)) for every subset Bof Y with
xem, - pCl(f(B));
(5) xem, - pint(f *(B))for every subset Bof Y with
xe £, (B))
(6) x e f*(F) for every u -closed subset F of Y such that
xem, - pCI(f*(F)).

(V) For a function f :(X,m,)— (Y, u), the following properties are

(1) f is (m,u)-precontinuous at x € X;

(2) f7*(V)is m, -preopenin X forevery u-openset V of Y;
(3) f(my- pCI(A) cc,(f(A)) foreverysubset Aof X;

(4) m, - pCI(f™(B)) < f*(c,(B)) for every subset Bof Y;
(5) f’l(iy(B))g m, - pInt(f *(B)) for every subset Bof Y;

(6) f*(F)is m, -preopenin X forevery u-closed set F of Y.
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(3) Let (X, m,)be an m -space and (Y, «) be a generalized topological
space. A function f :(X,m,)— (Y, ) issaid to be almost (m, «) -precontinuous at a
point xe X if for each , -open set V containing f (x), there exists a m, -preopen set
U containing x such that f(U)ci,(c,(V)). Afunction f:(X,m,)— (Y,x) issaidto
be almost (m, x) -precontinuous if f isalmost (m, x) -precontinuous at x for all
X € X. From that definition, we derive attractive theorems as follows:

(I) For a function f :(X,my) — (Y, ), the following properties are

equivalent:
(1) f isalmost (m, «)-precontinuous at x e X;
(2) xemy - plnt(f‘l(iﬂ(cy(\/)))) for every 1 -open set V containing
F(x);

(3) xemy- plnt(f*(V)) forevery u-regular open set V
containing f(x);

(4) for every u -regular open set V containing f (x), there exists a
m, -preopen set U containing X such that f(U)cV.

(1) For a function f :(X,m,)— (Y, ), the following properties are

equivalent:

(1) f isalmost (m, «)-precontinuous ;

2 (V) =m,-pInt(f~(i,(c,(V)) forevery . -open set
V of Y;

(3) my - pCI(f(c,(i,(F)))) < f(F) forevery u-closed subset
Fof vY;

(4) m, - pCI(f*(c,(i,(c,(B))) < f(c,(B)) for every subset
B of Y;

(5) f7(i,(B)) =m, - pInt(f~(i,(c,(i,(B))))) forevery subset
Bfo Y ;

(6) f*(V)is m, -preopenin X forevery u-regular open subset
VofY,;
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(7) f*(F)is m,-preclosed in X forevery u-regular closed subset

F of Y;
(1) For a function f: (X,m,)— (Y, ), the following properties are

equivalent:

(1) f isalmost (m, x)-precontinous;

(2) my- pCI(f(U)) < f(c,(U)) forevery - j3-open subset
UofyY;

(3) my- pCI(f(U)) < f(c,(U)) for every . -preopen subset
UofY;

4) f7U)cm,-pint(f ’1(iﬂ(cﬂ (U)))) for every u -preopen subset
U ofY.

(4) Let (X,m,) bean m-space and (Y, ) be a generalized topological
space. A function f :(X,my)— (Y, ) is said to be weakly (m, ) -precontinuous at a
point x e X if for each g -open set V containing f(x), there exists a m, -preopen set
U containing x suchthat f(U)cc,(V).Afunction f:(X,m,)—(Y,) issaidto

be weakly (m, &) -precontinuous if f is weakly (m, x)-precontinuous at x for all
XxeX.

(1. A function f :(X,my)— (Y, x) isweakly (m, «)-precontinuous at
x if and only if for each x -openset V containing f(x), xem, - plnt(f‘l(c#(V))).

(. A function f :(X,m,)— (Y, ) is weakly (m, x) -precontinuous if
and only if f7*(V)cm, - plnt(f‘l(c#(\/))) for every u-openset Vof Y.

(11). For a function f :(X,m,)— (Y, 1), the following properties are

equivalent :

(1) f isweakly (m, «)-precontinuous;

(2) (V)<= m,-pint(f™(c,(V))) forevery u-open subset
VofY;

(3) my - pCI(f‘l(iﬂ(F))) c f*(F) for every u-closed subset
FofY,;
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(4) m, - pCI(f (i, (c,(A)) < f(c,(A)) forevery subset A of Y ;

(5) f7(i,(A)) =m, - pInt(f (c,(i,(A)))) for every subset A of Y ;

(6) my - pCI(f (V) < f7(c,(V)) forevery . -opensubset V of Y
(IV). For a fuction f :(X,m,)— (Y, x), the following properties are

equivalent:

(1) f isweakly (X, x)-precontinuous;

(2) my - pCI(f7(i,(F))) < f7(F) for every u -regular closed subset
FofY;

(3) my - pCI(f (i, (c,(G)))) < f(c,(G))for every 1 - S -open
subsetG of Y ;

4)m, - pCI(f’l(i#(cﬂ(G)))) c ffl(cﬂ(G)) for every u -preopen
subsetG of Y ;

(V) Forafuction f:(X,m,)— (Y, ), the following properties are

equivalent:

(1) f isweakly (m, x)-precontinuous;

(2)my - pCI(f (i, (c,(G)))) < f (c,(G))for every 1 -preopen subset
Gof Y;

(3) my - PCI(f*(G)) < f(c,(G)) for every . -preopen subset
Gof Y;

4 f1(G)cm,- plnt(f‘l(cﬂ(G))) for every u -preopen subset
Gof Y;

We have finally discovered that certain relationship of

(m, ) -precontinuous function, almost (m, ) -precontinuous function, and weakly
(m, ) -precontinuous function as follows that (m, x) -precontinuous function always
imply almost (m, «) -precontinuous function and almost (m, «) -precontinuous function,
we have a following weakly (m, x) -precontinuous function implications but the reverse

relations may not be true in general:
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(m, z) -precontinuous function
U

almost (m, x) -precontinuous function

U

weakly (m, x) -precontinuous function

5.2 Recommendations

To this end, even though I have found several properties as presented in this
thesis, there are several questions yet to be answered and it may be worth investigating
in future studies. | formulate the questions as follows:

1. Are there any properties of (m, x) -precontinuous function,
almost (m, x) -precontinuous function and weakly (m, «) -precontinuous function ?

2. Is there any property of these functions on other structure space?

3. Do these functions have any connections with others?
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