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CHAPTER 1

INTRODUCTION

1.1 Background

In 1933, Kuratowski [9] and Vaidynathaswamy [14] introduced the concept of an
ideal topological space. They also studied concept of localization theory. An ideal is
a nonempty collection of subsets which closed under heredity and finite union.

In 2002, Csaszar [3] introduced the concept of generalized topological space (briefly
GTS), that consisting of X and structure p on X (briefly GT) such that p is closed
under arbitrary unions. Then (X, i) is called a generalized topological space. He also
introduced closure (c,) and interior (7,) in generalized topological spaces.

In 2008, Ekici and Noiri [5] introduced the concepts of connectedness in ideal
topological spaces. He also studied the notions of separation axiom, connectedness
and compactness.

In 2016, Modak [12] introduced the concepts of ideal generalized topological
spaces. He also introduced the notions of the generalized closed sets in ideal
generalized topological spaces. He obtained some properties of generalized closed sets
in topological space, generalized topological space and ideal generalized topological
space.

In 2018, Ekici [6] introduced the concept of a new type of open sets in ideal
topological spaces called &-7-open sets by used the concepts of pre-/-open sets, semi-
I-open sets and C'7-sets in ideal topological spaces.

For_our purposes, we introduce the notion of connectedness in ideal generalized
topological space. Moreover, we study some properties of connected sets, separated
axioms, &-I-p-open sets, £-I-p-closed sets in-ideal generalized topological spaces. We
devide our work into 5 chapters, as follows:

In the first chapter, the introduction was presented.
In chapter 2, we present some basic concept and result of ideal generalized
topological spaces without proof which are needed in the subsequent chapters.

In chapter 3, we introduce the concept of connectedness in ideal generalized



topological space. We also study the basic properties of separated axioms and
components in ideal generalized topological spaces.
In chapter 4, we introduced oncepts of &-1-p-open sets and &-1-p-closed

..A also study the basic properties of



CHAPTER 2

PRELIMINARIES

In this chapter, we will give some definitions, notations, dealing with some preliminaries

and some useful results that will be duplicated in later chapter.

2.1 Ideal in topological spaces

This section discusses some properties of ideal in topological spaces.

Definition 2.1.1. [1] Let X be a nonempty set. A topology 7 on X is a collection of
subsets of X, each called an open set, such that
(1)  and X are open sets.
(2) 7 is closed under arbitrary unions, i.e. if U; € 7 for ¢ € [ then U U, er.
(3) 7 is closed under finite intersection, i.e. if Uy, Uy € 7 then U, ﬂl%g €.

The set X together with a topology 7 on X is called a topological space and
denoted by (X, 7).

Definition 2.1.2. [7] A nonempty collection / of subsets of a set X is said to be an
ideal on X, if it satisfies the following two conditions:

(1) A€l and B C A implies B € [ (heredity).

(2) A€l and B eI implies AU B € [ (finite additivity).

For the ideal / of X, the triple (X, 7, I) is called an ideal topological space.

Definition 2.1.3. [7] Let (X, 7, ) be an ideal topological space and P(X) is the set
of all subsets of X a set operator (-)* : P(X) — P(X), called a local function with

respect to 7 and /, is defined as follows : for A € X
A7) ={a € X :UNA¢&IVU € ()}
where 7(z) ={U € 7: x € U}. We will simply write A* for A*(7,I).

Theorem 2.1.4. [7] Let (X, 7,I) be an ideal topological spaces. If A and B are
subsets of X and 7, .J are ideals on X. Then

3



(1) A C B implies A* C B*.

(2) J C I implies A*(r, ) C A*(r, J).

(3) A* =cl(A*) Ccl(A) (A*is closed subset of cl(A)).
(@) (A7) c A"

(5) (AU B)* =A* U B,

(6) A"\ B* = (A\ B)"\ B C (A\ B)".

(7) U erimplies UNA*=UNUNA)*C(UNA)?*
(8) J € I'implies (AU J)* = A* = (A\ J)*

Definition 2.1.5. [5] Let (X, 7, I) be an ideal topological space. A Kuratowski closure
operator C* is defined by Cl*(A) = AU A*, for A C X. We will denote by 7*(7, I)
the topology generated by CI*, that'is 7(r, 1) = {U C X : CI*(X \U) = X\ U}.
7*(7,I) is called *-topology structure which is finer than 7. We will simply write 7*
for 7(7, I).

The elements of 7*(7, ) are called *-open and the complement of x-open sets are

called *-closed.

Definition 2.1.6. [1] If (X, 7) is a topological space, then a subfamily B C 7 of the

open sets is called a base (for the open sets) of the topology if
xr e U C X, U is open implies that there exists B € B with z € B C U.

Theorem 2.1.7. [7] Let (X, 7, ) be an ideal topological space. The collection {V'\ J :

V er,J eI} is a basis for 7.

Theorem 2.1.8. [5] If (X, 7,7) is an ideal topological space and A is a subset of X,
then (A, 74, I4) is an ideal topological space, where 7, is the relative topology on A

and [, ={ANJ:JeTl}

Lemma 2.1.9.[5] Let (X, 7, I) be an ideal topological space and B C A C X. Then
B*(TA,[A) = B*(T,I) NA.

Lemma 2.1.10. [5] Let (X, 7, ) be an ideal topological space and B C A C X. Then
Cl(B) = Cl*(B) N A.

Definition 2.1.11. [5] A subset A of an ideal topological space (X, 7, ) is said to be
x-dense if C1*(A) = X.



2.2 Connectedness in ideal topological spaces

This section discusses some properties of connectedness in ideal topological spaces.

Definition 2.2.1. [5] A topological space (X, 7) is said to be connected if X cannot

be written as the disjoint union of two nonempty open sets.

Definition 2.2.2. [5] A topological space (X, 7) is said to be hyperconnected if every

pair of nonempty open sets of X has nonempty intersection.

Definition 2.2.3. [5] An ideal topological space (X,7,I) is call x-connected if X
cannot be written as the disjoint union of a nonempty open set and a nonempty *-open

set.

Definition 2.2.4. [5] An ideal topological space (X, 7, 1) is called x-hyperconnected if

A is x-dense for every nonempty subset A of X.

Lemma 2.2.5. [5] Let (X,7,I) be an ideal topological space. For each U €
™ (T = (1)

Definition 2.2.6. [5] Let (X, 7, ) be an ideal topological space. A, B C X are called
x-separatedif CI*(A)N B =ANCI(B) =0.

Definition 2.2.7. [10] Let (X, 7, I) be an ideal topological space. A, B C X are called
x-separated if A*NCI(B) =Cl(A)NB*=AnNDB=1.

Theorem 2.2.8. [5] Let (X, 7,/) be an ideal topological space. If A and B are *-

separated sets of X and AU B € 7, then A and B are open and *-open, respectively.

Definition 2.2.9. [5] A subset A of an ideal topological space (X,7,I) is called

xg-connected if A is not the union of two *-separated sets in (X, 7,7).

Theorem 2.2.10. [5] Let (X, 7, ) be an ideal topological space. If A is a *,-connected
set of X and H, G are x-separated sets of X with A C H UG, then either A C H or
ACQG.

Theorem 2.2.11. [5] If A is a x,-connected set of an ideal topological space (X, 7, 1)
and A C B C Cl*(A), then B is *,-connected.



Corollary 2.2.12. [5] If A is a *,-connected set of an ideal topological space (X, 7, 1),

then C1*(A) is *4-connected.

Definition 2.2.13. [5] Let (X, 7,1) be an ideal topological space and x € X. The
union of all *,-connected subsets of X containing x is called the x-component of X

containing .

2.3 Ideal in generalized topological spaces

This section discusses some properties of ideal in generalized topological spaces.

Definition 2.3.1. [2] Let X be a nonempty set and p C P(X). Then p is called a
generalized topology (in short, GT) on X if

(D) 0 e p.

(2) G, € pufor « € M # () implies G = |J G, € p.

aceM
The pair (X, p) is called a generalized topological space (in short, GTS) on X.
The member of pu is called a pu-open set and the complement of a p-open set is called

a p-closed set.

Definition 2.3.2. [3] Let (X, ;1) be a generalized topological space and A C X. ¢,(A)
is the intersection of all p-closed sets containing A, and i,(A) is the union of all

(-open sets contained in A.

Definition 2.3.3. [12] Let (X,u) be a generalized topological space. A mapping
() : P(X) — P(X) is defined as follows :

A, 1) = {r e X: UNAe¢ LYU € u(@)}

where () ={U e p:xz e U}.

The mapping is called the local function associated with the ideal / and generalized
topology L.

We will simply write A** for A**(pu, I).

If 7 is an ideal on X, then (X, i, I) is called an ideal generalized topological space.



Remark 2.3.4. [12] Let (X, i, I) be an ideal generalized topological space and A C X.
Then

(1) A (1, {0}) = ¢, (A).

(2) A (u, P(X)) = 0.

(3) If A € I, then A* = ).

(4) Neither A € A** nor A** C A.

Theorem 2.3.5. [12] Let (X, i, I) be an ideal generalized topological space. A, B are
subsets of X and H,.J are ideals on X. Then

(1) (D) =0.

2)If A, BC X and A C B, A*" C B*.

(3 A* C cu(A).

4) (A C c,(A).

(5) A** is a p-closed set.

(6) (AH)H C A,

(7) J C H implies A**(H) C A*(J).

@) UNUNA* CUNA™H, forall Ue p.

(9) For J € I,(A\ J)* C A = (AU J)*.

Theorem 2.3.6. [4] Let (X, i, I') be an ideal generalized topological space and A be
a subset of X. Then

(1) If A e[, then A" = X\ M, where M, is the union of all ;-open sets in
generalized topological space (X, p).

(2) If A is p*-closed, then A** C A.

Definition 2.3.7. [12] Let (X, z1, I) be an ideal generalized topological space. The set
operator ¢ is called a generalized *-closure and is defined as ¢*(A) = AU A™,
for A C X. We will denoted by u*(, ) the generalized structure, generated by ¢**
that is p*(u, ) ={U C X : (X \U) =X\ U} w*(p,I) is called x-generalized
structure which is finer than p. We will simply write p* for pu*(u, I).

The element of p*(u, I) are called p*-open and the complement of p*-open is called

w*-closed.

Theorem 2.3.8. [12] The operator ¢** satisfies following conditions:



(1) AC ¢**(A) for A C X.

@) () = 0 and ¢*#(X) = X

(3) ¢*"(A) C ¢*"(B) if AC B C X.
4) c**(A) U c™(B) C (AU B).

Remark. [12] If [ = {0}, then ¢**(A) = c,(A) for A C X.

Definition 2.3.9. [12] A subset A of an ideal generalized topological space (X, u, /)

is said to be u*-dense in itself if A C A,

Definition 2.3.10. [2] Let (X, u) be a generalized topological space. Then X is
p-connected if X cannot be written as the disjoint union of two nonempty p-open

sets.

Example 2.3.11. Let X = {a,b,c} and pu = {0, {a}, {b}, {a, b}}.
Take A = {a} and B = {b}.

Then ANB =( and AUB # X.

Thus the space (X, u) is p-connected

Lemma 2.3.12. [6] For A C X and A is a subset in ideal generalized topological
spaces. Then

(1) i (A) = X \ (X' A).

(2) ¢ (A) = X \ (X | A).

Definition 2.3.13. [6] Let S be a subset of a topological space (X)) with an ideal
L. S is said to be

(1) strongly B-I-open if S C & (i(é*(S))).

(2) semi-I-open if S C ¢*(i(S)).

(3) pre-I-open if S C i(¢*(S)).

(4) pre-I-closed if X\ S is pre-I-open.
Definition 2.3.14. [8] A subset S of an ideal topological space (X, 7,1) is said to

be §-I-open if S C Cl(Int(C1*(S)). The complement of a [§-I-open set is called
[B-1-closed.

Definition 2.3.15. [6] Let S be a subset of a topological space (X,1)) with an ideal
L. S is said to be



(1) semi*-I-open if S C &(1*(9)).
(2) semi*-I-closed if X \ S is semi*-/-open.

Definition 2.3.16. [8] A n f o (X g) is said to be strongly (-I-

aining f(x), there exists



CHAPTER 3

CONNECTEDNESS IN IDEAL GENERALIZED
TOPOLOGICAL SPACES

In this section, we study some properties of connectedness in ideal generalized

topological spaces.

3.1 Connectedness in ideal generalized topological spaces

In this section, we get results of connected in ideal generalized topological
spaces.
Throughout this thesis p will represent a generalized topological spaces such that

(), X € p and the union of elements of ;1 belong to .

Theorem 3.1.1. Let (X, p, /) be an ideal generalized topological space. Then the
collection set {M \ H : M € u, H € I} is a basis for p*(u, I).

Proof. Let (X, u,I) be an ideal generalized topological space and = € G € u*.

By Definition 2.3.6, we have (X \ G)* C X \ G.

Since x € G, we have = ¢ X \ G, this implies that x ¢ (X \ G)*.

So, there exists O € u(x) such that (X \G)NO € I.
reO\(X\G)NO)=0nGCG.

It follows that O\ (X \ G)NO) € {M\H : M € yand H € [}, and = €
O\ ((X\G)nO) CG.

We get that {M \ H : M € ppand H € I} is a basis for p*(u; I). O

Example 3.1.2. Let X = {a,b,¢,d} and p = {0, X, {a,b},{a,c}, {a,b,c}t}, I =

{0, {a}, {d}{a,d}}.
Then {0, X, {b}, {c}, {b, ¢}, {a;b}, {a,c}, {a,b,c};{b, e, d}} is a basis for p*(p, I).

Theorem 3.1.3. Let (X, u,I) be an ideal generalized topological space and M is a
subset of X, then (M, pps, Ins), where py, is the relative generalized topology on M
and I,y = {M N H : H € I} is an ideal space.
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Proof. Let M C X and p); be a relative generalized topology on M.
Since ) € I, then 0 N M € I;. So () € Iy,.
Let K € I}y and N C K, then K = M N H for some H € I.
Since NC K,then NCMAHand N=NN(MNH)=Mn(NNH).
Since NN H C H and H € I, we get that NN H € [.
This implies that N € I,.
Since K € Iy and N € I, then K = MNH; and N = M NH, for some H;, Hy € I.
So KUN = (M n Hy)U (M N Hy)
=M N (H, UH,) € Iy.
Since H; U Hy € I, we have K U N € Iy;.
Therefore I, 1s an ideal.

Hence (M, par, Ipr) is an ideal generalized topological space. [

Lemma 3.1.4. Let (X, ) be an ideal generalized topological space and N C M C
X. Then N**(ppg, Ing) = N*(p, I) N M.

Proof. (=) Let x € N**(pps, Ing).
Suppose x ¢ N*#(u, I) N M. This implies that x ¢ N**(u, ) or & ¢ M
Since x ¢ N*(u, I), then there exists p-open set U containing @ such that UNN € [.
As U is p-open and M C X, then UNM € iy, and (UNM)NN = (UNN)N M.
This implies that (U N N) N M € Iy
So (UNM)NN € Iy.
Hence x ¢ N**(uar, Inr). This is a contradiction.
Therefore N**(punr, Ing) © N (1, I)
(<) Let . € N*(p; 1) N M.
Assume that @ & N**(uyy, Ing)-
Then there exists K € pp () such that K NN € [y
And we have that there exists G € [ and M C X.
So GNM e Iy.
Since GNM C G and Iy C I, we get that K NN € 1.
Therefore © ¢ N*#(u, I). This is a contradiction.
Hence N**(p, 1) " M C N**(upr, Iyr). O
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Lemma 3.1.5. Let (X, 1, I) be an ideal generalized topological space and B C A C X.
Then C}(B) = C**(B) N A.

Proof. (=) Let x € C}'(B).
Since C}'(B) = B*(uayIa) U By then x € B* (4, 1a) U B ie. x € B*(ua,14) or
xr € B.
Since x € B**(ua,14), then by Lemma 3.1.3, we get that B**(ju4, [4) = B*(u, [)NA.
So x € B*(u, I) N A.
Thus B**(pua, Ia) U B = (B*(u, [) N A)U B
= (B*(u, I)UB)N(AUB)
=C*"(B)NA
Hence = € ¢**(B) N A
(<) Letyec*(B)NAie, y € c™(B) and y € A.
Since y € ¢**(B) and ¢**(B) = B**(u,I) U B, we have that y € B**(u,I) or y € B
Suppose that y & B*(u, I).
Then there exists a p-open set U containing y such that U N B € 1.
Since y € A, then (UNB)N A€ I,.
So (UNB)NA=(UNA)NB € I, for some UN A € pua(y).
Thus y ¢ B**(ua, l4). This is a contradiction.
Therefore y € B*(pa, [a) or y € B.
Hence y € B*(ua, 1) U B ie. y € ¢f(B). O

Definition 3.1.6. Let (X, ) be a generalized topological space. Then X is u-

hyperconnected if every pair of nonempty p-open sets of X has nonempty intersection.

Example 3.1.7. Let X = {a,b,c,d} and pu = {0,{a,b},{a,c},{a,b,c}}, I =
{0,{a},{d}, {a; d}}.

A ={a,b} and B = {a,c}. Then AN B ={a} # 0.

A ={a,b} and B = {a,b,¢c}. Then AN B = {a,b} # 0.

A ={a,c} and B = {a,b,c}. Then AN B = {a,c} # 0.

Therefore X is p-hyperconnected.
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Definition 3.1.8. An ideal generalized topological space (X, u,[I) is called p*-
connected if X cannot be written as the disjoint union of a nonempty p-open set

and a nonempty p*-open set.

Definition 3.1.9. An ideal generalized topological space (X, p, ) is said to be u*-

hyperconnected if ‘A is u*-dense for every nonempty p-open set A of X.

Example 3.1.10. Let X = {a,b,c,d} and p = {0, X, {a,b}, {b,c},{a,b,c}},

I= {Q)’ {o}}. w = {®> X, {a},{c}, {a;b},{a,c},{b,c},{a,b,c},{a,c d}}.
Take A = {a,c} and B = {a, b}.
Then AU B ={a,b,c} # X. Therefore (X, x,I) is p*-connected.

Example 3.1.11. Let X = {a,b,¢,d} and u = {0, X, {a,b},{a,c}, {a,b,c}}, T =

{0.{a},{d},{a, d}}.

Take A = {a,b} and B = {a,c}.
Then AN B = {a} # 0.

Therefore (X, p) is p-hyperconnected.

Remark 3.1.12. The following implications hold for an ideal space (X, I).

(X, p,I) is p* — hyperconnected — (X, ) is p — hyperconnected

4 4
(X, p,I) is p* —connected — (X, ) is pu— connected
Above implications are not reversible as can be seen from the following example.

Example 3.1.13. Let X ={a,b,c} and pu = {0, {a},{b}, {a;b}}.
Take A = {a} and B = {b}, then ANB=( and AU B # X.
Thus the space (X, 1) is p-connected but (X, ) is not u-hyperconnected.

Example 3.1.14. Let X = {a,b,¢,d} and p = {0, X, {a}, {c}, {a, b}, {a,c},{a,b,c},{a,c,d}},
I ={0,{b}}.

Take A = {c¢} and B = {a,b} such that AN B = (), then AU B = {a,b,c} # X.

But since A = {c} and A** = {¢,d}, then ¢**(A) = {c,d} # X.

Then the space (X, i, I) is p*-connected but (X, i, I') is not p*-hyperconnected.
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Example 3.1.15. Let X = {a,b,c,d} and pu = {0,{a,b},{a,c},{a,b,c}}, I =
{0,{a}.{d},{a,d}}.

Take A = {a,c} and B = {a,b,c}, then AN B = {a, c}.

But if A = {a,b}, then A* = {b}. We get that ¢*(A) = {a,b} # X.

B = {a,c}, then B** = {c}. We get that c**(B) ={a,c} # X.

C ={a,b,c}, then C* = {a,b,c}. We get that ¢**(C) ={a,b,c} # X.

Then the space (X, i) is p-hyperconnected but (X, p, ) is not p*-hyperconnected.
Example 3.1.16. Let X = {a,b,c,d} and u = {0,{c},{a,b},{b,c},{a,b,c}}, I =
{0, {b}}.

Take A = {a,b} and B = {c} such that AN B =), then AUB # X.

But since G = {a,b,c} and H = {d} such that GN H =, then GUH = X

Then the space (X, i) is p-connected but (X, p, I) is not p*-connected.

Lemma 3.1.17. Let (X, u,I) be an ideal generalized topological space. For each
Me e, () S (par)”
Proof. Let P € (u*)p and M € u*.
Then there exists K € p* such that K N M = P.
Since M € p*, we have ¢**(X \ M) = X \ M ie, (X \ M)*C X\ M and
MCX\(X\M)".
And K € p*, we have ¢ (X\K) = X\ K ie, (X\K)* C X\K and K C X\ (X\K)*
So, P=KNMC (X\(X\K)H)(X\(X\ M

— XX\ Kt U (X M)

CX\ (XVEK) U(X\ M)

=X\ (X \ (KA M)

=X\ (X \P)*
Thus (X \ P)* € X\ P.
This implies that P € p*.
Hence (X \ P)*NM C(X\P)nM

=M\P.

As PC M\ ((X\P)'NnM)=M\ (X\P)"
Therefore (M \ P)* C (X \ P)*C M\ P.
So, we get that ¢**(M \ P) = M \ P i.e, P € (un)*. O
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Definition 3.1.18. Let (X, /) be an ideal generalized topological space. M and K
are called p*-separated if c**(M)NK =M Nec,(K) = 0.

Definition 3.1.19. Let (X, ) be a generalized topological space and (Y, uy) be a
subspace of X, M C Y C X. Then CW(K )-is the intersection of all py-closed sets

containing A.

Definition 3.1.20. Let (X, i1, ) be an ideal generalized topological space and (Y, uy, Iy )
be a subspace of X. Nonempty subsets M, K of an ideal generalized topological space

(Y, uy, Iy) are called p*-separated in Y if ci¥'(M)NK = M N ey, (K) = 0.

Theorem 3.1.21. Let (X, 4, I) be an ideal generalized topological space. If M and K
are p*-separated sets of X and M U K € u, then M and K are p-open and p*-open,

respectively.

Proof. Let M and K are p*-separated in X and M U K € p.
Then ¢**(M)N K = M N, (K) = 0.
If c*"(M)NK =0, then K C X\ ¢"(M).
Hence (M UK)N K C (M UK)N (X \ c™(M)).
Since ( MUK)N (X \ (M) =(MUK)N (X \ (MUM™)).
— (MU K) O\ M) 0 (X\ M)).

(

(MU K) A (X A\ M))n (XA M)
(MUK)Q M) N (X \ M*)
(
(

(M MU (KNMe))N (X \ M)
=(0U (K N-M)) A (X \ M*)
— (K N M) 0 (M)
= K M (M Q(M*)<)
= KnMUM™H)©
= K (X\ ()
and K C X\ ¢**(M), it follows that (M UK) (X \e*™(M)) = KN(X\c*(M)) = K

As M UK € p such that M U K is p-open and i C p*, we have M U K € p*.
And M and K are p*-separated in X.
Sod=c*M)NK=MUM*" NK=(MNK)U (M*nNK).
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We get that M N K = () or M* N K = (.

If MNK =0 implies that M C X \ K, then ¢**(M) C ¢**(X \ K) and ¢**(X \ K) =
X\ K ie. K is u*-open.

As M Ne,(K) =0, we get that M C X \ ¢,(K).

Thus ¢,(K) is p-closed by definition, X \ ¢, (/) is u-open set.

Hence M is p-open set. We get that K is p*-open likewise. [

Theorem 3.1.22. Let (X, x1, I) be an ideal generalized topological space and M, K C
Y C X. Then M, K are p*-separated in Y if and only if M, K are p*-separated in X.

Proof. (=) Suppose that M, K are ;/*-separated in Y.
By Lemma 3.1.4, we get that ¢;/(M)NK = (¢**(M)NY)NK = c**(M)N (Y NK).
since K C Y, then ¢*(M)N(YNK)=c*M)NK.
Thus ¢*(M)NK =c*(M)NK =0=MNd(K)=MnN(c,(K)NY)=(MNY)N
cu(K) = M Ne(K).
Therefore M, K are j*-separated in X.
(<) Suppose that subsets M, K -are p*-separated in X.
Since M, K CY and by Definition 3.1.12, we get that ¢**(M)NK = M Nc,(K) = 0.
So*(M)NK = (¢ (M)NY)NK
cHM)N (YN K)
=c"(M)NK
=
=MNc,(K)
=(MNY)Neu(K)
= MA(Y Necu(K))
= M Nd(K)
Thus ¢ (M) N K =0 = M.N ey (K).

Therefore M, K are y*-separated in Y. [

Definition 3.1.23. A subset M of an ideal generalized topological spaces (X, u, ) is

called p**-connected if M is not the union of two p*-separated sets in (X, u, [).

Example 3.1.24. Let X = {a,b,¢,d}, p = {0, X, {a},{c}, {a,b},{a,c},{a,b,c},{a,c,d}}.
And I = {0, {b}}.
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p-closed set = {0, X, {bv},{d}, {b,d},{c,d},{a,b,d},{b,c,d}}. Let M = {b} and
M** = {b}, then ¢**(M) = {b}.

And K = {c,d}, then ¢,(K) = {c, d}-

Soc*(M)NK =0 =M Neu(K).

Thus M and K are p*-separated.

Therefore M U K ={b, c,d} is not p**-connected set.

Theorem 3.1.25. Let (X, i, I) be an ideal generalized topological space. If M is a
w**-connected set in X and H, K are p*-separated sets in X with M C H U K, then
either M C H or M C K.

Proof. Let M be a p**-connected in X and H, K are p*-separated sets in X with
MCHUK.

Then M =MN(HUK)=(MnNH)U(MnNK).

Since H, K are p*-separated, we have ¢**(H)N K = H N¢,(K) = 0.

Thus (M NK)Nc**(MNH)C KNc*(H) = 0.

Likewise, we have (M N H) N (M N K) = 0.

If MNH#(and MNK #0, then M N H and M N K are p*-separated sets in X.
Soo M =(MnH)UMNK).

Thus M is not p**-connected.

This is a contradiction.

Hence either M N H or M N K are empty.

Assume that M NH = {).

Then M = M N K implies that M C K.

In a similar way, we get that M C H. O

Theorem 3.1.26. If M is a p**-connected set of an ideal generalized topological space

(X, 1, I) and M C N-C ¢**(M), then N is p**-connected.

Proof. Assume that N is not p**-connected.

Then there exists p*-separated sets A and B such that N = AU B ie, A, B are
nonempty and ¢**(A)N B = ANc,(B) = 0.

By Theorem 3.1.18, either N C A or N C B.

Assume that N C A.
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Then ¢**(N) C ¢**(A) and B= BN c*(N) C BNc*(A) = 0.
Thus B is empty set. This is a contradiction.

Suppose N C B.

Then ¢,(N) C ¢, (B).

So A=ANc,(N)CAncu(B) = 0.

Thus A is empty set. This is a contradiction.

Therefore N is p**-connected. [

Corollary 3.1.27. If M is a p**-connected set of an ideal generalized topological space

(X, p, I), then ¢**(M) is p**-connected.

Theorem 3.1.28. Let (X, p, /) be an ideal generalized topological space. If {M,, :
N € A} is a nonempty family of **-connected sets with (), ., M, # 0, then | J,,., M,

is a p*®-connected set.

Proof. Suppose that J,_, M, is not ;1**-connected.
Then we have that | J, ., M, = AU B where A and B are y*-separated sets.

Since [),,ca

Thus z € M,, and M,, C AU B for all n € A.

M, # 0, we have a point = € (), 5 M.

It follows from A N B = (), that either z € A or z € B.
In case z € A ; For any n € A, M, N A # 0.

By Theorem 3.1.18, M,, C A or M, C B.

So M, C A for all n € A, and then |
This implies that B = ().

neA Mn < A
This is a contradiction.
In case & € B ; in the same way, we have A = (). This is a contradiction.

Hence (J,, ., M, is p**-connected. O

Definition 3.1.29. Let (X, 11, I) be an ideal generalized topological space and = € X.
The union of all p**-connected subsets of X containing x is called the p*-component

of X containing .

Theorem 3.1.30. Every p*-component of an ideal generalized topological space

(X, p, I) is a maximal p**-connected set.
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Proof. Let z € X.

Suppose that C, is p*-component of X such that z € C,.

So C; = ;e AM; C X : Mjis a p*°~ connected set containing x}.

Since M; is a p*-connected for all j € J, by Theorem 3.1.21, we get that ﬂjeJ{Mj -
X:xe M} #0.

Hence C, is p**-connected.

Next, let A C X and A is p**-connected such that C, C A.

Then = € A, by definition of C, we have A C C,.

Thus C, = A.

Therefore ), is a maximal p**-connected set of X. [

Theorem 3.1.31. The set of all distinct p*-component of an ideal generalized

topological space (X, u, I) forms a partition of X.

Proof. Let M and K be two distinct p*-components of X.

Suppose that M N K # ().

By Theorem 3.1.20, M U K is p**-connected in X.

Since M C M U K, then M is not maximal.

Thus M and K are disjoint.

Since M and K are distinct p*-components of X.

By Theorem 3.1.23, we get that M and K are maximal p*®-connected sets of X.

So, M = X \ K.

Thus MUK = (X'\ K)UK = X. ]

Theorem 3.1.32. Each p*-component of an ideal generalized topological space

(X, p, I) is p*-closed.

Proof. Let A be p*-component of X.

By Theorem 3.1.23, and Corollary 3.1.20, A is maximal p**-connected and c¢**(A) is
w*¥-connected.

Thus A = ¢*(A).

This implies that A is p*-closed. ]



CHAPTER 4

A NEW COLLECTION WHICH CONTAIN THE
GENERALIZED TOPOLOGICAL SPACES

4.1 &-1-p-open sets

This section discusses basic properties of &-7-p-open sets and basic concepts

type of generalized open sets with ideal.

Definition 4.1.1. Let G be a subset of an ideal generalized topological space (X, u, [).
Then G is said to be

(1) strongly (-I-p-open if G C c*(i,,(c*(G))).

(2) semi-I-p-open if G C c¢**(i,(G)).

(3) pre-I-p-open if G C i,(c™(Q)).

(4) pre-I-p-closed if X \ G is pre-I-p-open.

Definition 4.1.2. Let G be a subset of an ideal generalized topological space (X, u, I).
Then G is said to be §-I-p-open if G' C ¢, (i,(c"(G))).

The complement of a 5-I-p-open set is called 3-1-p-closed. The family of all g-1-
p-open (resp. f-I-p-closed) sets of (X, u, I) are denoted by SIuO(X) (resp.SIuC(X).
The family of all 3-7-u-open (resp. [-I-p-closed) sets of (X, u, I) containing a point
x € X are denoted by SIuO(X, z) (resp. SIpC(X,x)). The intersection of all /-
I-p-closed sets containing G are called the [--p-closure of G and are denoted by
Clgr,(G). The [-I-p-interior of G is defined by the union of all $-I-p-open sets
contained in G and is denoted by Intz;,(G).

Definition 4.1.3. Let G be a subset of an ideal generalized topological space (X, u, I).
Then G is said to be

(1) semi*-I-p-open if G C ¢, (i (G)).

(2) semi*-I-p-closed if X \ G is semi*-I-u-open.
Definition 4.1.4. Let G be a subset of an ideal generalized topological space (X, u, I).

Then G is called &-I-p-open set if G = () or there exists a nonempty pre-I-u-open
subset K such that K \ ¢**(G) € I.
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The complement of a &-7-p-open set is called &-7-p-closed. The family of all
&-1-p-open (resp. &-1-p-closed) sets of (X, i, I) is denoted by O¢(X) (resp. Ce(X)).
The family of all {-7-p-open (resp. &-I-p-closed) sets of (X, p, I) containing a point
x € X is denoted by O¢(X,z) (resp. Ce(X, x)).

Theorem 4.1.5. Let GG be a subset of an ideal generalized topological space (X, j, I).
For ¢-1-p-open subset G, in X for each &« € A, | J{G,; o € A} is a £-1-p-open subset
of X.

Proof. Let GG be a subset of an ideal generalized topological space (X, u,I) and G,
is a £&-1-p-open subset of X, for each v € A.

If {Ga; v € A} =0, then | J{G,;a € A} is a {-I-u-open subset of X.

In case |J{Ga;x € A} # 0, then there exists an «; € A such that G, # 0.

Since G, is &-I-p-open, then there exists a nonempty pre-/-u-open subset /' of X
such that K\ ¢**(G,,) € I.

Since G, C [ J{Ga;a € A}, then ¢(G,,) C ¢ (|U{Ga; o € A}).

So K\ ¢""((H{Ga:ax € A}) C K\ ¢"*(Ga,)-

Since K\ ¢**(Gy,) € I, then K \ ¢**(|J{Gs; a0 € A}) € 1.

Thus (J{Gu;a € I} is a &-1-u-open subset of X. O

Lemma 4.1.6. Every p-open is pre-/-u-open.

Proof. Since H is p-open i.e, H = i,(H), we have H Ci,(HUH*) =i,(c"*(H)).
So H is pre-I-p-open subset. [

Definition 4.1.7. Let GG be a subset of an ideal generalized topological space (X, u, ).
The intersection of -all £-1-p-closed sets containing G is called the &-1-p-closure of G
and is denoted by Cl¢(G).
The &-1-p-interior of G is defined by the union of all £&-7-p-open sets contained in G
and is denoted by Int:(G).

Lemma 4.1.8. Let G be a subset of an ideal generalized topological space (X, pu, I).
Then Cl¢(G) = G if and only if G is &-1-u-closed .
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Proof. Since Cl¢(G) = () F, where F, is {-I-u-closed and G C F,,.
So, X \ F, is &-I-p-open and X \ F C X \ G.
It follows that from Theorem 4.1.5, that U (X \ F,) is &-I-p-open.

aEA

Therefore U (X\F,) =X\ ﬂ (Fa).
a€EA a€EN
Hence ﬂ (Fy) is &-I-p-closed.

aEA
Conversely, it is obvious. O]

Lemma 4.1.9. Let (X, 1, /) be an ideal generalized topological space, then c*#(i,(X)) =
X.

Proof. 1t is obvious that ¢**(i,(X)) € X.

Consider X & p, we get that X = i,(X) C 4,(X) U (i,(X))" = (i, (X)).

Assume that there exists y € X such that y ¢ ¢**(i,(X)).

Then we have y ¢ i,,(X) and y ¢ (i,(X))".

Since y ¢ (i,(X))*, there exists G € u(y) such that G N (i,(X)) € I.

Thus y € G C|H{G: G € p,G C X} =i,(X). This is a contradiction.

Therefore, ¢*#(i,(X)) = X. O

Theorem 4.1.10. Let G be a subset of an ideal generalized topological space (X, u, I).
If G is a strongly (-I-p-open subset of X, then G is a &-1-p-open subset of X.

Proof. Let GG be a subset of an ideal generalized topological space (X, i, I) and G be
a strongly (-I-p-open subset of X.
Case 1 : For G = (), it is clearly that () is £-7-pu-open.
Case 2 : For G is a nonempty subset in X. Then we get that G C c*(i,(c"(G))).
Assume that K = i,(c*(G)). Then K C ¢"(G).
Since i, (c**(G)) is p-open, it follows that / is ji-open.
By Lemma 4.1.6, we have K is pre-/-u-open.
Next, we will to show that K =4,(c**(G)) is a nonempty subset.
Suppose that K" = i,(c¢*(G)) = 0.
As G C (i, (c¢*"(G))) = ¢*(0) = (). This is a contradiction.
Thus K is a nonempty subset.
And since K C ¢**(G) and () € I, it follows that K \ ¢**(G) =0 € I.
Therefore G is a &-I-p-open subset of X. [
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Example 4.1.11. Let X = {a,b,c,d}. p = {0,X,{a},{a,b},{c,d},{a,c,d}} and
I'={0.{a},{d},{a d}}.

Take G = {d} C X. We get that G** = () and ¢**(G) = G U G** = {d}.

Thus i, (c*(G) = 0 and ¢** (i, (¢**(G)) =0

S0 G € c(iu(c(G))

Since {a} is pre-I-u-open, it follows that {a} \ {d} = {a} € I.

Hence G = {d} is &-I-p-open.

Therefore GG is a -I-p-open subset of X and G is not a strongly [-I-u-open subset
of X.

Theorem 4.1.12. Let (X, p, ) be an-ideal generalized topological space. Each p*-
dense subset of X is £-7-p-open.

Proof. Assume that G be a p*-dense, then ¢**(G) = X.

And we get that G C ¢**(G) = X = ™ (i,(X)) = (i, (c(G))).

So G is a strongly 3-I-p-open set in X.

By Theorem 4.1.10, we get that G is &-I-u-open. [

Definition 4.1.13. Let GG be a subset of an ideal generalized topological space (X, u, [).
Then G is called p*-nowhere dense if i, (¢ (G)) = 0.

Theorem 4.1.14. Let G be a nonempty subset of ideal generalized topological space

(X, p, I). If G is not a p*-nowhere dense set, then G is a £-I-p-open.

Proof. Let G be a nonempty subset of ideal generalized topological space (X, ).
Suppose that G'is not a p*-nowhere dense set. Then 7, (c*(G)) # (.

Let K = i,(c*(G)), we have X' C ¢*(G) and 7, (K) = 1,(i,(c"(Q))) =i, (c™*(G)) =
K.

So, K'=1,(K) C i,(KUK") =4,(c""(K)
Since K C ¢**(G), then K\ ¢**(G) =0 €

). Thus K is pre-I-p-open.
I.
Therefore G is a £-1-p-open set. [

Remark 4.1.15. The following example shows that we have a nonempty, &-7-u-open

and p*-nowhere dense set.
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Example 4.1.16. Let X = {a,b,c,d}. p = {0,X,{a},{a,b},{c,d},{a,c,d}} and
I'={0.{a},{d},{a d}}.

Take G = {d} C X. We get that G** = () and ¢**(G) = G U G** = {d}.

Thus i,(c*(G) = 0. So G is p*-nowhere dense.

Since {a} is pre-I-u-open,_ it follows that {a} \ {d} = {a} € I.

Hence G = {d} is &-I-p-open.

Therefore G is a £-1-p-open subset of X and p*-nowhere dense subset of X.

Definition 4.1.17. A function f : (X, pu,I) — (Y,v) is said to be strongly [-I-pu-
continuous if for each z € X and each v-open set K of Y containing f(z), there

exists M € SIpO(X, x) such that f(Clgr(M)) C ¢, (K).

Definition 4.1.18. A function f : (X, u, ) — (Y,v) is said to be £-1-pu-continuous at a
point z € X if for each v-open set KX of Y containing f(x), there exists M € O¢(X, z)
such that f(Clg(M)) C ¢, (K).

Theorem 4.1.19. Every strongly (-I-u-continuous is &-7-pu-continuous.

Proof. Let f : (X,u,I) — (Y,v) be a strongly (5-I-u-continuous function on X.
Then for each x € X and K is a v-open set of Y containing f(z), there exists
M e BIpO(X, z) such that f(Clgr,(M)) C ¢, (K).

Since K is v-open, we have K is strongly-53-1-p-open.

By Theorem 4.1.10, then K is &-1-p-open.

Since M C Cl¢(M) and Cle(M) C Clgy,(M).

It follows that f(Cl:(M)) C f(Clsru(M)) C en(K).

Hence f(Cle(M)) C ¢, (K).

Therefore f is £-I-p-continuous. [

Theorem 4.1.20. For a function f: (X, u, ) — (Y,v), the following properties are
equivalent :
1. f is &-I-p-continuous.
2. f7YK) is &-I-p-open in X for each v-open set K of Y.
3. f7Y(F) is &-I-p~closed in X for each v-closed set F of Y.
. f(Cle(A)) Cey(f(A)) for each subset A of X.
. Cle(f~(B)) € f*(cy(B)) for each subset B of Y.

A
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Proof. (1) — (2): Let K be any v-open subset of Y and z € f~(K).
Then there exists M, € O¢(X,z) such that f(M,) C f(Cle(M,) C K.

We get that f7!(f(M.,)) € f~'(K). So M, € f~(K).

Thus x € M, C f~(K) and f~}(K) = U M,.
ze 1K)
Since any union of &-I-u-open sets is &-I-u-open, we get that f~'(K) is £-I-u-open

in X.

(2) — (3): Let I be v-closed in Y, we get that Y \ F' is v-open in Y.
By (2), fTY Y \ F) is &-I-p-open in X. But f~Y(Y \ F) =X\ f~'(F).
Therefore f~'(F) is £-I-p-closed in X.

(3) = (4): Let A be any subset of X.
Assume ¢, (f(A)) is v-closed in Y and by (3), f~'(c,(f(A))) is &I-pu-closed.
Thus Cle(A) € Cle(f 1 (f(A)) € Cle(f e (F(AN) = £ eul F(A))).

Hence f(Cle(A)) € f(f7 (e, (f(A)))) € cul(f(A)).
Therefore f(Cle(A)) C c,(f(A)).

(4) — (5): Let B be any subset of Y.
By (4). f(Cle(f71(B))) C e (f(fTH(B))) € cu(B).
Thus Cle(f7H(B)) € [ (F(Cle(f7(B)))) € f~ (e (B)).
Hence Cle(/~1(B)) € /" (cu(B)).
(5) = (1): Let x € X and K be any v-open set of Y containing f(z).
Thus Y \ K is v-closed in Y,
Cle(f7(Y\K)) € [ (Y \ K))
Y\ (X))
S K)
ECU (Y \ K))
It follow from Lemma 4.18 that f~1(V'\ K) is &-I-u-closed in X and f~1(K) is a
&-1-p-open set of X containing .
So, there exists M € Og(X,a) such that Clg(M) C f~1(K).
Therefore f(M) C f(Cle(M)) C f(fZH(K)) € K C c,(K).
This implies that f is &-1-p-continuous. [

Theorem 4.1.21. Let GG be a subset of an ideal generalized topological space (X, i, I).
Then G is a &-I-p-open set in X if and only if G = () or there exist a set H in I and
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a nonempty pre-/-p-open set K such that K \ H C ¢**(G).

Proof. Let (X, p, 1) be an ideal generalized topological space and G C X.
(=) Assume that G is a £-1-p-open set in X.
If G # (), then there exists a nonempty pre-I-p-open set K such that K \ ¢**(G) € I.
Assume that H = K \ ¢"(G).
Then K\ H = K \ (K \ ¢**(G)
= KN (KNc*HG))e
= KN (K°UcHQ))
=(KNK)U(KNcHG))
= KNc*H(QG)
C Q).
Thus K \ H C c™(G).
(<) Assume that G = () or there exist a set H € [ and a nonempty pre-I-p-open set
K such that K\ H C ¢**(G).
If G =), then G is a {-I-p-open set in X .
If G # (), then there exists a set H € I and nonempty pre-/-p-open set K such that
K\ H C c¢"(@G).
Then K\ ¢'*(G) C K\ (K\H)=KNHC H.
Since H € I, then K \ ¢**(G) e I.
Therefore G is a £-1-p-open set in X. [

Theorem 4.1.22. Let G be a subset of an ideal generalized topological space (X, u, I).

Then G is &-I-p-open in X if and only if

G € {M +# () : there exists a nonempty pre-I-p-open subset K and a set H € I such that K C
cH(M)UH}RJ {0} C P(X).

Proof. Let (X, u,I) be an ideal generalized topological space and G C X.

(=) Assume that G is a &-I-p-open subset of X. Then G' = () or G # 0.

Suppose that G # ().

By Theorem 4.1.21, there exists a set // € [ and a nonempty pre-/-p-open subset K
such that K\ H C ¢**(G).

And (K\H)UH=(KNHY)UH=(KUH)N(H°UH)=KUH.
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Then K CKUH =(K\H)UH C ¢**(G)UH.

(<) Assume that there exists an element H € [ and nonempty pre-/-p-open subset
K such that K C ¢**(G)U H.

Then K \ ¢**(G) C (¢""(G)U H) \ ¢(G) = (¢"(G) N (c**(G))°) U (H N c*(G)) =
Hnc*(G) CH.

Since H € I, then K \ ¢**(G) € I.

Therefore G is a £-1-p-open set in X. ]

4.2 ¢-1-p-closed sets and other properties

This section discusses about the collection of &-7-p-closed sets in ideal
generalized topological spaces. Properties for the collection of &-7-p-closed sets

and other properties for the collection of &-7-p-closed sets are studied.

Definition 4.2.1. Let G be a subset of an ideal generalized topological space (X, u, I).
Then G is called £-1-p-closed set if X \ G is a &-I-u-open subset of X.

Theorem 4.2.2. Let G be a subset of an ideal generalized topological space (X, u, ).
Then G is called &-7-pu-closed if and only if there exists H € I and a pre-/-u-closed
subset L # X such that i**(G)\ H C L or G = X.

Proof. Let G be a subset of an ideal generalized topological spaces (X, u, [).
(=) Assume that G be a ¢-1-p-closed set.
Then X \ G is a {-I-p-open set.
By Theorem 4.1.22, we have X \ G = () or there exists a set H in I and a nonempty
pre-/-p-open subset K& such that K C (X \ G)U H.
In case, X \ G = (), we have X = G.
If X\ G # (), there exists a set H in [ and a nonempty pre-7-p-open set K such that
K C X\ G)UH.
This implies that i**(G) \ H =¢**(G) N H¢
— (X \ (X \ G) N (X \ H)
=X\ (c"(X\G)UH)
C X\ K.
Let L=X\K.
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Since K is a nonempty pre-I-p-open subset, we have X \ K is a nonempty pre-I-p-
closed subset and X \ K # X So L # X.
Thus i**(G) \ H C L.
(<) Let G be a subset of X.
If X =G, then X \G =0.So X\ G is &I-p-open.
Thus G is &-1-p~closed.
If X # G, there exist H € [ and a pre--p-closed subset K # X such that i*(G)\H C
K.
So X\ K C X\ (i"(G) \ H) = X\ (i""(G) N (X'\ H))
Z (X \(G) U (X \ (X \H))
=" X\G)UH
Thus X \ K C ¢™(X \ G) U H.
By Theorem 4.1.22, we get that X \ G is &-I-u-open.
Hence G is a &-I-p-closed subset. O

Theorem 4.2.3. Let GG be a subset of an ideal generalized topological space (X, i, I).
Then G is £-1I-p-closed if and only if there exists a pre-I-p-closed subset K # X such
that i**(G)\ K € [ or G = X.

Proof. Let GG be a subset of an ideal generalized topological space (X, y, I).

(=) Suppose that G is a {-I-pu-closed set.

By Theorem 4.2.2, there exists H € [ and a pre-/-u-closed subset K and K # X
such that i"(G) \\H C K or G = X.

In case i**(G) \ H C K, we get that

PG\ K Ci(G) \ (G \ H) = (G)yN H C H.

So i**(G)\ K C H.

Since H € I, this implies that :**(G) \ K € I.

(<) Assume that there exists KX # X is a pre-I-u~closed subset with i*(G)\ K € I
or G =X.

We have i**(G) \ K =i**(G) \ K, and also

HG) N\ (H(G)\ K) Sa(@)\ (G \ K) = K.
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By Theorem 4.2.2, GG is a &-1-p-closed subset of X. [

Lemma 4.2.4. Let (X, u1, I) be an ideal generalized topological space.
(1) If M € pand M N A € I implies that M N A* = .

(2) (AU A*)* C A*, for AC X.

(3) ¢ (c**(A)) = c*(A), for A C X.

Proof. (1). Assume x € M N A* ie, x € M and x € A*.
It follows that M N A ¢ I, for all M € u(x).
This is a contradiction.
Hence M N A* = ().
(2) Assume that = ¢ A*.
There exists M & p(z) such that M N A € [.
By (1), we have that M N A* = 0.
Thus MN(AUA*) = (MNAUMNA) =(MnNA)UI=MnAeI.
Therefore = ¢ (AU A*)*.
(3) It is obvious that c¢**(A) C c*(c*(A)).
By (2), we have ¢**(c*(A)) = c*(A) U (c**(A))* = (AUA*)U (AU A*)* C
(AU A*) U A* = c*H(A).
Hence c*#(c™#(A)) C ¢*(A). O

Theorem 4.2.5. Let GG be a subset of an ideal generalized topological space (X, i, I).

Assume that every p*-open subset of X is pre-/-p-closed. Then each subset of X is

&-1-p-open.

Proof. Let G be a subset of an ideal generalized topological space (X, y, I).

Assume that every p*-open subset of X is pre-/-closed.

If G =0, then G is &-I-p-open.

Let G be a nonempty subset of X.

We will show that X \ ¢*(G) is p*-open. We have ¢ (X \ (X \ ¢*(Q)) =
(@) = (@) = X\ (X \ ().

Therefore X \ ¢**(G) is p*-open. i.e, ¢ (G) is p*-closed.

By the assumption ¢**((G) is pre-I-p-open.
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Thus ¢**(G)\ ¢**(G) =0 € I.
Consequently, G is &-I-p-open. O

Remark 4.2.6. The following example shows that the intersection of two sets need

not be &-7I-p-open set for any ideal generalized topological space (X, p, I).

Example 4.2.7. Let X = {a,b,c,d}, p = {0, X, {a}, {c},{a,b}.{a,b,c},{a,c,d}}
And T = {0, {b}}.

Since A = {a,d} and B = {¢,d} are &-I-p-open set.

Then AN B = {d} but {d} ¢ &-I-u-open set.

Theorem 4.2.8. Let (X, i1, I) be an ideal generalized topological space. If there exists
a € X such that {a} is a pre-I-u-open and {a} € I. Then each subset of X is

&-I-p-open.

Proof. Let (X, u, 1) be an ideal generalized topological space and G be a nonempty
subset of X.

Let {a} be pre-I-p-open and {a} € I.

Then {a} \ ¢**(G@) = {a} or {a}\ ¢ (G) = 0.

This implies that {a} \ ¢**(G) = {a} € I or {a} \ ¢**(G) =0 € I.

And {a} is a pre-/-u-open subset of X. Therefore G is &-I-p-open. O

Example 4.2.9. Let X = {a,b,¢,d} and p = {0, X,{a,b},{a,c},{a,b,c}}, I =
{0,{a},{d},{a,d}}.

Suppose A = {a}, then A** = () and ¢**(A) = {a}.

Thus i, (c*(A)) = 0 and A Z i, (c*(A)).

So A is not a pre-/-j-open subset.

Let G ={b, c¢}. Then G* ={a,b, ¢;d} and ¢ (G) = {a, b, c,d}.

Thus A\ c**(G) = 1.

Therefore G is &-1-p-open.

Theorem 4.2.10. Let (X, 1, I) be an ideal generalized topological space and () # G C
F C X and G be &-1-p-open. Then F'is &-1-p-open.

Proof. Let (X, p,I) be an ideal generalized topological space and ) # G C F C X
and G be &-1-p-open.
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Then there exists a nonempty pre-/-u-open subset K such that K \ ¢**(G) € I.
Since G C F' and ¢**(G) C ¢**(F), then K \ ¢**(F) C K \ ¢**(G).

Since K \ ¢**(G) € I, we get that K\ ¢*(F) € I.

Hence F'is a £-1-p-open set. [

Theorem 4.2.11. Let (X, iz, [) be an ideal generalized topological space. Then {a} is

semi*-I-p-closed or {a} is a £-I-p-open subset of X for each a € X.

Proof. We show that {a} is a &-I-u-open subset.

Assume that {a} is not a semi*-I-u-closed set in X.

Then X\ {a} & ¢,(i"(X \ {a})).

Since ¢, (i (X \ {a})) = (X \ ™ ({a})) = X\ (iu(c™({a})), we get that X'\ {a} £
X\ (il ({ad):

There exists y € X \ {a} but y ¢ X'\ (i,(c"({a})).

This implies that vy € (i,(c*({a})). Thus i,(c*({a}) # 0 and i,(c*({a}) =
iulia(c ({a}))  in(c™ (iu(e ({a})).

Hence, i,(c**({a})) is nonempty pre-I-u-open and i, (c**({a}) \ ¢**({a}) =0 € I.
So {a} is a &-I-p-open. O



CHAPTER 5

CONCLUSIONS

The aim of this thesis is to introduce the results of connected in ideal generalized
topological space. And we study characterization of ideal generalized topological space.

The results are as follows:

1) An ideal generalized topological space (X, p, ) is called p*-connected if X cannot
be written as the disjoint union of a nonempty p-open set and a nonempty j*-open

set.

2) Nonempty subsets M, K of an ideal generalized topological space (X, p,I) are
called p*-separated if ¢**(M)NK = M N, (K) = 0.

From the above definitions, I have the following theorems are derived

2.1) Let (X, i, I) be an ideal generalized topological space. If M and K are u*-
separated sets of X and MUK € p, then M and K are p-open and p*-open,

respectively.

3) A subset M of an ideal generalized topological space (X,u, /) is called p**-
connected if M is not the union of two p*-separated sets in (X, p, ).

From the above definitions, I have the following theorems are derived

3.1) If M is a y**-connected in X and H, K are u*-separated sets in X with
M C HUK, then either M C H or M C K.

3.2) If M is a u**-connected set of an ideal generalized topological space (X, y, I)
and M C N C ¢**(M), then N is p**-connected.

3.3) If M is a p**-connected set of an ideal generalized topological space (X, ju, I),

then ¢**(M) is p**-connected.

3.4) If {M, : N € A} is a nonempty family of ;**-connected sets with () _, M, #

0, then | J,, ., M, is a ji**-connected sets.
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Let (X,u,I) be an ideal generalized topological space and z € X. The union
of all p**-connected subsets of X containing z is called the p*-component of X
containing .

From the above definitions, I have the following theorems are derived

4.1) Each p*-component of an ideal generalized topological space (X, u, 1) is a

maximal ,**-connected.

4.2) The set of all distinct y*-component of an ideal generalized topological space

(X, p, I) forms a partition of X.

4.3) Each p*-component of an ideal generalized topological space (X, u, ) is p*-

closed.

Let G be a subset of an ideal generalized topological space (X, I). Then G is
called &-I-p-open if G = () or there exists a nonempty pre-I-u-open subset K such
that K\ ¢*(G) € I.
The complement of a &-7-p-open set is called &-7-p-closed. The family of all &-1-
p-open (resp. &-I-pi-closed) sets of (X, i, I) is denoted by Og(X) (resp. Ce(X)).
The family of all £-7-u-open (resp. &-I-p-closed) sets of (X, u, ) containing a
point x € X is denoted by Og(X,x) (resp. C¢(X, x)).
If G, is &I-p-open in X, forall o € A, then U G, is &-1-p-open.

agh

Let G be a subset of an ideal generalized topological space (X,u,/). The
intersection of all &-I-j-closed sets containing G is called the &-7-p-closure of
G and s denoted by Cle(G).
The £-1-p-interior of G is defined by the union of all £-7-u-open sets contained in
G and is denoted by Inte(G).

From the above definitions, I have the following theorems are derived
7.1) Cle(G) = G if and only if G is £-I-p-closed .

7.2) Let X is a subset of ideal generalized topological spaces, then ¢*#(i,(X)) = X.
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8) Let G be a subset of an ideal generalized topological space (X, u, ). Then G is
called p*-nowhere dense if i,(c**(G)) = 0.

9) A function f: (X, pu,I) — (Y,0) is said to be -I-u-continuous at a point z € X
if for each o-open set K of Y containing f(xz), there exists M C O¢(X,z) such
that f(Cle(M)) C K.

10) Every strongly [-I-pu-continuous is &-1-p-continuous.

11) For a function f : (X, u, ) — (Y, 0), the following properties are equivalent :
1. f is &-I-p-continuous.
2. f7YK) is &-I-p-open in X for each o-open set K of Y.
3. fYF) is &-I-p-closed in X for each o-closed set F of Y.

. f(Cle(A)) Ccr(f(A)) for each subset A of X.

. Cle(f~1(B)) C fY(cs(B)) for each subset B of Y.

e

12) Let (X, pu,I) be an ideal generalized topological space and G C X. Then G is a
&-I-p-open in X if and only if G = () or there exist a set H in [ and a nonempty
pre-I-p-open set K such that K \ H C ¢*(G).

13) Let GG be a subset of an ideal generalized topological space (X, u, ). Then G is
called &-I-p-closed set if X \ G is a &-I-p-open subset of X.

14) Let GG be a subset of an ideal generalized topological space (X, I). Then G is
called &-71-pu-closed if and only if there exists H € I and a pre-I-u-closed subset
L # X such that :*(G)\ H C L or G = X.

15) Let (X, i, [) be an ideal generalized topological space. Then {a} is semi*-I-pu-
closed or {a} is a &-I-u-open subset of X for each a € X.
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