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CHAPTER 1

INTRODUCTION

In 1965, Zadeh [11] introduced the concept of fuzzy set. Chang [1] define fuzzy
topological space using fuzzy set. In [2, 9], Chattopadhyay, Hazra and Samanta introdued
smooth fuzzy topological spaces which are a generalization of fuzzy topological space.

In 2009, Kim, Min and Yoo [3] introduced the concept of fuzzy r-minimal space
which is an extension of the smooth fuzzy topological space and study fuzzy r-m conti-
nuity, fuzzy r-M open maps and fuzzy r-M closed maps. In 2009, Min and Kim [10]
introduced the concept of fuzzy r-minimal compactness, almost fuzzy r-minimal com-
pactness and nearly fuzzy r-minimal compactness on fuzzy r-minimal spaces and inves-
tigate the relationships between fuzzy r-M continuous mappings and such types of fuzzy
r-minimal compactness. In 2010, Min [6] introduced the concept of a fuzzy weakly r-M
continuous mapping on fuzzy r-minimal structure. After that, [8] notion of fuzzy almost
r-M continuous mapping on fuzzy r-minimal structure and investigate and properties for
mapping. The concept of fuzzy r-minimal a-open set on a fuzzy r-minimal space and
some basic properties and also introduce the concepts of fuzzy r-M «-continuous and
fuzzy r-M (M™) a-open mappings and characterization for such mappings by Min [7].

In 2012 [5], Lim, Ryoo and Hur introduce the concept of ordinary smooth topol-
ogy on a set X the mapping 7 : 2% — [ satisfying three axioms, where 2 denotes the two
points set {0, 1} is called ordinary smooth topological spaces in short ost on X also stud-
ied some properties of ordinary smooth continuous. In [4], Lee, Lim and Hur redefined
the notions of ordinary smooth closure and ordinary smooth interior. Also they introduced
and studied some properties of compact in an ordinary smooth topological space, and re-
define a new definitions of ordinary smooth closure and ordinary smooth interior.

For our purpose, we introduce the concepts of ordinary smooth r-minimal spaces
which is an extension the concepts of open set, closed set, closure and interior it intersects
on such. The studied properties of opens mapping, continuous mapping and compactness.
And the study properties of a-open set, a-continuous in fuzzy r-weakly structure spaces.

In Chapter 1, is an introduction.
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In Chapter 2, we presents some basic concepts and results of fuzzy r-minimal
structure and ordinary smooth topology their proofs in the subsequent chapters.

In Chapter 3, we mention the concept of open set, closed set, closure and in-
terior in ordinary smooth r-minimal spaces, study the relationships and ordinary smooth
r-M continuous mappings and such types of ordinary smooth r-minimal compactness and
introduced many relationships between some known types of generalized closed sets and
r-mb generalized closed sets, Also we studied characterizations of extremely disconnected
space and T}, space on ordinary smooth r-minimal spaces.

In Chapter 4, we mention the concept of a-open set, a-continuity and «-open
mappings in fuzzy r-weakly structure spaces.

In the last Chapter, is a conclusions.
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CHAPTER 2

PRELIMINARIES

In this chapter, we will recall some definitions, notations, dealing with some pre-

liminaries and some useful results that will be duplicated in later chapter.

2.1 Fuzzy Topological Spaces and Smooth Fuzzy Topological Spaces

Definition 2.1.1 [11] A fuzzy set on X is a mapping i : X — [0, 1] and I will denote

the family of all fuzzy sets in X.

Definition 2.1.2 [1] A fizzy point x, o € (0,1], is an element of IX such that

a ify==x
Ta(y) =
0 ify #x.

A fuzzy point z,, € piff a < p(z).

Let X = {x} be a space of points. A fuzzy set A in X is characterized by a

membership mapping y4(x) from X to the unit interval [0, 1].

Definition 2.1.3 [1] Let A and B be fuzzy sets in a spaces X, Then:

A =B & uys(x) = pup(z) forallz € X
AC B S pa(x) < pp(zx) forallz € X

C =AUB & puc(x) = max|ua(z), up(z)] forallz € X
D=ANB < up(r) =min[ua(x), up(x)] forallz € X
A a1 —pa(z) forallz € X.

For a family of fuzzy sets, A = {A; : ¢ € I}, the union, U A;, and the intersection, m A,
iel i€l

are defined by

U A;(x) = sup{pua,(z)} forallz € X

iel el
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ﬂAl(aj) = irelf{uAi(x)} forallz € X.

el

Definition 2.1.4 [1] Let f : X — Y be amapping, ;1 € I and v € IY. We define

sup{p(z) @ € fTH({yh)}, iff({y}) #0
0 if [~ ({y}) # 0.

Y

f)(y) =

and f~1(v)(x) = v(f(2)) forall z € X.

Definition 2.1.5 [1] A fuzzy topology is a family 7 of fuzzy sets in X which satisfies

the following conditions:
10, XeT.
21fA,BeT,thenANBeT.

3 If A; € T foreachi GI,thenUAi eT.

el
The pair (X, T') is a fuzzy topological spaces, or fis for short. Every member of 7 is called

a T -open fuzzy set. A fuzzy set is T -closed if and only if its complement is 7 -open.

Let I be the unit interval [0,1] of the real line. A member i of I¥ is called a
fuzzy set of X. By 0 and 1,we denote constant maps on X with value 0 and 1, respectively.

For any 1 € I, u“ denotes the comlement 1- 1.

Definition 2.1.6 [9] A smooth fuzzy topology on X isamap 7 : [X — I which satisfies

the following properties:

2 7(pr N p2) 2 7(pa) A T(p2).
3 7(Up;) > AT(p;) for eachi € 1.

The pair (X, 7) is called a smooth fuzzy topological spaces.
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2.2 Fuzzy r-Minimal Spaces and Fuzzy r-Minimal compactness

Definition 2.2.1 [10] Let X be a nonempty set and » € (0,1]. A fuzzy family M :
I* — I on X is said to have a fuzzy r-minimal structure if the family

M, ={Ael*: M(A) >r}
contains 0 and 1.

Then the (X, M) is called a fuzzy r-minimal space (simply, r-FMS). Every mem-
ber of M,. is called a fuzzy r-minimal open set. A fuzzy set A is called a fuzzy r-minimal
closed set if the complement of A (simply, A®) is a fuzzy r-minimal open set.

Let (X, M) be an r-FMS and r € (0, 1]. the fuzzy r-minimal closure and the
fuzzy r-minimal interior of A, denoted by mC(A,r) and mI(A,r), respectively, are de-
fined as

mC(A,r) =n{B € I*X: B® € M, and A C B},

mI(A,r)=U{Be€I*:BeM,and B C A}.

Theorem 2.2.2 [10] Let (X, M) be an r-FMS and A, B in ~.
1 mI(A,r) C Aandif A € M,, thenmI(A,r) = A.
2 ACmC(A,r)andif A € M,, then mC(A,r) = A.
3 If AC B, thenmlI(A,r) CmlI(B,r)and mC(A,r) C mC(B,r).

4 mI(A,r)NmI(B,r) 2 mI(ANB,r)and mC(A,r)UmC(B,r) C mC(AU
B,r).

5 mI(mI(A,r),r)=mlI(A,r)and mC(mC(A,r),r) =mC(A,r).
6 1—mC(A,r)=mI(1—A,r)and 1 —mI(A,r) =mC(1— A,r).

Definition 2.2.3 [10] Let f : (X, M) — (Y, N') be a mapping on two r-FMS’s. Then

f s said to be
1 fuzzy r-M continuous mapping if for every A € N, f~1(A) is in M,,,

2 fuzzy r-M open mapping if for every A € M,., f(A) isin N,.

&7 Mahasarakham University



Definition 2.2.4 [3] Let (X, M) be an 7-FMS and {A; € X : i € J}. Aiscalled a
fuzzy r-minimal cover if U{A; : i € J} = X. Itis a fuzzy r-minimal open cover if each
A; 1s a fuzzy r-minimal open set. A subcover of a fuzzy r-minimal cover A is a subfamily

of it which also is a fuzzy r-minimal cover.

Definition 2.2.5 [3] Let (X, M) be an r-FMS. A fuzzy set A of X is said to be fuzzy
r-minimal compact if every fuzzy r-minimal open cover {A; € M, : 7 € J} of Ahasa

finite subcover.

Theorem 2.2.6 [3] Let f: (X, M) — (Y,N) be a fuzzy r-M continuous mapping on
two r-FMS’s. If A is a fuzzy r-minimal compact set, then f(A) is also a fuzzy r-minimal

compact set.

Definition 2.2.7 [3] Let (X, M) be an r-FMS. A fuzzy set A in X is said to be almost
fuzzy r-minimal compact if for every fuzzy r-minimal open cover {A; € IX : i € J} of

A, there exists Jy = {j1, 2, .-, jn} € J such that A C U mC (A;, ).

i€Jg
Theorem 2.2.8 [3] Let (X, M) be an r-FMS. If a fuzzy set A in X is fuzzy r-minimal

compact, then it is also almost fuzzy r-minimal compact.
Theorem 2.2.9 [10] Let f : (X, M) — (Y, N) be a mapping on two r-FMS’s. If
1 f1is fuzzy r-M continuous.

2 f~Y(B) is a fuzzy r-minimal closed set, for each fuzzy r-minimal closed set

BinY.
3 f(mC(A,r)) CmC(f(A),r) forall A € IX.
4 mC(f~Y(B),r) C fY(mC(B,r)) forall B € I".

5 fX(mI(B,r)) CmI(f~Y(B),r)forall B € IY.

Thenl & 2=3<4<5.

Theorem 2.2.10 [3] Let f: (X, M) — (Y, N) be a fuzzy r-M continuous mapping on
two r-FMS’s. If A is an almost fuzzy r-minimal compact set, then f(A) is also an almost

fuzzy r-minimal compact set.
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Definition 2.2.11 [3] Let (X, M) be an r-FMS. A fuzzy set A in X is said to be nearly
fuzzy r-minimal compact if for every fuzzy r-minimal open cover { A; : i € J} of A, there

exists Jo = {J1,J2, -, Jn} € J suchthat A C U mI(mC(A;,r),T).
1€J0
Theorem 2.2.12 [3] Let (X, M) be anr-FMS. Ifa fuzzy set A in X is a fuzzy r-minimal

compact, then it is a nearly fuzzy r-minimal compact.

Theorem 2.2.13 [10] Let f : (X, M) — (Y, ) be a mapping on two r-FMS’s. If
1 fis fuzzy r-M open.
2 f(mI(A,7)) CmI(f(A),r)forall A e I¥.

3 mI(f~YB),r) C f~YmI(B,r))forall B € I¥.
Then 1 =2 & 3.
Theorem 2.2.14 [3] Let f : (X, M) — (Y, N) be a fuzzy r-M continuous and fuzzy

r-M open on two r-FMS’s. If A is a nearly fuzzy r-minimal compact set, then f(A) is a

nearly fuzzy r-minimal compact set.

Definition 2.2.15 [3] Let f : (X, M) — (Y, N) be a mapping on two 7-FMS’s. Then
f 1s said to be fuzzy weakly r-M continuous if for fuzzy point z, of X and each fuzzy
r-minimal open set V' containing f(x,), there is a fuzzy r-minimal open set U containing

x4 such that f(U) C mC(V,r).

Theorem 2.2.16 [3] Let f : (X, M) — (Y, N) be a fuzzy r-M continuous mapping on

two r-FMS’s. Then the following statements are equivalent:

1 f is fuzzy weakly r-M continuous.
2 f7HV) CmI(f~ (mC(V,r)),r) for each fuzzy r-minimal open set V in Y.

3 mC(f~1(B),r) C f~(mC(B,r)) for each fuzzy r-minimal closed set B in
Y.

4 mC(f~Y(V),r) C f~1(mC(V,r)) for each fuzzy r-minimal openset V in Y.

Definition 2.2.17 [10] Let X be a nonempty set and M : IX — I a fuzzy family on X.
Then fuzzy family M has the property (i) if for A; € M(i € J),
M(UA;) > AM(A;).
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Theorem 2.2.18 [10] Let (X, M) be an r-FMS and M has the property (U{). Then
1 mI(A,r) = Aifand only if A € M, forall A € [*.
2 mC(A,r) = Aifand only if A° € M, forall A € I¥.

Theorem 2.2.19 [6] Let f : (X, M) — (Y,N) be a mapping on two r-FMS’s and

A € IV If f is fuzzy weakly 7-M continuous, then the following statements are hold:
1 f7YA) CmI(f~(mC(A,r)),r) forall A=mI(A,r).
2 mC(f~Y(mI(A,r)),r) C f1(A) forall A = mC(A,r).

Theorem 2.2.20 [6] Let f : (X, M) — (Y,N) be a fuzzy weakly r-M continuous
mapping on two r-FMS’s. If A is a fuzzy r-minimal compact set in X and M has property

(U), then f(A) is an almost fuzzy r-minimal compact set.

Theorem 2.2.21 [6] Let f: (X, M) — (Y, N) be a fuzzy weakly r-M continuous and
fuzzy r-M open mapping on two r-FMS’s. If A is an almost fuzzy r-minimal compact

set and M has property (U), then f(A) is an almost fuzzy r-minimal compact set.

Theorem 2.2.22 [6] Let f: (X, M) — (Y, N) be a fuzzy weakly r-M continuous and
fuzzy r-M open mapping on two r-FMS’s. If A is a nearly fuzzy r-minimal compact set

and M has property (U), then f(A) is a nearly fuzzy r-minimal compact set.

Definition 2.2.23 [8] Let f : (X, M) — (Y, ) be a mapping on two r-FMS’s. Then
f 1s said to be fuzzy almost r-M continuous if for fuzzy point z, of X and each fuzzy

r-minimal open set V' containing f (), there is a fuzzy r-minimal open set U containing

x4 such that f(U) € mI(mC(V,r),r).

Theorem 2.2.24 [8] Let f : (X, M) — (Y, N) be a mapping on two r-FMS’s. Then

the following statements are equivalent:
1 f is fuzzy almost r-M continuous.

2 f7YB) C mI(f~Y(mI(mC(B,r),r)),r) for each fuzzy r-minimal open set
BinY.
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3 mC(f~Y(mC(mI(F,r),r)),r) € f~Y(F) for each fuzzy r-minimal closed
set FinY.

Theorem 2.2.25 [8] Let f : (X, M) — (Y,N) be a fuzzy almost 7-M continuous
mapping on two r-FMS’s. If A is a fuzzy r-minimal compact set in X and M has property

(U), then f(A) is an nearly fuzzy r-minimal compact set.

Theorem 2.2.26 [8] Let f: (X, M) — (Y,N) be a fuzzy r-M continuous and fuzzy
r-M open mapping on two r-FMS’s. If A is an almost fuzzy r-minimal compact set and

M has property (U/), then f(A) is an almost fuzzy r-minimal compact set.

Theorem 2.2.27 [8] Let f: (X, M) — (Y, N) be a fuzzy almost r-M continuous and
fuzzy r-M open mapping on two r-FMS’s. If A is a nearly fuzzy r-minimal compact set

and M has property (U), then f(A) is a nearly fuzzy r-minimal compact set.

2.3 Ordinary Smooth Topological Spaces

For any set X, let 2 = {0, 1} and let 2% denoted the set of all ordinary subsets of
X. And union and intersections of ordinary subsets are denoted by A and V, respectively,

and defined by
VA;(x) =sup{A;(x) :i € J}.
NA;(z) = inf{A;(z) : i € J}.

Definition 2.3.1 [5] Let X be a nonempty set. Then a mapping 7 : 2X — [ is called
an ordinary smooth topology (in short, ost) on X or a gradation of openness of ordinary

subsets of X if satisfies the following axioms:

2 7(ANB) > 1(A)AT(B) forall A, B € 2%,

37((JAd) = N\ 7(As)  forall {A.} C 2%

acl’ acl
The pair (X, 7) is called an ordinary smooth topological space (in short, osts). We
denote the set of all ost’s on X as OST'(X).
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Definition 2.3.2 [4] Let(X,7)bean osts and let A € 2X. Then ordinary smooth closure

[resp. ordinary smooth interior] of A in X, denoted by A, [resp. A°] is defined by
A={Fe2X:AC FandC.(F) > 0}
[resp. A° = J{U € 2% : U C Aand 7(U) > 0}].

Proposition 2.3.3 [4] Let (X, 7)be an osts and let A, B € 2. Then:

1 IfAC B, then A°C B°and A C B,

2 (A%)° = (A9),

3 47 = ((A9)°,
4 A= (A7),
5 (A)° = (A9)°.
Proposition 2.3.4 [4] Let (X, 7)be an osts and let A, B € 2%, Then:
1 X°=X,
2 A°C A,
3 (A%)° =42,
4 (AN B)° C A° N B°.

Proposition 2.3.5 [4] Let (X, 7)be an osts and let A, B € 2. Then:

Proposition 2.3.6 [4] Let (X, 7)beanostsandlet A, B € 2%,

1 If 7(A) > 0, then A = A°.

‘x \1
izl
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2 If 7(A%) > 0, then A = A.
3 Ifr € I, such that A = A,, then A = A.
4 Ifr € Iy such that A = (A,)°, then A = A°.

Definition 2.3.7 [5] Let f : (X, 7) — (Y, 72) be a mapping on two osts’s. Then f is

said to be:
1 ordinary smooth continuous if 75(A) < 71 (f1(A)), for all A € 2X.

2 ordinary smooth weakly continuous if foreach A € 2Y, 75(A4) > 0 = 7 (f~1(A)) >
0, for all A € 2%.

Proposition 2.3.8 [5] Let f: (X, ) — (Y, 72) be a mapping on two osts’s and let f be

ordinary smooth weakly continuous. Then:

1 flA) C f(A), forall A € 2%,

2 f~YB) C fXB), forall B € 2Y.
3 f7YB°) C (f~Y(B))°, forall B € 2Y.

Corollary 2.3.9 [5] Let f: (X, 1) — (Y, 72) be a mapping on two osts’s and let f be

ordinary smooth continuous. Then:

1 flA) C f(A), forall A € 2%,

2 f~YB) C f~YB), forall B € 2%,

3 f7Y(B°) C (f~1(B))°, forall B € 2%,

~—

Definition 2.3.10 [5] Let f: (X, 71) — (Y, 72) be a mapping on two osts’s and let f is

said to be:
1 ordinary smooth open if T1(A) < 1o(f(A)), forall A € 2%,
2 ordinary smooth closed if 71 (A°) < 7o(f(A°)), for all A € 2X.

For an osts (X, 7), let us define S(7) = {4 € 2% : 7(A) > 0} and S(7) will be

called the support of 7.
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Definition 2.3.11 [4] Let (X, 7) be an osts. A subsetes A in X is said to be:

1 ordinary smooth compact if for every family {A,}qer in S(7) covering X,

there is a finite subset Iy of I" such that U A, =X.

a€cly
2 ordinary smooth almost compact if for every family { A, }oer in S(7) covering

X, there is a finite subset I'y of I' such that U A, = X.

a€ly
3 ordinary smooth nearly compact if for every family { A, } oer in S(7) covering

X, there is a finite subset Iy of " such that U (A,)° = X.

a€cly
Proposition 2.3.12 [4] Let f : (X, 7) — (Y, 72) be amapping on two osts’s and let f be
surjective and ordinary smooth weakly continuous. If (X, 77) is ordinary smooth almost

compact, then so is (Y, 73).

Corollary 2.3.13 [4] Let f: (X, 1) — (Y, 72) be a mapping on two osts’s and let f be
surjective and ordinary smooth weakly continuous. If (X, 7;) is ordinary smooth nearly

compact, then (Y, 75) is ordinary smooth almost compact.

2.4 Fuzzy r-Minimal « - open Sets on Fuzzy Minimal Spaces

Definition 2.4.1 [7] Let (X, M) beanr-FMS and A € IX. Then a fuzzy set A is called
a fuzzy r-minimal semiopen set in X if

ACTmCmI(A,r),r).
A fuzzy set A is called a fuzzy r-minimal semiclosed set if the complement of A is fuzzy

r-minimal semiopen.

Definition 2.4.2 [7] Let (X, M) be anr-FMS and A € IX. Then a fuzzy set A is called
a fuzzy r-minimal a-open set in X if
A CmI(mC(mI(A,r),r),r).
A fuzzy set A is called a fuzzy r-minimal a-closed set if the complement of A is fuzzy

r-minimal a-open.

Lemma 2.4.3 [7] Let (X, M) be an r-FMS. Then a fuzzy set A is fuzzy r-minimal
a-closed set if and only if mC(mI(mC(A,r),r),r) C A.

=7 Mahasarakham University
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Theorem 2.4.4 [7] Let (X, M) be an 7-FMS. Then any union of fuzzy r-minimal «-

open set is fuzzy r-minimal c-open.

Definition 2.4.5 [7] Let (X, M) be an 7-FMS. For any A € [, maC(A,r) and

mal(A,r), respectively, are defined as the follows
maC(A,r)=nN{F € IX : AC F, F is fuzzy r-minimal a-closed };
mal(A,r) =U{U € I* : U C A, U is fuzzy r-minimal a-open }.

Theorem 2.4.6 [7] Let (X, M)beanr-FMSand A € IX. Then the following statments
are hold.

1 mal(A,r) C A.

2 If A C B, thenmal(A,r) C mal(B,r).

3 Ais fuzzy r-minimal a-open if and only if mal(A,r) = (A, r).

4 mal(mal(A,r),r) =mal(A,r).

5 maC(1—A,r)=1—mal(A,r)and mal(1 — A,r) =1 —maC(A,r).
Theorem 2.4.7 [7] Let (X, M) be an r-FMS and A € I¥. Then

1 AC maC(A,r).

2 If A C B, then maC(A,r) C maC(B,r).

3 A is fuzzy r-minimal a-closed if and only if maC'(A,r) = (A,r).

4 maC(mal(A,r),r) =maC(A,r).
2.5 Fuzzy r-M o-continuity and Fuzzy r-)M o-open mappings

Definition 2.5.1 [7] Let [ : (X, M) — (Y, ) be a mapping on two 7-FMS’s. Then f
is said to be fuzzy r-M «a-continuous if for each point x, and each fuzzy r-minimal open

set V' containing f(z, ), there exists a fuzzy r-minimal «-open set U containing z,, such

that f(U) C V.
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Definition 2.5.2 [7] Let f : (X, M) — (Y, ) be a mapping on two r-FMS’s. Then
f 1s said to be fuzzy r-M semicontinuous if for each point x,, and each fuzzy r-minimal

open set V' containing f(x,), there exists a fuzzy r-minimal semiopen set U containing

zo such that f(U) C V.

Theorem 2.5.3 [7] Let f: (X, M) — (Y, N) be a mapping on two 7-FMS’s. Then the

following statements are equivalent:
1 fis fuzzy r-M «-continuous.

2 f~Y(V) is a fuzzy r-minimal a-open set for each fuzzy r-minimal open set V/

inyYy.

3 f7Y(B) is a fuzzy r-minimal a-closed set for each fuzzy r-minimal closed set

BinY.
4 f(maC(A,7)) CmC(f(A),r)for A € I,
5 maC(f~Y(B),r) C f~YmC(B,r)) for B € IY.
6 f~Y(mI(B,r)) Cmal(f~*(B),r)forBeI¥.
Definition 2.5.4 [7] Let f: (X, M) — (Y, N) be a mapping on two r-FMS’s. Then

1 fissaid to be fuzzy r-M a-open if for fuzzy r-minimal open set A in X, f(A)

is fuzzy r-minimal a-open in Y

2 f is said to be fuzzy r-M a-closed if for fuzzy r-minimal closed set A in X,

f(A) is fuzzy r-minimal a-closed in Y.

Theorem 2.5.5 [7] Let f: (X, M) — (Y, N) be a mapping on two 7-FMS’s. Then the

following statements are equivalent:
1 fis fuzzy r-M «-open.
2 f(mI(A,7)) Cmal(f(A),r)forall A e I¥,

3 mI(f~YB),r) C f~Ymal(B,r)) forall B € I".
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Theorem 2.5.6 [7] Let f: (X, M) — (Y, N) be a mapping on two r-FMS’s. Then the

following statements are equivalent:
1 fis fuzzy r-M a-closed.
2 maC(f(A),r) C f(mC(A,r)) forall A € I¥.
3 fY(maC(B,r)) CmC(f~*(B),r) forall B € I'".
Definition 2.5.7 [7] Let f : (X, M) — (Y, N) be a mapping on two r-FMS’s. Then

1 fissaid to be fuzzy r-M*«a-open if for fuzzy r-minimal open set A in X, f(A)

is fuzzy r-minimal open in Y;

2 f is said to be fuzzy r-M*«a-closed if for fuzzy r-minimal closed set A in X,

f(A) is fuzzy r-minimal closed in Y.
Theorem 2.5.8 [7] Let f : (X, M) — (Y, N) be a mapping on two r-FMS’s. If
1 fis fuzzy r-M*«-open.
2 f(mad(A,r)) CmI(f(A),r)forall A e I

3 mal(f~*(B),r) C f~*(mI(B,r))forall B € I".
Then 1 = 2 & 3.

Theorem 2.5.9 [7] Let f: (X, M) — (Y, N) be a mapping on two r-FMS’s. If
1 fis fuzzy r-M* a-closed.
2 mC(f(A),r) C f(maC(A,r)) forall A € I¥.

3 f~Y(mC(B),r)) € maC(f~Y(B),r) forall B € I'.
Then 1= 2« 3.

Corollary 2.5.10 [7] Let f : (X, M) — (Y, N) be a mapping on two r-FMS’s. If N/

has the property (), then the following statements are equivalent:
1 f is fuzzy r-M*«a-open.
2 f(mal(A,r)) CmI(f(A),r)forall A e I¥.
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3 mal(f~Y(B),r) C f~Y(mI(B,r)) forall B € IY.

Corollary 2.5.11 [7] Let f : (X, M) — (Y, N) be a mapping on two r-FMS’s. If N/

has the property (i), then the following statements are equivalent:
1 fis fuzzy r-M*a-closed.
2 mC(f(A),r) C f(maC(A,r) forall A e IX.

3 f~Y(mC(B),r)) € maC(f~Y(B),r) forall B € I'.

o
A
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CHAPTER 3

ORDINARY SMOOTH r-MINIMAL STRUCTURE SPACES

In this chapter, we define the ordinary smooth r-minimal structure spaces which
study the concepts of open set, closed set, closure and interior it intersects on such. The
study properties of opens mapping, continuous mapping and compactness. And intro-
duced many relationships between some types of generalized closed sets and r-mb gen-
eralized closed sets, Also we study characterization of extremely disconnected and 7,

spaces on ordinary smooth r-minimal spaces.

3.1 Ordinary Smooth 7-Minimal Compactness

First, we define the open set, closed set, closure, interior, continuous mapping and
opens mapping in ordinary smooth r-minimal structure spaces and some basic properties.

For each a nonempty set X, let 2% the set of all subsets of a set X.

Definition 3.1.1 Let X be a nonempty set and » € (0,1]. A mapping M : 2X — [ is
said to have an ordinary smooth r-minimal structure if the family

M, ={Ae2¥: M(A)>r}
contains () and X.

Then the (X, M) is called an ordinary smooth r-minimal structure space (simply,
r-OSMS). Every member of M, is called an ordinary smooth r-minimal open set (simply,
r-OSM open set). A subset A of X is called an ordinary smooth r-minimal closed set
(simply, 7-OSM closed set) if the complement of A (simply, A) is an ordinary smooth

r-minimal open set.
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Example 3.1.2 Let X = {a,b,c,d} and M : 2% — I,
Let A € 2%. Then

;

0.9, ifA=X A=0,
0.8, ifA={c}, {c d},{d},
M(A) =407, ifA={b},{b,d},{b,c} {bcd}

0.4, ifA={a,b,c}, {a,b,d},{a,c,d},

0.2, ifA={a},{a,d},{a,b},{a,c}.

Letr =1, we getthat M1 = {A € 2X  M(A) > 1}

M = {{b},{b,d},{b,c},{b,c,d},{a,b,c},{a,b,d},{a,c,d},{c},{c,d},{d},0, X}.
Thus (X, M) is 2-OSMS. Then {b}, {b,d}, {b, c}, {b, ¢,d},{a,b, c},{a,b,d},{a,c,d},
{c},{c,d},{d},0, X are :-OSM open sets and {a, ¢, d}, {a, ¢}, {a, d}, {a}, {d}, {c}, {b},
{a,b,d},{a,b},{a,b,c},0, X are :-OSM closed sets.

Definition 3.1.3 Let (X, M) be an r-OSMS and r € (0, 1]. The r-OSM closure and the
r-OSM interior of A, denote by mC( A, r) and mI(A,r), respectively, are define as

mC(A,r) =nN{B € 2X: B € M, and A C B},
mI(A,r)=U{B€2¥:Be M,and B C A}.

Example 3.1.4 From Example 3.1.2.

Letr = ;and Mi. Let A = {b,c},

mC({b,c},1) =n{Be€2¥:B% ¢ M and {b,c} € B}
=n{{a,b,c}, X} ={a,b,c}.

Let A = {a,c},

ml({a,c},3) =U{Be€2*:Be M3 and B € {a, c}}
= U{{c}, 0} = {c}.

Theorem 3.1.5 Let (X, M) be an r-OSMS and A, B € 2%,
1 mI(A,r) C A.

2 If Ais r-OSM open, then mI(A,r) = A.
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3 ACmC(A,r).
4 If Ais r-OSM closed, then mC(A,r) = A.
5 If A C B, thenmlI(A,r) CmI(B,r)and mC(A,r) CmC(B,r).

6 mI(A,r)NmI(B,r) 2 mI(ANB,r)and mC(A,r)UmC(B,r) C mC(AU
B,r).

7 mI(mI(A,r),r) =mlI(A,r)and mC(mC(A,r),r) =mC(A,r).
8 X —mC(A,r)=mI(X —A,r)and X —mI(A,r) =mC(X — A,r).

Proof. (1) Letx € mI(A,r). There exists B € M, such that B C A
and z € B. Thus z € A. Therefore mI(A,r) C A.

(2) Let A be r-OSM open. Since A C Aand A € M,,
then A C mI(A,r). This implies that mI(A,r) = A.

(3) Letx € A, thenx € N{B € 2% : B € M, and A C B} = mC(4,r).
Thus A C mC(A,r).

(4) Let A be 7-OSM closed. Since A C A and A® € M,,
we have mC(A,r) C A. Thus mC(A,r) = A.

(5) Assume A C B, we have to show that mI(A,r) C mI(B,r).
Let A C Bandletx € mI(A,r), there exists U € M, such that z € U which
U C A. Since A C B,wehave U C B. Thusz € U{U € 2X : U C B and
U € M,} =mlI(B,r). Hence mI(A,r) C mI(B,r).
Now to show that suppose z ¢ mC(B, 1), there exists ¢ € M, which B C F but
x ¢ F. Since A C B, we have A C F. Hence © ¢ mC(A,r).
Therefore mC'(A,r) C mC(B,r).

(6) Since ANB C A, AN B C B and by (5),
we have mI(ANB,r) CmlI(A,r)and mI(ANB,r) CmI(B,r).
SomI(ANB,r) CmI(A,r)NmI(B,r).
And since A C AU B, B C AU B and by (5),

‘x \1
izl
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we get that mC'(A,r) C mC(AU B,r)and mC(B,r) C mC(AU B,r).
Thus mC(A,r) UmC(B,r) C mC(AU B,r).

(7) Letz € X — mC(A,r) Then z ¢ mC(A,r), there exists F© € M, which A C F
butz ¢ F. Sox € X — Fsuchthat X — F C X — A. Thenx € U{F® €
2 : X - F C X — Aand F° € M,}. Thusz € mI(X — A,r). Therefore
X—mC(A,r) CmI(X—A,r). Now to show thatlet z € mI(X — A, r), there exists
F € M, suchthatz € F which F C X — A. Thusz ¢ X — F forall F© € M,.
Then v ¢ N{FY € 2¥ : A C X — Fand F¢ € M,}. Hence v ¢ mC(A,r).
Therefore + € X — mC(A,r). This implies that X — mC(A,r) = mI(X — A,r).
Now to show that X — mI(A,r) = mC(X — A, r). We have

X—mI(A,r)=X—mI(X — (X —A),r)
=X - (X—-mC(X—-A,r)
=mC(X — A, 7).

Hence X — mI(A,r) =mC(X — A,r).

(8) Letz € mI(A,r). SincemI(A,r) C{B: B CmiI(A,r),Be M.}
Thusx € U{B: BCmiI(A,r),Be M,}. Sox e mI(mI(A,r),r).
Hence mI(A,r) C mI(miI(A,r),r). And since by (1), mI(A,r) C A.

By (5), mI(mI(A,r),r) C mI(A,r). Therefore mI(mI(A,r)=mlI(A,r).
Now to show that mC'(mC(A,r) = mC(A,r). Consider
mC(mC(A,r),r) =mC(mC(X — (X — A),r),r)
=mC(X —mI(X —A,r)),7)
= X —mI(X — A1)
=mC(A,r).

Hence mC(mC(A,r) = mC(A,r). O

Definition 3.1.6 Let [ : (X, M) — (Y, ) be a mapping on two 7-OSMS’s. Then f is

said to be

1 ordinary smooth r-M continuous mapping (simply, r-M continuous) if for

every A € N,, f1(A) is in M,.
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2 ordinary smooth r-M open mapping (simply, r-M open) if for every A € M,.,
f(A)is in V.

Example 3.1.7 Let X = {a,b,c,d} and M : 2% — I. Define

;

09, ifA=X A=0,

0.7, ifA={c}, {c,d},{d},

M(A) =106, ifA={b},{b,d},{b,c} {b e d},
0.4, ifA={a,bc} {a,b d} {a,c,d},

0.2, ifA={a},{a,d},{a,b},{a,c}.

\

LetY = {z,y,2}and N : 2¥ — [. Define

;

1, ifA=Y,A=0,
N(A) = 5o ifA={z),

LoifA={y} {y. 2},

L1 ifA={z} {2y} {z, 2}

Letr = %, we have

N1 =A{0Y.{z}} and My = {0, X, {b}, {b,d}, {b,c}, {b,c,d}, {c}, {c,d}, {d}}.
Define f : X — Y, by f(a) =z, f(b) =y, f(c) = f(d) = =

From Definition 3.1.6 (1), then f is %-M continuous. But f is not %-M open.

Let 7 = 1, we have

M = {0, X, {b},{b,d},{b,c},{b,c,d},{c},{c,d}, {d},{a,b,c},{a,b,d},{a,c,d}} and
N1 ={0.Y A} Az, v}, {z. 2} {y} . {v, 2}, {z}}.

Define f : X = Y, by f(a) ==z, f(b) =y, f(c) = f(d) = =.

From Definition 3.1.6 (2), then f is $-M open. But f is not +-M continuous.

Later, we will define the concepts of 7-OSM compact, -OSM almost compact
and r-OSM nearly compact on 7-OSMS and investigate the relationships between r-M

continuous and such types of 7-OSM compact.

Definition 3.1.8 Let (X, M) be an 7-OSMS and {4; € 2% : i € J}. Ais called an
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ordinary smooth r-minimal cover (simply, r-OSM cover) of X if U A; = X. Itis an
ieJ

ordinary smooth r-minimal open cover (simply, r-OSM open cover) if each A; is an r-

OSM set. {B; € 2% : i € J} is called an ordinary smooth r-minimal open cover of

BCXifBCU{B;€2¥:icJ}.

Definition 3.1.9 Let (X, M) be an 7-OSMS. A subset A of X is said to be an ordinary
smooth r-minimal compact (simply, r-OSM compact) if every 7-OSM open cover {A; €
M, i € J} of A has a finite subcover.

Theorem 3.1.10 Let f : (X, M) — (Y,N) be an r-M continuous mapping on two
r-OSMS’s. If A is an r-OSM compact set, then f(A) is also an 7-OSM compact set.

Proof. Let A be 7-OSM compact and {B; € 2¥ : i € J} be r-OSM open cover of f(A)
inY, then {f~(B;) : i € J} is ~-OSM open cover of A in X.
Since A is an 7-OSM compact set, there exists Jo = {j1, jo, ..., jn} C J such that

Ac B thus f(A) € F(| £ B) = | £ B) € | B

i€ Jo i€ Jo i€ Jo i€ Jo
Hence f(A) is an 7-OSM compact set. O
Definition 3.1.11 Let (X, M) be an -OSMS. A subset A in X is said to be an ordinary
smooth r-minimal almost compact (simply, -OSM almost compact) if for every r-OSM
open cover {A; € 2% : i € J} of A, there exists Jo = {j1, 2, .., jn} C J such that
AC U mC (A;,r).

i€Jo
Theorem 3.1.12 Let (X, M) be an r-OSMS. If a subset A in X is r-OSM compact, then

it is also 7-OSM almost compact.

Proof. Let A be -OSM compact and {B; € 2X : i € J} be r-OSM open cover of A.

Since A is r-OSM compact, there exists Jy = {j1, jo, ..., ju} C J such that A C U B;.
i€Jo
By Theorem 3.1.5 (3), we have U B; C U mC (B, r). Hence A C U mC(By,r). O

i€Jo i€Jo i€Jo

Example 3.1.13 Let X = (0,1) andn € N.
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Let A, = (0, %) and B, = (+, 1) whichn =3,4,...

n

"

1, ifA=X A=0,
0.8, ifA=(0,2);n=34,...

0.6, ifA=(L21)n=34,...

n

| 0, if otherwise

Let A = {A, € 2% : n € N} is 3-OSM open cover, then there exists Jy = {43, B3} C N

such that A C | J {mC(Ag,%),mO(Bg,%)} - U {(0,%),[;1],[%,1]} —(0.1) =

nedo n€Jo

X. Thus X is $-OSM almost compact. Since {4, : n € N} is $-OSM open cover, then

not finite subcover of A, and so X not is %-OSM compact.

Definition 3.1.14 Let X be a nonempty set and M : 2% — I a family on X. The family
M has the property (i) if for A, € M,.(i € J),
M(UA;) > AM(A;).

Theorem 3.1.15 Let (X, M) be an 7-OSMS and M has the property (I/). Then
1 mI(A,r) = Aifand only if A € M, for A € 2%,
2 mC(A,r) = Aifand only if A € M, for A € 2%.

Proof. (1) Let A € 2% be such that mI(A,r) = A. By M has the property (i), we
haveA € M.,. Conversely, let A € M,., then A is an 7-OSM open set. By Theorem
3.1.5(2),mI(A,r) = A.

(2) Let A € 2% be such that mC(A,r) = A. By M has the property (U), we have
A® € M,. Conversely, let A € M,, then A is an r-OSM closed set. By Theorem
3.1.5(4), mC(A,r) = A. O

Theorem 3.1.16 Let f : (X, M) — (Y, ) be a mapping on two -OSMS’s. Then the

following statements are equivalent:
1 fisr-M continuous.

2 f71(B) is an r-OSM closed set, for each r-OSM closed set B in Y.
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Proof. (1)=(2) Let B be anr-OSM closed set. Then Y — B is an 7-OSM open set. Since
f is an r-M continuous, X — f~}(B) = f~(Y — B) is an r-OSM open set. Therefore
f~H(B) is an r-OSM closed set.

(2) = (1) Let B € 2¥ and let B be an 7-OSM closed set. Then Y — B is an 7-OSM open
set. Then f~}(Y — B) is an 7-OSM open set in X. Thus f is r-M continuous. O

Theorem 3.1.17 Let f : (X, M) — (Y, ) be a mapping on two -OSMS’s. Then the

following statements are hold:
1 If f is r-M continuous, then f(mC(A,r)) € mC(f(A),r) for all A € 2%,

2 If f~YmI(B,r)) € mI(f~Y(B),r), forall B € 2Y is true and M has the
property (I£), then f is r-M continuous.

Proof. (1) Let f be r-M continuous and let A € 2%, then f~1(A) € 2X. Consider
FHmO(f(A),r) = fH{F € 2% : f(A) C F,FC e M,})
=n{f T (F) €2 : AC fH(f(A) C [H(F), F e M,}
SN{Ke2X ACK K e M,}
= mC(A,r).

Then mC(A,r) € f~1(mC(f(A),r). Thus f(mC(A,r)) C f(f~H(mC(f(A),r)))
C mC(f(A),r). Hence f(mC(A,r)) CmC(f(A),r).

(2) Let Bbe r-OSM open in Y. Then f~(B) = f~Y(mI(B,r)) C mI(f~*(B),r).
Thus f~1(B) C mI(f~Y(B),r) C f~Y(B). Thisimplies that f 1 (B) = mI(f~Y(B),r).
Since M has the property (/) and Theorem 3.1.15 (1), f~!(B) is -OSM open in X.

Hence f is r-M continuous. O

Theorem 3.1.18 Let f : (X, M) — (Y, ) be a mapping on two -OSMS’s. Then the

following statements are equivalent:
1 f(mC(A,r)) CmC(f(A),r) for A € 2X.
2 mC(f~Y(B),r) C f~Y{(mC(B,r)) for B € 2¥.

3 N (mI(B,r)) C mI(f~\(B),r) for B € 2.
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Proof. (1) = (2) Let B € 2¥, then f~1(B) € 2X.
By assumption, then f(mC(f~*(B),r)) C mC(f(f~Y(B)),r).
But mC(f(f~(B)),r) € mC(B,r). So f(mC(f~(B),r)) € mC(B,r).
Thus mC(f~(B),r) € [~ (f(mC(f~1(B),r))) € f~H(mC(B,r)).
Hence mC(f~1(B),r) C f~1(mC(B,r)).
(2)= (3) For B €2Y. Since mI(B,r) =Y —mC(Y — B,r)
fHmI(B,r)) = f7(Y =mC(Y - B,r))
= f71Y) = f{(mC(Y - B,r))
X (m o =5

Hence f~'(mI(B,r)) C mI(f~(B),r).
(3)= (1) For A € 2. Consider,
mC(A,r) € mC(f(f(A)),r)

CmO(fHY — f(X = A)),7)
=mC(X — [T (f(X = A)),7)
=X —mI(f~ (f(X = A)),r)
CX — [T (mI(f(X —A4)r))
= [T Y = mI(f(X — A),r))
= fTHmC(Y — f(X — A),7))
= fTHmC(f(A),r)).

Thus f(mC(A,r)) C f(f~H(mC(f(A),r)) S mC(f(A).r).
Hence f(mC(A,r)) € mC(f(A),r). O

Theorem 3.1.19 Let f : (X, M) — (Y,N) be an r-M continuous mapping on two
r-OSMS’s. If A is an 7-OSM almost compact set, then f(A) is also an r-OSM almost

compact set.

Proof. Let A is an 7-OSM almost compact set and {B; € 2¥ : i € J} be 7-OSM
open cover of f(A) in Y. Then {f~*(B;) € 2* : i € J} is r-OSM open cover of A
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in X. By A is an 7-OSM almost compact set, there exists Jo = {j1,72,...,Jn} C J,
such that A C U mC(f Y (B;),r). From Theorem 3.1.17 and Theorem 3.1.18 (2),

i€Jo
we have | | mC(f7'(B),r) € |J £ (mC(B;,r)) = (| mC(B;,r)). And so
i€Jy i€Jo i€Jo
A C ffl(U mC(B;,r)). Thus f(A) C U mC(B;,r). Hence f(A) is an r-OSM
i€Jo i€Joy
almost compact set. [

Definition 3.1.20 Let (X, M) be an 7-OSMS. A subset A in X is said to be an ordinary
smooth r-minimal nearly compact (simply, 7-OSM nearly compact) if for every r-OSM
open cover {A; : i € J} of A, there exists Jy = {Jj1,Jo2,---,Jn} € J such that A C
U mI(mC(A;,r),T).

i€Jo
Theorem 3.1.21 Let (X, M) be an r-OSMS. If a subset A in X is an 7-OSM compact,

then it is an »-OSM nearly compact.

Proof. Let A be r-OSM compact and {B; € 2% : i € J} be an -OSM open cover of A.

Since A is an 7-OSM compact, there exists Jy = {j1, j2, ..., jn} € J suchthat A C U B;.
i€Jo
By Theorem 3.1.5 (3), we have U B; C U mC(B;,r). and by Theorem 3.1.5 (5),
i€Jo i€Jo
U B: = | mI(Bi,r) € | mI(mC(Bi.,r).r). Hence A C | mI(mC(B;,r),r).
icJo ieJo i€Jo i€Jo
Hence A is an 7-OSM nearly compact. L]

Theorem 3.1.22 Let [ : (X, M) — (Y, ) be a mapping on two r-OSMS’s. Then the

following statements are equivalent:
1 f(mI(A,7)) CmI(f(A),r)for A € 2X.
2 mI(f~YB),r) C f~YmI(B,r)) for B € 2Y.

Proof. (1) = (2) For B € 2¥. It follow from (2), we have f~!(B) € 2%. Since
FmI1(B), 1) € mI(F(f~(B). 1)) € mI(B,r). Thus f(nI(f~(B),r)) € mI(B,1).
Hence mI(f~'(B),r) € [~ (f(mI(f~\(B), ) € f~(mI(B,r).

Therefore mI(f~1(B),r) C f~1(mI(B,r)).

(2) = (1) For A € 2%, we have f(A) € 2¥. Since mI(A,r) C mI(f~1(f(A)),r) C
F1(mI(f(A), ). Hence F(mI(A.1) € F(f- (mI(F(A).))) C mI(F(A).r),
Therefore f(mI(A,r)) CmI(f(A),r). O
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Theorem 3.1.23 Let f : (X, M) — (Y, ) be a mapping on two 7-OSMS’s. Then the

following statements are equivalent:
1 If f is r-M open, then f(mI(A,r)) C mI(f(A),r) for A € 2%,

2 IfmI(f~Y(B),r) C f~YmI(B,r)) for B € 2¥ and N has the property (),
then f is r-M open.

Proof. (1) Let f be 7-M open and let A € 2% Consider,
f(mI(A,r)) = f(U{G€2¥ :GC Aand G € M,})
= U{f(G) €2 : f(G) C f(A) and f(G) € M,})
CU{Ue2*:UC f(A)and U € M,})
=mlI(f(A),r).

Hence f(mI(A,r)) CmI(f(A),r).

(2) Let B be -OSM open in X. Then
f(B) = f(mI(B,r))
C fmI(f7(f(B)),r))
C f(fH(mI(f(B),r)))
C mI(f(B),r)

Thus mI(f(B),r) = f(B). By N has the property (/) and Theorem 3.1.15 (1),
f is r-M open. O

Theorem 3.1.24 Let f : (X, M) — (Y, ) be an r-M continuous and 7-M open map-
ping on two r-OSMS’s. If A is an 7-OSM nearly compact set, then f(A) is an r-OSM

nearly compact set.

Proof. Let A is an r-OSM nearly compact set and {B; € 2% : i € J} be 7-OSM open
cover of f(A)inY, then {f~(B;) : i € J} is -OSM open cover of A in X.
By 7-OSM nearly compact set, there exists Jo = {j1, ja, ..., jn} C J such that
A C U mI(mC(f~'(B;),r),r). From Theorem 3.1.18 and Theorem 3.1.23 (1), it that

i€Jo
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follows

C U mI(mC(B;,r),r),

i€Jg
and so f(A) C U mI(mC(B;,r),r). Hence f(A) is an r-OSM nearly compact set. [
1€Jo
Definition 3.1.25 Let [ : (X, M) — (Y, ) be a mapping on two 7-OSMS’s. Then f is
said to be an ordinary smooth weakly r-M continuous (simply, r-M weak continuous) if
for z € X and each r-OSM open set V' containing f(z), then there is an r-OSM open set
U containing x such that f(U) C mC(V,r).

Example 3.1.26 Let X = {a,b,c} and M : 2% — [. Define

(

0.8, ifA=X A=0,
0.6, ifA={c}, {b},{b,c},

0.4, ifA={a,b},{a,c},

(0.2, ifA= {a}.

LetY = {x,y,2} and N : 2¥ — . Define

;

1, ifA=Y,A=0,

0.7, ifA={y},{z},{y,2}
0.4, ifA={x,y}, {z, 2},

0.1, ifA={x}.

Let f : (X, M) — (Y,N) and r = { define as follows : f(a) =z, f(b) =y, f(c) = .
ThenM% = {{av b}’ {a> C}’ {C}v {b}7 {bv 0}7 0, X}’N% = {{x7 y}7 {l‘, Z}a {y}v {Z}, {yv Z}7 0, Y}
Consider a € X, f(a) = x is a member of $-OSM open set {z, z}, {z,y}, Y.
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* If V = {z,y} then, we choose U = {b} € M. such that f(U) = f({b}) = {y} C
{z,y} = mC({z,y}, %)

* If V' = {x, 2} then , we choose U = {a,c} € M1 such that f(U) = f({a,c}) =
{z,2} C{z,2} =mC({z,2},3).

* If V=Y then, we choose U = {a,c} € M. such that f(U) = f({a,c}) =
{y.2} CY =mC(Y, 3).

Consider b € X, f(b) = y is a member of 2-OSM open set {y}, {z,y},{y,z},Y.

« If V' = {y} then, we choose U = {a,b} € M. such that f(U) = f({a,b}) =
{y} €Y =mC({y}, 7).

« If V = {x,y} then, we choose U = {b} € M. such that f(U) = fH{}) ={y} <
{z,y} =mC({z,y}, }).

* If V' = {y, z} then, we choose U = {b,c} € M. such that f(U) = f({b,c}) =
{y.2} €Y =mC({y. 2}, 7).

* If V' =Y then, we choose U = {a,c} € M. such that f(U) = f({a,c}) =
{y.2} €Y =mC(Y. }).

Consider ¢ € X, f(c) = z is a member of -OSM open set {z, 2}, {y, z}, {2}, Y.

* If V' = {=, 2} then, we choose U = {c} € M1 such that f(U) = f({c}) = {z} C
{z,2} = mC({{z, 2}, 1—11)

* If V = {y, 2} then, we choose U = {b} € M. such that f(U) = f({b}) = {y} C
Y =mC({y, 2}, ).

« If V = {z} then, we choose U = {c} € M% such that f(U) = f({c}) = {z} C
{z} =mC{z}, )

* If V' = Y then, we choose U = {b,c} € M such that f(U) = f({b,c}) =
{y.2} CY =mC(Y, 7).

From definition, f is %—M weak continuous.
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Theorem 3.1.27 Let f : (X, M) — (Y, ) be a mapping on two 7-OSMS’s. Then the

following statements are equivalent:
1 7Y (V) CmI(f~Y(mC(V,r)),r) for each r-OSM open set V in Y.
2 mC(f~Y(mI(B,r),r) C f~1(B) for each r-OSM closed set Bin Y.

Proof. (1) = (2) Let B be r-OSM closed in Y. By (2) and Theorem 3.1.5 (6),
X—f(B)=f(Y~-DB)
CmI(f{(mC(Y — B,r)),7)

(
mI(f~ (Y —mI(B,7r)),7)
(

I(X — fY(mI(B,r)),r)

X —mC(f Y mI(B,r)),r).

Thus X — f~YB) C X — mC(f~Y(mI(B,r)),r).

Hence mC(f~'(mI(B,r)),r) C f~Y(B).

(2)= (1) LetV ber-OSM openinY.

Then Y — V is an r-OSM closed set in Y. Therefore

mC(fH(mI(Y = V,r)),r) =mC(f (Y —mC(V.r)),7)

=mC(X — f 1 (mC(V,r)),7)
=X —mI(f " (mC(V,r)),7)
Criy-v)
=X - f4V).

Thus X — mI(f~Y(mC(V,r)),r) C X — f~1(V).

Hence f~1 (V) CmI(f~Y(mC(V,r)),r). O

Theorem 3.1.28 Let f : (X, M) — (Y, N) be a mapping on two -OSMS’s. Then the

following statements are hold:

1 If f is 7-M weak continuous, then f~1(V') C mI(f~'(mC(V,r)),r) for each
r-OSM open set V in Y.

2 ItmC(f~ (mI(B,r),r) C f~1(B) for each r-OSM closed set B in Y, then
mC(f~1(B),r) C f~(mC(B,r)) for each -OSM open set BinY.
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3 fmC(f~1(B),r) C f~*(mC(B,r)) for each -OSM open set B in Y is true
and \ has the property (1), then f is r-M weak continuous.

Proof. (1) LetV be 7-OSM openin Y, and z € f~*(V). Then f(x) € V. By fis r-M
weak continuous, there exists an 7-OSM open set U containing x such that f(U) C
mC(V,r). Sox € U C f~X(f(U)) C f~1(mC(V,r)) and this implies that z €
mI(f~'mC(V,7)), 7). Hence £~1(V)) € mI(f - (mC/(V,r)), 7).

(2) Let B be r-OSM open in Y. By Theorem 3.1.5 (2), mI(B,r) = B, and by (3), we
have mC'(f~*(B),r) = mC(f~Y(mI(B,r)),r) € f~'(B). Thus by Theorem 3.1.5
(3), f7YB) C f~Y(mC(B,r)). Hence mC(f~*(B),r) C f~(mC(B,r)).

(3) Let z be a point set in X and V' an 7-OSM open set in Y containing f(x) and N has
the property (/). For each z € f~1(V),
z € (V) C fTHmI(mC(V,r),r))
=X — [ (mCY —mC(V,r),r))
C X =mC(fH(Y =mC(V,r)),7)
=mI(f~(mC(V,r)),7).

Since x € mI(f~Y(mC(V,r)),r), there exists an 7-OSM open set U containing x
such that U C f~Y(mC(V,r)). Hencef(U) C f(f1(mC(V,r))) C mC(V,r).

Therefore f is r-M weak continuous. O

Theorem 3.1.29 Let f : (X, M) — (Y, ') be amapping on two 7-OSMS’s and A € 2Y.

If f is r-M weak continuous, then the following statements hold:
1 f7YA) CmI(f~Y(mC(A,r)),r)for A=mI(A,r).
2 mC(f~YmI(A,r)),r) C f1(A) for A=mC(A,r).

Proof. (1) Let AbeasubsetinY suchthat A = mI(A,r). Thenforeachz € f~1(A), f(z) €
A = mlI(A,r). Thus there exists an 7-OSM open set V' containing f(z) such that
f(xz) € V. C A. Since f is an r-M weak continuous, there exists an r-OSM open
set U containing x such that f(U) € mC(V,r). Thusx € U C f1(f(U)) C
Y mC(A,r). Itimpliesthatz € mI(f~ (mC(V,r)),r) CmI(f~ (mC(A,r)),r).
Hence f~1(A) CmI(f~Y(mC(A,r)),r).

i ‘\
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(2) Let A=mC(A,r). ThenY — A=Y —mC(A,r) =mI(Y — A,r).
By (1), we have

X—f1A) =11 -4

N

mI(f (mC(Y — A,r),r))

I
3

I
~< 3

(-
I(fH Y —mI(A,r)),r)
I(X = f7H(mI(A,r),7))

)

—mC(fH(mI(A,r),7)).

Thus mC(f~*(mI(A,r),7)) C f~1(A). 0

Theorem 3.1.30 Let f : (X, M) — (Y, N) be an r-M weak continuous mapping on two
r-OSMS’s. If A is an r-OSM compact set in X and M has the property (I), then f(A)

is an r-OSM almost compact set.

Proof. Let A be an 7-OSM compact set in X and M has property (I/) and

let {B; € 2¥ : i € J} be an r-OSM open cover of f(A) in Y. Then from r-M weak
continuity, f~4(B;) € mI(f~(mC(By,r)),r) for each i € J and by Theorem 3.1.15
and M has the property (i), then {mI(f~'(mC(B;,r)),r) : i € J} is an r-OSM open
cover of A in X. By r-OSM compactness, there exists Jy = {j1, J2, .-, jn} C J such that
A C | mI(f (mC(B;,r),r) € f(mC(Bi,r)). Hence f(A) C | J mC(B;,r).

i€Jo i1€Jo
Therefore f(A) is an ~-OSM almost compact set. O

Theorem 3.1.31 Let f : (X, M) — (Y, N) be an r-M weak continuous and r-M open
mapping on two r-OSMS’s. If A is an 7-OSM almost compact set and M has the property
(U), then f(A) is an -OSM almost compact set.

Proof. Let A is an r-OSM almost compact set and M has the property (I/) and

let {B; € 2¥ : i € J} be an r-OSMS open cover of f(A) in Y. Then by the property (),
{mI(f~*(mC(B;,r)),r) : i € J} is an -OSM open cover of A in X. So there exists a
finite subset Jo = {1, ja, ..., jn} C J such that A C | ] mC(mI(f~"(mC(Bi,r)),r,7).

i€Jp

From Theorems 3.1.29, 3.1.23 and 3.1.22 , it follows that

A€ | mCOmt (- mC B )

i€Jp
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< |Jme(f (mI(mC(By,r),r)),r)

i€Jp
< | £ me(Bi ).
i€Jp
Hence f(A) C U mC(B;,r). Therefore f(A) is an r-OSM almost compact set. O
iedo
Theorem 3.1.32 Let f : (X, M) — (Y, N) be an -M weak continuous and 7-M open
mapping on two r-OSMS’s. If A is an r-OSM nearly r-minimal compact set and M has

property (U4), then f(A) is an r-OSM nearly compact set.

Proof. Let A is an r-OSM nearly r-minimal compact set and M has property (/) and
let {B; € 2¥ :i € J} be an r-OSMS open cover of f(A) inY.

Then {mI(f~'(mC(B;,r)),r) : i € J} is an r-OSM open cover of A in X. By the
r-OSM nearly compactness there exists a finite subset Jy = {j1, j2, .-, jn} C J

such that A C U mI(mC(mI(f~*(mC(B;,r)),r,r,r), from Theorems 3.1.29, 3.1.23

i€Jp

and 3.1.22 , it follows
A Q U m[(mC’(mI(fﬁl(mC(Bz, T))a T, T)

i€Jo

C U mI(mC (s (mI(mC(By.r).7)). 1)

i€Jo

C |J mI(f (mC(mI(mC(B;,r),r),7))

Hence f(A) C U mI(mC(B;,r),r). Therefore f(A) is an 7-OSM nearly compact
ieJo

set. 0

Definition 3.1.33 Let (X, M) and (Y, V) be a mapping two r-OSMS’s. Then f is said

to be an ordinary smooth almost r — M continuous (simply, r-M almost continuous) if

for x € X and each r-OSM open set V' containing f(z), there is an r-OSM open set U
containing x such that f(U) C mI(mC(V,r),r).

Example 3.1.34 Form Example 3.1.26.
Let f: (X, M) — (Y,N) and r = 3 define as follows: f(a) =y = f(b), f(c) = .
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Then M, = {{c}, {0}, {b,ch. 0, X1, = {{yh (=} (9. 21,0, X ).
Consider a € X, f(a) = y is a member of 1-OSM open set {y}, {y, z}, Y.

* If V' = {y} then, we choose U = {b} € M such that f(U) = f({b}) = {y} C
{y} - mI(mC({y}, %)7 %)

« IfV = {y, 2z} then, we choose U = {c} € M. such that f(U) = fe}) =1z} C
Y =mI(mC({y,z},1),3)

« If V' =Y then, we choose U = {b,c} € M, such that f(U) = f({b,c}) =
{y.2} CY =mI(mC(Y,3), 3).

Consider b € X, f(b) = y is a member of 3-OSM open set {y}, {y, z},Y".

« If V = {y} then, we choose U = {b} € M. such that f(U) = fHv}) ={y} C
{y} =mI(mC({y},3). 3)-

« IfV ={y, z} then , we choose U = {c} € M. such that fU) = f({c}) =4z} C
Y =mI(mC({y, 2}, %)7 %)

* If V. =Y then, we choose U = {b,c} € M. such that f(U) = f({b,c}) =
{y,2} €Y =mI(mC(Y, 3), 5).

Consider ¢ € X, f(c) = z is a member of 3-OSM open set {y, 2}, {z}, Y.

« If V = {y, 2} then, we choose U = {b} € M. such that fU) = f({b}) ={y} C
Y =mI(mC({y. 2}, 3), 5)-

« If V = {z} then, we choose U = {c} € M. such that fU)=f{c}) ={=} C
.2} = mImC({z}, 1), ).

* If V' = Y then, we choose U = {b,c} € M, such that f(U) = f({b,c}) =

From definition, f is an - almost continuous.

Theorem 3.1.35 Let f : (X, M) — (Y, N) be a mapping on two 7-OSMS’s. Then the

following statements are equivalent:
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1 f~YB) S mI(f~*(mI(mC(B,r),r)),r) for each 7-OSM open set B in Y,
2 mC(f~Y(mC(mI(F,r),r)),r) C f~1(F) for each ~-OSM closed set F in Y.

Proof. (1) = (2) Let F' be r-OSM open set in Y. By (2) and Theorem 3.1.5 (6),
X—fH(F)=f(Y-F)
CmI(f~{(mI(mC(Y — F),r),r)),7)

( r)
mI(f~ 1(m[(Y mC(mI(F,r),r),r)),r)
(X

1

)
m “HmC(mI(F,r),r)),r)
X — C(f’l(mC(mI(F,r),r)),r).

Hence mC(f~Y(mC(mI(F,r),r)),r) C f~1(F).
(2) = (1) Let B be r-OSM open set in Y. By (3) and Theorem 3.1.5 (6),

X —fYB)=fYY —B) DmC(f {(mCmI(Y — B,r),r)),r)
YmC(Y —mC(B,r),r)),7)

mC(f~
mC(f~ 1(Y mI(mC(B,r),r)),r)
(X )

C “YmI(mC(B,r),r)),r)

— m[(f’l(m[(mC(B,r),r)),r).

I
S

Hence f~1(B) C mI(f~*(mI(mC(B,r),r)),r). O

Theorem 3.1.36 Let f : (X, M) — (Y, ) be a mapping on two -OSMS’s. Then the

following statements are hold:

1 If f is 7-M almost continuous, then f~1(B) C mI(f~'(mI(mC(B,r),r)),r)
for each »-OSM open set B in Y,

2 If f74B) CmI(f~(mI(mC(B,r),r)),r) for each r-OSM open set BinY
and M has the property ({/), then f is r-M almost continuous.

Proof. 1. Let B be -OSM open set in Y, and # € f~!(B), there exists an 7-OSM
open set U containing z such that f(U) C mI(mC(B,r),r). Soxz € U C
f~YmI(mC(B,r),r). This implies that z € mI(f~*(mI(mC(B,r),r)),r).
Hence f~Y(B) C mI(f~(mI(mC(B,r),r)),r).
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2. Letz € X and V an 7-OSM open set containing f(x) and M has the property (/).
Thenby (2),x € mI(f~'(mI(mC(V,r),r)),r), and so there exists an r-OSM open
set U containing = such that U C f~*(mI(mC(V,r),r)). we have the following
FU) € F mImC(V,r),1)) € mI(mC(V,r), 7).

Hence f is -M almost continuous.

]

Theorem 3.1.37 Let f : (X, M) — (Y, N) be an r-M almost continuous mapping on
two r-OSMS’s. If A is an 7-OSM compact set in X and M has property ({/), then f(A)

is an r-OSM nearly compact set.

Proof. Let A is an 7-OSM compact set in X and M has the property (U). Let {B; €
2Y i € J} be an r-OSM open cover of f(A) in Y. Then from r-M almost continuity,
we have f~Y(B;) € mI(f~'(mI(mC(B;,r),r)),r) for eachi € J. And by Theorem
3.1.5 (), {mI(f~(mI(mC(B;,r),r)),r) : i € J} is an r-OSM open cover of A in
X. By the r-OSM compactness, there exists Jy = {j1,j2, .-, jn} € J. such that A C

U mI(f~(mI(mC(B;,r),r U S mI(mC(By,r),7)).

1€J0 i€Jo

Hence f(A U mI(mC(B;,r),r). 0
1€J0

Theorem 3.1.38 Let f : (X, M) — (Y, N) be an r-M almost continuous and - open
mapping on two r-OSMS’s. If A is an -OSM almost compact set and M has property
(U), then f(A) is an r-OSM almost compact set.

Proof. Let A is an 7-OSM almost compact set and M has property (U). Let {B; € 2% :
i € J} be r-OSM open cover of f(A) in Y. Then {mI(f~'(mI(mC(B;,r)r)),r) i€
J} is r-OSM open cover of A in X. So there exists a finite subset Jy = {j1, jo, ..., jn} C J
such that A C U mC(mI(f(mI(mC(B;,r)r)),r,r). From Theorems 3.1.23 and

i€Jp
3.1.22, it follows

A) € | fmC@mI(f7 (mI(mC(By,r)r)),r), 7))
ieJo
C U mC(f~H(mI(mC(B;,r)r)),r)

i€Jo

¢ U 1 mCmI(mC(By.r).rn)

i€Jo
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c | 1 mes;,n).

i€Jo

Hence f(A) C U mC (B, ). O

i€Jo

Theorem 3.1.39 Let f : (X, M) — (Y, N) be an r-M almost continuous and r-M open
mapping on two r-OSMS’s. If A is an 7-OSM compact set and M has property ({/), then
f(A) is an 7-OSM compact set.

Proof. Let A is an 7-OSM compact set and M has property (I/) and

let {B; € 2Y :i € J} be an -OSM open cover of f(A)inY.

Then {mI(f~ (mI(mC(B;,r)r)),r) :i € J} is an r-OSM open cover of A in X.

So there exists Jo = {j1, j2, -, jn} € J

such that A C U mI(mC(mI(f~ (mI(mC(By,r),r)),r,r,7). By the 7-OSM nearly

i1€Jo
compactness. From Theorem 3.1.23 and Theorem 3.1.22, it follows that

AC U mI(mC(mI(f~ (mI(mC(By,r)r)),r),7),7)

C g mI(mC(f~ (mI(mI(mC(B;,r),r),7)),7),7)
C g mI(f~ (mC(mI(mC(B;,r),r),r))
C g mlI(f~(mC(By,r)),r)
C gf (mI(mC(B;,r),7)).
Hence f(A) C | | mI(mC(B;,r),r). O

icJd,
3.2 On Generalized r-mb closed Sets

In this section, we introduce the concept of r-ms closed, r-mpre closed, r-mb
closed and r-msp closed in ordinary smooth r-minimal spaces. Characterization some of

extremely disconnected spaces and 7T, spaces.

Definition 3.2.1 Let (X, M) be an r-OSMS and A € 2%. Then A is called:
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1 ordinary smooth r-minimal semi-closed (briefly r-ms closed)

it mI(mC(A,r),r) C A,

2 ordinary smooth r-minimal pre-closed (briefly r-mpre closed)

ifmC(mI(A,r),r) C A,

3 ordinary smooth r-minimal b-closed (briefly r-mb closed)

if (mC(mI(A,r),r)NnmI(mC(A,r),r)) CA,

4 ordinary smooth r-minimal semi-preclosed (briefly r-msp closed)

it mI(mC(mI(A,r),r),r) C A.

The complement of an r-ms closed (resp. r-mpre closed, r-mb closed, -
msp closed) set is called ordinary smooth r-minimal semi-open (r-ms open) (resp. 7-

mpre open, r-mb open, 7-msp open).

Example 3.2.2 Let X = {a,b,c},and M : 2%X — I.

Let us consider an ordinary smooth r-minimal structure as follws

.

3 ifA=X A=
2 ifA={c};
- b 0
3 ifA= {0}, {b,c};
%1, if A = {a}, {a,b},{a,c}.

\

Let r = 1, then My = {Ae2¥: M(A) > 1}. Thus My = {0, {6}, {b,c}, {c}, X}.

(1) Let A = {a,b}. Then

mC({a,b}, 1}) = {a. b} mI(mC({a,b}.3).3) = {8},

so mI(mC({a,b},3),3) = {b} C {a,b}. Therefore {a, b} is 3-ms closed set.
(2) Let A = {a,c}. Then

m[({av 6}7 %}) = {C}’ mC’(mI({a, C}v %)’ %) = {av C}’

so mC(ml({a,c},3),3) = {a,c} C{a,c}. therefore {a,c} is 3-mpre closed set.
(3) Let A = {b}. Then

mC(mI({b}, 5),5) NmI(mC({b},3), 5) = {a, b} N {b} = {b},
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so mC(mI({b},3),3) N mI(mC({b},3),1) = {b} C {b}. Therefore {b} is 1-mb
closed set.

(4) Let A = {a,b}. then
mC(mI<{a’ b}’ %)7 %) = {av b}: mI<mC(mI({av b}v %)7 %)7 %) = {b}a
so mI(mC(ml({a,b},3),3),1) = {b} C {a,b}. Therefore {a,b} is 1-msp closed
set.

It 1s well-known that:

r-mpre closed

r-ms closed — r-mb closed — r-msp closed

Lemma 3.2.3 If F'is r-mpre closed, then F'is r-mb closed.

Proof. Let F be r-mpre closed. Then mC(mI(F,r),r) C F.
Since mC'(mI(F,r),r) "mI(mC(F,r),r) C mC(mI(F,r),r), we get that
mC(mI(F,r),r) "NmI(mC(F,r),r) C F. Hence F is r-mb closed. O

Lemma 3.2.4 If F is r-ms closed, then I is r-mb closed.

Proof. Let F be r-ms closed. Then mI(mC(F,r),r) C F.
Since mC'(mI(F,r),r) "mI(mC(F,r),r) C mI(mC(F,r),r), we get that
mC(mI(F,r),r)NmI(mC(F,r),r) C F. Hence F is r-mb closed. O

Lemma 3.2.5 If /" is r-mb closed. Then F' is r-msp closed.

Proof. Let F be r-mb closed, then mC'(mI(F,r),r) "mI(mC(F,r),r) C F.

Since mI(mC(mI(F,r),r),r) C mC(mI(F,r),r) and mI(mC(ml(F,r),r),r)

CmI(mC(F,r),r), we get that mI(mC(mI(F,r),r),r) CmC(mI(F,r),r)

NmI(mC(A,r),r). Hence mI(mC(mI(F,r),r),r) C F. Therefore F'is r-msp closed.
O

Lemma 3.2.6 If I is r-mpre closed, then F' is r-msp closed.

Proof. Let F be r-mpre closed. Then mC(mlI(F,r),r) C F.
Since mI(mC(mI(F,r),r),r) C mC(mI(F,r),r), wegetthatmI(mC(mI(F,r),r),r)
C F. Hence F' is r-msp closed. O]
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Lemma 3.2.7 If F' is r-ms closed, then F' is r-msp closed.

Proof. Let F be r-ms closed. Then mI(mC(F,r),r) C F.
Since mI(mC(mI(F,r),r),r) C mI(mC(F,r),r), wegetthatmI(mC(mI(F,r),r),r)
C F. Hence F'is r-msp closed. [

Definition 3.2.8 Let (X, M) be an r-OSMS and r € (0, 1]. We denote the following

notatiors:
1 smC(A,r)=n{B €2X : Bisr-msclosedand A C B}
2 pmC(A,r) =n{B € 2% : Bis r-mpre closed and A C B}
3 bmC(A,r) = N{B € 2% : Bisr-mb closed and A C B}
4 spmC(A,r) =nN{B € 2X : Bisr-mspclosedand A C B}

Example 3.2.9 (1) Let M, = {0, {b}, {b, ¢}, {c}, X}.
Then {a}, {0}, {a, b}, {a, ¢}, {c} are $-ms closed.
Let A = {b}, consider,
mC({b},3) = N{B € 2* : Bis ;-ms closed and {b} C B}
= N{{a,b},{b}}
= {b}.

(2) Let My = {0,{b}, {b, ¢}, {c}, X}
Then {a}, {a,b},{a,c} are :-mpre closed.
Let A = {a, b}, consider,
mC({a,b}, 1) =N{B € 2* : Bis 3-mpre closed and {a, b} C B}
= N{{a,b}}
= {a,b}.

(3) Let M, = {0, {b}.{b.c}. {c}, X }.
Then {a}, {b},{c},{a,b},{a,c} are 3-mb closed.
Let A = {a}, consider,
mC({a},5) = N{B € 2% : Bis 3-mb closed and {a} C B}
— n{{a}. (0.0}, {a,})
~ {a}.
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(4) Let My = {0, {b}, {b,c}, {c}, X}.
Then {a}, {b}, {c},{a,b},{a,c} are -msp closed.
Let A = {c}, consider,
mC({c},3) = N{B € 2* : Bis 3-msp closed and {c} C B}
= 0{{a,c},{c}}
= {c}.
The collection of all »-ms open (resp. r-mpre open, r-mb open, r-msp open) sets
of X is denote by r-mSO(X) (resp. m-mPO(X), r-mBO(X), r-mSPO(X)) and the
collection of all r-ms closed (resp. r-mpre closed, r-mb closed, r-msp closed) sets is

denoted by r-mSC'(X) (resp. r-mPC(X), r-mBC(X), r-mSPC(X)).
Definition 3.2.10 Let (X, M) be an 7-OSMS and A € 2. Then A is called:
1 r-mgb closed if bmC'(A,r) C U whenever A C U and U € M,..
2 r-msg closed if smC(A,r) C U whenever A C U and U € r-mSO(X).
3 r-mgs closed if smC'(A,r) C U whenever A C U and U € M,..
4 r-mgp closed if pmC'(A,r) C U whenever A C U and U € M,..
5 r-mgsp closed if spmC(A,r) C U whenever A C U and U € M,.
Example 3.2.11 From Example 3.2.2.

(1) Letr =L andlet U € My ={0,{b}.{c}, {b,c}, X}.

Then 0, {a}, {b}, {c}, {a, b}, {a, c}, X are 1-mb closed.

Let A = {b}. Then A = {b} C {b,c} =U.

Consider,

bmC({b}, %) —{F:F is % —mb closedand {b} C F}

= N{{b},{a, b}, X}
= {b}
cUu.

Therefore A is %—mgb closed.
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(2) Letr =1 andlet U € L-mSO(X) = {0, {b},{c}, {a, b}, {a,c}, {b,c}, X}.
Then 0, {a}, {b}, {c}, {a, b}, {a, c}, X are 1-ms closed.
Let A = {c}. Then A = {c} C {b,c} = U.
Consider,

1 1
smC({c}, 5) =N{F:F is 5 —ms closed and {c} C F'}

= ﬂ{{c},{a,c},X}
= {c}
cU.

Therefore A is 3-msg closed.
(3) Letr =L andletU € My = {0,{b},{c},{b,c}, X}.

Then 0, {a}, {b}, {c}, {a, b}, {a, c}, X are L-ms closed.
Let A = {b}. Then A = {b} C {b,c} =U.
Consider,

smC({b}, %) CA{F:F s % ~ms closedand {b} C F}
= ﬁ{{b}, {a>b}’X}

= {b}
CU.

Therefore A is 5-mgs closed.
(4) Letr =L andletU € My = {0,{b},{c},{b,c}, X}.

Then 0, {a}, {a, b}, {a, c}, X are L-mpre closed.
Let A={c}. Then A= {c} C X =U.
Consider,

1 1
bmC ({c}, 5) =M{F:F is 5 —mpre closed and {c} C F'}
=n{{a,c}, X}

= {a,c}
cU.

Therefore A is 3-mgp closed.
(5) Letr = gandlet U € My = {0, {b}, {c}, {b,c}, X}.

‘/ \W
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Then 0, {a}, {b}, {c}. {a, b}, {a, c}, X are 1-msp closed.
Let A = {c}. Then A = {c} C {b,c} = U.
Consider,
bmC({c}, %) =N{F:F is % —mb closed and {c} C F'}
= {{c}, {a, ¢}, X}
= {c}
cU.

Therefore A is 2-mgsp closed.
Definition 3.2.12 Let (X, M) be an r-OSMS and A € 2%. Then A is called nowhere

dense if and only if mI(mC(A,r),r) = 0.

Example 3.2.13 From Example 3.2.2.
Let A = {a}, consider, mnC({a}, 1) = {a}, mI(mC({a},),5) = 0, therefore {a} is

nowhere dense.

Definition 3.2.14 Let (X, M) be an 7-OSMS and D € 2%. Then D is called dense if
and only if mC'(D,r) = X.

Example 3.2.15 From Example 3.2.2.
Let D = {b, ¢}, consider, mC ({b, ¢}, 3) = X, therefore {b, c} is dense.

Definition 3.2.16 Let (X, M) be an 7-OSMS and E € 2¥. Then E is called codense if
and only if mI(E,r) = 0.

Example 3.2.17 From Example 3.2.2.

Let E = {a}, consider, m/({a}, ) = 0, therefore {a} is codense.
Definition 3.2.18 An r-OSMS (X, M) is said to be:
1 T, if every r-mgs closed subset of X is r-msg closed.

2 Extremely disconnected if the 7-OSM closure of each »-OSM open subsets of
X 1s r-OSM open.

Example 3.2.19 (1) From Example 3.2.2. Let A € 2% and r = %,
then M = {0, {b}. {c}, {b.c}, X}.
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From definition 3.2.1 (1), then {a}, {b}, {a, b}, {a, ¢} and {c} are 1-ms closed.

So %-mSO(X) = {{b,c},{a,c},{c}, {b},{a,b}}.
Thus {c} and {b} is 3-mgs closed. And {c}, {b},{a,c} and {a, b} are 3-msg closed.

Hence every %-mgs closed subset X is %-msg closed. Therefore X is 7.

(2) Let X = {a,b,c,d},and M : 2% — I.
Let us consider an ordinary smooth %-minimal structure

(

i ifA=X A=
M) 4 & A= labdfabdh {bed) {acd)

5. ifA={a,b},{a,c},{a,d}, {b,c}, {b,d}, {c, d};

b ifA={a}, {b},{c}. {d}.

\

Letr = %,then/\/l% ={Ae2¥: M(A) > i}

Thus M, = {0,{a,b},{a,c},{a,d},{b,c},{b,d},{c,d},

{a,b,c}, {a,b,d},{b,c,d},{a,c,d}, X}.

Let A is %—OSM open.

Let A = {a, b}, mC({a,b},3) = {a,b}, so mC({a,b}, }) is 3-OSM open.
Let A = {a, c}, mC({a,c}, 1) = {a,c},somC({a,c}, 1) is :-OSM open.
Let A = {a,d}, mC({a,d},3) = {a,d}, so mC({a,d}, ;) is :-OSM open.
Let A = {b,c}, mC({b, c}, 5) = {b, c}, somC({b, ¢}, 3) is 3-OSM open.

Let A = {c,d}, mC({c,d}, 1) = {c,d}, so mC({c,d}, 1) is :-OSM open.
Let A = {a,b,c}, mC({a,b,c}, 3) = X, somC({a,b,c}, 3) is 3-OSM open.
Let A = {a,b,d}, mC({a,b,d}, %) = X, so mC({a,b,d}, %) is 3-OSM open.
Let A = {b,c,d}, mC({b,c,d}, ) = X, somC({b,c,d}, $) is 3-OSM open.
Let A = {a,c,d}, mC({a, c,d}, 1) = X, so mC({a, ¢,d}, 1) is :-OSM open.

Therefore X is Extremely disconnected.
Definition 3.2.20 Let (X, M) be an r-OSMS and A € 2. Then A is called :

1 ordinary smooth r-minimal semi-open (briefly r-ms open)

if ACmC(mI(A,r),T),
2 ordinary smooth r-minimal regular open (briefly r-mrg open)
( > ‘.“‘
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if A=mI(mC(A,r),r),

3 ordinary smooth r-minimal pre-open (briefly r-mpre open)

it A CmI(mC(A,r),r).

The complement of an r-ms open (resp. r-mpre open, r-mrg open) set is called or-

dinary smooth r-minimal semi-open (r-ms closed) (resp. r-mpre closed, r-mrg closed).
Example 3.2.21 From Example 3.2.2.
(1) Since Example 3.2.2(1), then {a, b} is £-ms closed, thus {c} is r-ms open.

(2) Let A = {b}. Consider, mC({b}, 1}) = {a, b}, mI(mC({b}, 1), 1) = {b}.
So {b} € mI(mC({b},1),1). Therefore {b} is 3-mrg open.

(3) Since Example 3.2.2(2), {a, ¢} is r-mpre closed. Thus {b} is 3-mpre open.

Lemma 3.2.22 If A, is r-ms closed for all « € A, then ﬂ A, 1s r-ms closed.
a€N

Proof. For o € A, let A, be r-ms closed. Thus mI(mC(A,,7),r) C A, forall & € A.
Therefore, mI(mC( ﬂ An,1r),r) SmI(mC(Ag, 1), 1) C A, forall a € A.

a€cl
Thus mI(mC( m Ay,r),r) C m A,. Hence m A, is r-msp closed. O

a€N acA aceA

Lemma 3.2.23 If A, is an r-mb closed set for o € A, then ﬂ A, 1s r-mb closed.

acl
Proof. For a € A, let A, be an r-mb closed set.
Thus mC'(mI(Ag,7),r) Nml(mC(Aqy,r),7) C A, forall a € A.
Therefore, for « € A, mC(m( ﬂ Ay, r),m) NmI(mC( m Ay, 1),T)

aEA agl
CmC(mI(Aqa,r),r) NmI(mC(Aq, ), 7). And so mC’(mI(ﬂ Ay, 1), T)
aEA
N m](mC’(ﬂ A,,r),r) C A, forall « € A. Thus mC(m](ﬂ An, 1), 1)
acA acA
N m](mC’(ﬂ Ay,1),r) C ﬂ A,. Hence ﬂ A, is r-mb closed. O

acA aceA acA

Lemma 3.2.24 If A, is r-msp closed for all « € A, then ﬂ A 1s T-msp closed.
aEA

&7 Mahasarakham University




> \.‘1
2 |

2= Mahasarakham University

46

Proof. For o € A, let A, be r-msp closed. Thus mI(mC(mi(Aa,r),r),r) C A, forall
a € A. Therefore, m](mC’(mI(ﬂ Ay, r),r),r) CSmI(mC(mI(Ay,1),7),1) C Ay

a€el
for all @« € A. This implies that m](m(](m](ﬂ Agy,r), 1), 1) C ﬂ Aq.
aEA a€cA
Hence m A, 1s r-msp closed. O
aeA

Lemma 3.2.25 If A, is r-mpre closed for all « € A, then ﬂ A, 1s r-mpre closed.
aEA

Proof. Let A, isr-mpre closed forall « € A. Forany a € A, we have mC(mI(Aq,7),7)
C A,. Therefore mC'(mI( ﬂ Ay, 1), r) SmC(ml(Aqa,r),r) forall « € A.

aeA
And so mC(mI(ﬂ A,,r),r) C A, forall @ € A, then mC’(mI(m A,,r),r) C
a€el a€N
ﬂ A,. Hence ﬂ A, is r-mpre closed. O

aceA a€A

Lemma 3.2.26 If A C B, then pmC(A,r) C pmC(B,r).

Proof. Let A C B. Suppose © ¢ pmC|(B,r), there exists F' is r-mpre closed which
B C Fbutx ¢ F. Since A C B, we have A C F. Therefore © ¢ pmC(A,r).
Hence pmC(A,r) C pmC(B,r). O

Lemma 3.2.27 Let (X, M) be an 7-OSMS and A € 2%, Then the following statements
are hold:

1 pmC(A,r) = AUmC(mI(A,r),r),
2 smC(A,r)=AUmI(mC(A,r),r).

Proof. (1) Since by Lemma 3.2.25, pmC(A, r) is r-mpre closed.
Then mC(mI(pmC(A,r),r),r) C pmC(A,r).
Therefore mC'(mI(A,r),r) C pmC(A,r),
and so AUmC(mI(A,r),r) C pmC(A,r).
We show that pmC(A,r) C AUmC(miI(A,r),r). Consider,
mC(mI(AUmC(mI(A,r),r),r),T)
=mC(mI(A,r)UmI(mC(mI(A,r),r),r),T)
CmC(mI(A,r),r)UmC(mI(mC(mI(A,r),r),r),T)
=mC(mI(A,r),r).
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Thus mC'(mI(AUmC(mI(A,r),r),r),r) CmC(mI(A,r),r)C
AUumC(mI(A,r),r). Hence AUmC(mlI(A,r),r)is r-mpre closed, and so
pmC(A,r) CpmC(AUmC(mI(A,r),r),r)=AUmC(mI(Ar),r).
Therefore pmC(A,r) = AUmC(mI(A,r),r).

(2) Since by Lemma 3.2.22, smC(A,r) is r-ms closed.
Then mI(mC(smC(A,r),r),r) C smC(A,r).
Therefore mI(mC(A,r),r) C smC(A,r),
and so AUmI(mC(A,r),r) C smC(A,r).
We show that smC/(A,r) C AUmI(mC(A,r),r). Consider,
mI(mC(AUmI(mC(A,r),r),r),r)
=mI(mC(A,r)UmC(mI(mC(A,r),r),r),T)
CmI(mC(A,r),r) UmI(mC(mI(mC(A,r),r),r),T)
=mI(mC(A,r),r)Uml(mC(A,r),r)
=mI(mC(A,r),r).
Thus mI(mC(AUmI(mC(A,r),r),r),r) Cml(mC(A,r),r) C
AUmlI(mC(A,r),r). Hence AU mI(mC(A,r),r)is r-ms closed, and so
smC(A,r) C smC(AUmI(mC(A,r),r),r) =AUmI(mC(A,r),r).
Therefore smC(A,r) = AUmI(mC(A,r),r). =

Lemma 3.2.28 If (G is an 7-OSM open set, then G is r-ms open.

Proof. Let G be r-OSM open, then G = mI(G,r)

Since G C mC(G, ), we have G C mC(mI(G,r),r).

Therefore G is r-ms open. [
Lemma 3.2.29 If G is r-mrg open and mI (G, r) is -OSM open, then G is r-OSM open.
Proof. Let G be r-mrg open, then G = mI(mC(G,r),r).

Thus mI(G,r) = mI(mI(mC(G,r),r),r) =mlI(mC(G,r),r) =G.

This implies that GG is -OSM open. 0

3.3 r-mgb Closed Sets and Their Relationships

The relationships between various types of generalized closed sets have been summarized

in the following diagram. None of the implications shown in this diagram can be reversed
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in general.
r-msg closed r-mpre closed

.

X

Y

r-mb closed r-mgs closed r-mgp closed
r-msp closed r-mgb closed

y

Y

r-mgsp closed

Lemma 3.3.1 Every r-msg closed set is r-mgs closed.

Proof. Let A be r-msg closed and let U € M, be such that A C U. By Lemma 3.2.28,
we have U is r-ms open. Since A is r-msg closed, we get that smC(A,r) C U.

Therefore A is r-mgs closed. Hence every r-msg closed set is r-mgs closed. [
Lemma 3.3.2 Every r-mpre closed set is r-mgp closed.

Proof. Let A be r-mpre closed and let U € M, be such that A C U.
Then pmC(A,r) = N{F € 2% : Fis r-mpre closedand A C F} = A.
Thus pmC'(A,r) C U. Therefore A is r-mgp closed.

Hence every r-mpre closed set is r-mgp closed. [
Lemma 3.3.3 Every r-mb closed set is r-mgb closed.

Proof. Let Abe r-mb closed and let U € M, be such that A C U.
Then brnC(A,r) = N{F € 2% : Fisr-mbclosedand A C F'} = A.
Thus bmC'(A,r) C U. Therefore A is r-mgb closed.

Hence every r-mb closed set is r-mgb closed. [
Lemma 3.3.4 Every r-msp closed set is r-mgsp closed.

Proof. Let A be r-msp closed and let U € M, be such that A C U.
Then spmC(A,r) = N{F € 2% : Fisr-mspclosedand A C F} = A.
Thus spmC(A,r) C U. Therefore A is r-mgsp closed.

Hence every r-msp closed set is r-mgsp closed. [
Lemma 3.3.5 Every r-mgs closed set is r-mgb closed.
¢ “.“‘
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Proof. Let Abe r-mgs closed and let U € M, be such that A C U.
Since A is r-mgs closed, we have
smC(A,r) =nN{F € 2¥ : Fisr —ms closed and A C F},
DN{F €2¥:Fisr—mbclosedand A C F},
=bmC(A,r),
cU.

Thus b C(A,r) C U. Therefore A is r-mgb closed O
Lemma 3.3.6 Every r-mgb closed set is 7-mgsp closed.

Proof. Let A be r-mgb closed and let U € M,. be such that A C U.
Since A is r-mgb closed, we have
bmC (A, r) =N{F €2¥ : Fisr —mbclosedand A C F},
DN{F e2¥:Fisr—mspclosedand A C F},
= spmC(A,r),
cvu.

Thus spmC(A,r) C U. Therefore A is r-mgsp closed ]
Lemma 3.3.7 Every r-mgp closed set is r-mgb closed.

Proof. Let A be r-mgp closed and let U € M, be such that A C U.
Since A is r-mgp closed, we have
pmC(A,r) =n{F € 2¥ : Fisr — mpre closed and A C F},
DN{F €2*:Fisr—mbclosedand A C F},
=bmC(A,r),
CcU.

Thus bmC(A,r) C U. Therefore A is r-mgb closed O

Lemma 3.3.8 Every r-ms closed set is r-msg closed.

Proof. Let A be r-ms closed and let U € r-mSO(X) be such that A C U.
Then smC(A,r) = N{F € 2% : Fisr-msclosedand A C F} = A.
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Thus smC'(A, ) C U. Therefore A is r-msg closed.

Hence every r-ms closed set is r-msg closed. O
Lemma 3.3.9 Every r-mgp closed set is r-mgsp closed.

Proof. Let A be r-mgp closed and let U € M, be such that A C U.
Then pmC(A,r) C U. Thus by Lemma 3.2.25, pmC(A, r) is r-mpre closed.
By Lemma 3.2.6, pmC'(A, r) is r-msp closed. And by Lemma 3.3.4, pmC(A, r)

is r-mgsp closed. Hence every r-mgp closed set is r-mgsp closed. [
Lemma 3.3.10 Every r-ms closed set is r-mgs closed.

Proof. Let A be r-ms closed and let U € M, be such that A C U.
Then smC(A,r) = A C U. Therefore A is r-mgs closed O

The main aim of our paper is to investigate more characterizations and properties

of the classes of space where the converses hold.

Theorem 3.3.11 Let (X, M) be an 7-OSMS. Then the following statements are equiva-

lent:
1 Every r-mgb closed set is r-mgp closed.
2 Every r-mb closed set is r-mgp closed.

Proof. (1) = (2) Let A be r-mb closed, then by Lemma 3.3.3, A is r-mgb closed, and
so by (1), A is r-mgp closed. Therefore every r-mb closed is r-mgp closed.

(2)= (1) Let Aber-mgbclosedandletU € M, besuchthat A C U. ThenbmC(A,r) C
U. Thus, by Lemma 3.2.23, bmC'( A, r) is r-mb closed, and so by (2), bmC (A, r) is r-mgp
closed, so pmC(A,r) C pmC(bmC(A,r),r) C U. Thus pmC(A,r) C U. Hence A is

r-mgp closed. Therefore every r-mgb closed is r-mgp closed. [

Lemma 3.3.12 Let (X, M) be r-OSMS and M has the property (U/). Then the following

statements are equivalent:
1 X is extremely disconnected,

2 If G is r-mrg open, then G is 7-OSM closed.
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Proof. (1) = (2) Let G be r-mrg open, by Lemma 3.2.29, G = mI(mC(G,r),r) is
r-OSM open. By (1), mC(mI(mC(G,r),r),r) is r-OSM open. Then
mC(G,r) = mC(mI(mC(G,r),r),r)
= mI(mC(mI(mC(G,r),r),r),r)
=mI(mC(G,r),r)
= G.

Therefore G is r-OSM closed.

(2) = (1) Let G be r-OSM open and mI(G,r) = G,

then G C mC(G,r), mI(G,r) C mI(mC(G,r),r)and G C mI(mC(G,r),r).
Thus mC(G,r) € mC(mI(mC(G,r),r),r).

So X — mC(mI(mC(G,r),r),r) C X —mC(G,r). *)
And from mC'(mI(mC(A,r),r),r) C mC(mC(mC(G,r),r),r) =mC(G,r).
Then X — mC(G,r) C X — mC(mI(mC(G,r),r),r). (**)
Form (*) and (**), then X — mC(G,r) = X — mC(mI(mC(G,r),r),r). Therefore
mlI(X — G,r) =mI(X —mI(mC(G,r),r),r)
=ml(mC(X —mC(G,r),r),r)
=ml(mC(mI(X —G,r),r),r).

Thus mI(X — G,r) is r-mrg open. By (2), mI(X — G, r) is r-OSM closed.
This implies X — mC(G,r) = mI(X — G,r) is r-OSM closed.
And so mC(G,r) is r-OSM open. Hence X is extremely disconnected. ]

Theorem 3.3.13 Let (X, M) be -OSMS and M has the property (I/). Then the follow-

ing statements are equivalent:
1 Every r-mgsp closed set is r-mgp closed.
2 Every r-msp closed set is r-mgp closed.
3 Every r-mgs closed set is r-mgp closed.
4 Every r-msg closed set is r-mgp closed.

5 Every r-msp closed is r-mpre closed.
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6 Every r-mgb closed set is r-mgp closed.
7 Every r-mb closed set is 7-mgp closed.
8 X is extremely disconnnected.

Proof. (1) = (2) Let A be r-msp closed,

then by Lemma 3.3.4, A is r-mgsp closed, and so by (1), A is r-mgp closed.

Therefore every r-msp closed set is 7-mgp closed.

(2) = (1) Let Abe r-mgsp closed and let U € M, be such that A C U.

Then spmC(A,r) C U. Thus by Lemma 3.2.24, spmC(A, r) is r-msp closed,

and so by (2), spmC(A,r) is r-mgp closed.

This implies pmC(A, r) € pmC(spmC(A,r),r) C U.

Therefore A is r-mgp closed.

(2) = (3) Let Aber-mgs closed and let U € M, be such that A C U.

Then smC(A,r) C U. Thus by Lemma 3.2.22, smC(A, r) is r-ms closed.

By Lemma 3.2.7, smC(A, r) is r-msp closed,

and so by (2), smC(A, r) is r-mgp closed. This implies,

pmC(A,r) C pmC(smC(A,r),r) C U. Hence A is r-mgp closed.

(3) = (4) Let A be r-msg closed, then by Lemma 3.3.1, A is r-mgs closed.

By (3), A is r-mgp closed.

(4) = (8) Let Aber-mrgopen. Then A = mI(mC(A,r),r).

Therefore A is r-ms closed. By Lemma 3.3.8, A is r-msg closed.

And so by (4), A is r-mgp closed. Since A = mI(mC(A,r),r) and mI(mC(A,r),r)

is 7-OSM open set. Then pmC(A,r) C mI(mC(A,r),r) = A. This implies, A C

AUmC(mI(A,r),r)=pmC(A,r) C A, and so mC(mI(A,r),r) C A. Consider,
ACmC(A,r)

mC(mI(mC(A,r),r),r)
=mC(mI(mI(mC(A,r),r),r),T)
(

Thus A = mC(A, r). Hence A is r-OSM closed. Therefore X is extremely disconnnected.
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(8) = (2) Let Aber-msp closed, then mI(mC(mlI(A,r),r),r) C A. Since ml(A,r)is
r-OSM open and X is extremely disconnected, we have mC(mI (A, r),r)is r-OSM open.
Since mI(mC(mI(A,r),r),r) = mC(mI(A,r),r)and mI(mC(mI(A,r),r),r) C A,
we get that mC'(mI(A,r),r) C A. Hence A is r-mpre closed. Therefore by Lemma
3.3.2, Ais r-mgp closed.
(5) = (8) Let Aber-mrgopen. Then A = mI(mC(A,r),r). Since A C mC(A,r),
wehave mI(mC(mI(A,r),r),r) CmI(mC(ml(mC(A,r),r),r),r) =ml(mC(A,r),r)
= A. So A is r-msp closed. By (5), A is r-mpre closed. Thus mC(mI(A,r),r) C A.
Therefore
mC(mI(A,r),r) =mC(ml(ml(mC(A,r),r),r),r)
=mC(mI(mC(A,r),r),r)
=mC(A,r).

Since mC(mlI(A,r),r) C A, we have mC(A,r) C Aand mC(A,r) = A.

Hence A is r-OSM closed. Therefore X is extremely disconnected.

(8) = (5) Let A be r-msp closed, then mI(mC(mI(A,r),r),r) C A.

Since m1(A,r) is r-OSM open and X is extremely disconnected, then mC'(m(A,r),r)

is 7-OSM open, we get that mI(mC(mI(A,r),r),r) =mC(mI(A,r),r).

So mC(mI(A,r),r) C A. Hence A is r-mpre closed.

(6) < (7) Proved in Theorem 3.3.11.

(6) = (8) Let Aber-mrgopen. Then A = mI(mC(A,r),r).

Since mI(mC(A,r),r) NmC(mI(A,r),r) CmI(mC(A,r),r)= A,

we have A is 7-mb closed, By Lemma 3.3.3, A is r-mgb closed, and by (6), A is r-mgp

closed. Since A = mI(mC(A,r),r),pmC(A,r) C mI(mC(A,r),r) = A. This implies

AC AUmMC(mI(A,r),r) =pmC(A,r) C Aand so mC(mI(A,r),r) C A. Consider,
ACmC(A,r)

mC(ml(mC(A,r),r),r)
=mC(mI(mI(mC(A,r),r),7),7)
(
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Thus A = mC(A,r). Hence A is -OSM closed.

Therefore X is extremely disconnected.

(8) = (7) Let A be r-mb closed. Since mI(mC(A,r),r) is r-OSM open,

and X is extremely disconnected, we have mC(mI(mC(A,r),r),r) is r-OSM open.

Thus mI(mC(mI(mC(A,r),r),r),r) = mC(ml(mC(A,r),r),r). Consider,
mI(A,r) CmC(A,r)

Since Aisr-mbclosed, we have mC(mI(A,r),r) = mC(mI(A,r),r)nmI(mC(A,r),r)
C A. Thus A is r-mpre closed, and so by Lemma 3.3.2, A is r-mgp closed. O

Definition 3.3.14 Let (X, M) be r-OSMS and let X;, X5 C X defined by
X, ={z € X : {x} is nowhere dense} and X, = {z € X : {x} is r-mpre open}.
It is easy to see that { X, X5} is a decomposition of X (i.e. X = X; U X3).

Example 3.3.15 From Example 3.2.13, then {a} is nowhere dense, so X; = {a}.
And from Example 3.2.2, then {b, ¢} is r-mpre open, so Xy = {b, c}.
Hence X = {a,b,c} = X; U X,. Therefore {a, b, c} is a decomposition of X.

Theorem 3.3.16 Let (X, M) be r-OSMS and A € 2.
Then A is r-msg closed if and only if X; N smC(A,r) C A.

Proof. (=) Letx € X; NsmC(A,r), then {z} is r-ms closed.

Assume that x ¢ A, then A C X — {z}. Thus smC(A,r) C X — {z}, contradicts.
Therefore x € A. Hence X; N smC(A,r) C A.

(«<=) Suppose that X; N smC(A,r) C A. Let U € r-mSO(X) be such that A C U and
letz € smC(A,r).

Ifr € Xy, thenz € Xy NsmC(A,r) C A. SosmC(A,r) CACU.
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If z € X,, then suppose that ¢ U. This implies that X — U is r-ms closed
and x € X — U. Since {x} is 7-mpre open, we have
smC({z},r) = {z} UmI(mC({z},r),7)
=ml(mC({z},r),7),r)
CmI(mC(X —=U,r),r)
CX-U
CX - A

SomI(mC{a},r),r)NA=0and A C X — mI(mC({z},r),r) =
mC(mI(X — {z},7),r). Consider
mI(mC(X — mI(mC({z},r),r),r),r) = X — mC(mI(mI(mC({z},r),r),r),r)
=X —mC(mI(mC({z},7),7),7)
C X - mC({z},7)
C X — mI(mC({z},r),r).

Thus X — mI(mC({z},r),r) is r-ms closed.
Since © € smC(A,r), wehave x € X — mI(mC({z},r),r) C X — {z}, contradition.
Thus « € U and smC'(A,r) C U. Hence A is r-msg closed. O

Lemma 3.3.17 Let (X, M) be an -OSMS, X is T}, if and only if every singleton is

either r-mpre open or 7-OSM closed.

Proof. (=) Letx € X,thenx € X; orz € Xs.

If x € X;. Assume that {z} is not r-OSM closed.

Then X — {z} is not 7-OSM open, and X — {x} is r-mgs closed. If follows from z € X,
that X —{z} is dense and smC (X —{x},r) = X. Since X is T}, then X — {x} is r-msg
closed. By Theorem 3.3.16, then X; = X; NsmC(X — {z},r) C X — {z}, contradicts.
Hence {x} is -OSM closed.

If z € X5, then X is r-mpre open.

(<) Let Aber-mgs closed. We show that X;NsmC(A,r) C A. Letz € X1NsmC(A, ),
then {x} is 7-OSM closed. Assume that z ¢ A, then A C X — {z}. Thus smC(A,r) C

[

X — {z}, contradicts. Hence = € A. ThereforeA is a r-msg closed.
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Lemma 3.3.18 Let (X, M) be an r-OSMS, every singleton is either r-mpre open or

nowhere dense.

Proof. Letz € X. Assume that {x} is not nowhere dense, then mI(mC({x},r),r) # 0.
Assume that x ¢ mI(mC({z},r),r), v ¢ G, for all « € A which G, € M, and
Go € mC({z},r). Therefore G, C mC({z},r) C mC(X — G,,7) = X — G, for all
a € A, contradicts. Thus © € mI(mC({z},r),r). So{z} C mI(mC({x},r),7).

Hence {x} is r-mpre open. O
Theorem 3.3.19 Let (X, M) be an r-OSMS, the following statements are equivalent:

1 Every r-mgb closed set is r-mb closed.

2 Every r-mgs closed set is 7-mb closed.

3 Every r-mgb closed set is r-msp closed.

4 Every r-mgp closed set is r-mpre closed.

5 Every r-mgsp closed set is r-msp closed.

6 Every r-mgp closed set is r-msp closed.

7 X is Tys.

Proof. (1) = (2) Let A be r-mgs closed and U € M, be such that A C U, then
smC(A,r) C U. By Lemma 3.2.22, smC(A,r) is r-ms closed, and by Lemma 3.2.4,
smC'(A,r)isr-mbclosed, and so by Lemma 3.3.3, smC'( A, r) is m-mgb closed. Therefore
bmC(A,r) C bmC(smC(A,r),r) C U. Thus A is r-mgb closed. Hence by (1), A is
r-mb closed.

(2) = (7) Letz € X, then by Lemma 3.3.18, {z} is either r-mpre open or nowhere
dense.

Case 1 : If {x} is 7-mpre open, then by Lemma 3.3.17, X is T},.

Case 2 : If {x} is nowhere dense.

We show that {z} is 7-OSM closed.

Assume that {x} is not 7-OSM closed, then X — {z} is not r-OSM open.

Thus X is only 7-OSM open which X — {z} C X. So smC(X — {z},r) C X.
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Implies that X — {x} is r-mgs closed, then by (2), X — {z} is r-mb closed.
Therefore mC'(mI(X — {z},r),r) "nmI(mC(X — {z},r),r) C X — {z}.
Then X — (mI(mC({z},r),r) UmC(mI({z},7),7))
= (X —mI(mC{x},r),r) N (X —mC(mI({z},r),7))
=mC(X —mC{z},r),r)nmI(X —mI({z},r),7)
C X —{z}.
Using the properties of nowhere dense of {z}, we have
{z} C mI(mC{x},r),r) UmC(ml({x},r),7)
CmI(mC({x},r),r) UmC(mI(mC({z},r),r),r)

=ml

)

({z},r),7)

mC({z},7),7) UmC(D,r)

= mI(mC({zx},r),7)U
({z},7),7).

(
(
(
(mC({z},r

, T

Thus {z} C mI(mC({z},r),r) = 0, contradicts.
This implies that {z} is -OSM closed. Therefore X is 7, by Lemma 3.3.17.
(7)= (1) Let Abe r-mgb closed.
Assume that x € bmC'(A,r),butz ¢ A, then A C X — {z}.
From Lemma 3.3.17, {z} is either 7-mpre open or r-OSM closed.
Case 1: If {x} is r-OSM closed, then X — {z} is ~-OSM open.
Since A is r-mgb closed, bmC(A,r) C X — {z}. Thus x ¢ bmC'(A, r), contradicts.
This implies that z € A, bnC(A,r) C A C bmC(A,r).
Hence bmC(A,r) = A. Therefore by Lemma 3.2.23, A is r-mb closed.
Case 2 : If {x} is r-mpre open, then X — {z} is r-mpre closed.
Thus by Lemma 3.2.26 pmC(A,r) C pmC(X — {z},r) = X — {z}.
and by Lemma 3.2.3,
bmC(A,r) =N{F : Fisr —mbclosedand A C F'}
CN{F: Fisr—mpreclosedand A C F'}
=pmC(A,r)
C X —{z}.

Then = ¢ bmC(A, ), contradicts.
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This implies that z € A, bmC(A,r) C A C bmC(A, 7).

Hence bmC'(A,r) = A. Therefore by Lemma 3.2.23, A is 7-mb closed.

(3) = (7) Letz € X, then by Lemma 3.3.18, {z} is either r-mpre open or nowhere

dense.

Case 1 : If {x} is r-mpre open, then by Lemma 3.3.17, X is T,.

Case 2 : If {x} is nowhere dense.

We show that {z} is 7-OSM closed.

Assume that {x} is not r-OSM closed, then X — {x} is not r-OSM open.

Thus X is only 7-OSM open such that X — {z} C X.

Therefore bmC(X — {z},r) C X, and so X — {z} is r-mgb closed.

Thus by (3), X — {z} is r-msp closed, so mI(mC(mI(X — {z},r),r),r) C X — {z}.

Then

X —mC(mI(mC{zx},r),r),r) =mI(X —mI(mC({z},r),r),r)

=ml(mC(X —mC({z},r),r),r)
=ml(mC(mI(X —{x},r),r),7)
C X —{z}.

Since mI(mC({z},r),r) =0, thus {x} C mC(mI(mC({z},r),r),r) =
mC'(0,r) = 0, contradicts. This implies that, {x} is 7-OSM closed. Hence X is T, by
Lemma 3.3.17.
(7) = (3) Let A be r-mgb closed.
Assume that € bmC(A,r),butx ¢ A, then A C X — {z}.
Thus by Lemma 3.3.17, {x} is either r-mpre open or 7-OSM closed.
Case 1 : If {x} is -OSM closed, then X — {x} is -OSM open.
Since A is r-mgb closed, then bnC'(A,r) C X — {z}.
Thus x ¢ bmC(A, r), contradicts. Implies, z € A, then bmC(A,r) C A C bmC(A,r),
and so bmC(A,r) = A. Therefore by Lemma 3.2.23, A is 7-mb closed.
Hence by Lemma 3.2.5, A is r-msp closed.
Case 2 : If {x} be r-mpre open, then X — {x} is r-mpre closed. Thus by Lemma 3.2.26,
pmC(A,r) C pmC(X — {z}) = X — {x}, and by Lemma 3.2.3,
bmC(A,r) =N{F : Fisr —mbclosedand A C F'}
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CN{F:Fisr—mpreclosedand A C F'}
=pmC(A,r)
CX-— {.CC},

and so x ¢ bmC(A,r), contradicts. Implies, z € A, bmC(A,r) C A C bmC(A,r),
so bmC'(A,r) = A. Hence by Lemma 3.2.23, A is r-mb closed.
Therefore by Lemma 3.2.5, A is r-msp closed.
(7) = (4) Let A be r-mgp closed.
Assume that x € pmC(A,r),butx ¢ A, then A C X — {x}.
From by Lemma 3.3.17, {x} is either -mpre open or 7-OSM closed.
Case 1: If {z} is r-OSM closed, then X — {z} is r-OSM open.
Since A is r-mgp closed, we get that pmC'(A,r) C X — {z}.
Thus = ¢ pmC(A, ), contradicts. Implies, x € A and so pmC(A,r) C A C pmC(A,r).
Hence pmC'(A,r) = A. Therefore by Lemma 3.2.3, A is r-mpre closed.
Case 2: If {z} is r-mpre open, then X — {x} is r-mpre closed.
Thus by Lemma 3.2.26, pmC'(A,r) C pmC(X — {z},r) = X — {z},
and so pmC(A,r) C X — {z}. Therefore x ¢ pmC (A, r), contradicts.
Implies, x € A and so pmC(A,r) C A C pmC(A,r).
Thus pmC'(A,r) = A. Hence by Lemma 3.2.25, A is r-mpre closed set.
(4) = (6) Let A be r-mgp closed, then by (4), A is r-mpre closed.
Therefore by Lemma 3.2.6, A is r-msp closed.
(7) = (5) Let Abe r-mgsp closed.
Assume that z € spmC(A,r),but x ¢ A, then A C X — {z}.
By Lemma 3.3.17, {z} is either r-mpre open or r-OSM closed.
Case 1: Let {z} be r-OSM closed, then X — {x} is ~-OSM open.
Since A is r-mgsp closed, spmC(A,r) C X — {z}. Thus x ¢ spmC(A,r), contradicts.
Implies, x € A, and so spmC(A,r) C A C spmC(A,r). Hence spmC(A,r) = A.
Therefore by Lemma 3.2.24, A is r-msp closed.
Case 2: Let {x} be r-mpre open, then X — {x} is r-mpre closed. Thus pmC(A,r) C
pmC(X — {z},r) = X — {x}. By Lemma 3.2.6,
spmC(A,r) =N{F : Fisr —msp closed and A C F'}
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Cn{F:Fisr—mpreclosedand A C F'}
= me(A7 7’)
C X —{z}.

Therefore = ¢ spmC(A,r), contradicts. Implies, z € A and so spmC(A,r) C A C

spmC(A,r). Thus spmC(A,r) = A. Hence by Lemma 3.2.24, A is r-msp closed.

(5) = (6) Let A be r-mgp closed,

then by Lemma 3.3.9, A is r-mgsp closed. And by (5), A is r-msp closed.

(6) = (7) Letz € X, then by Lemma 3.3.18, {z} is either r-mpre open or nowhere

dense.

Case 1 : If {z} is r-mpre open, then by Lemma 3.3.17, X is T,.

Case 2 : If {x} is nowhere dense. Then we show that {z} is 7-OSM closed.

Assume that {x} is not r-OSM closed, then X — {x} is not -OSM open.

Thus X is only 7-OSM open such that X — {z} C X.

SopmC(X —{z},r) C X, then X — {z} is r-mgp closed.

By (6), then X — {x} is r-msp closed.

Thus mI(mC(mI(X — {z},r),r),r) C X — {z}. Then

X —=mC(mI(mC({z},r),r),r) =ml(X —mI(mC({z},r),7),7)

=ml(mC(X —mC({z},r),r),r)
=ml(mC(mI(X —{x},r),r),7)
C X —{z}.

Hence {2} C mC(mI(mC({x},r),r),r) = mC(0,r) = 0, contradicts.
So {z} is -OSM closed. Therefore X is T}, by Lemma 3.3.17. O

Now, we give the following result.
Theorem 3.3.20 Let (X, M) be an 7-OSMS, the following statements are equivalent:

1 Evaery r-mb closed set is r-mgs closed.

2 Every r-mgb closed set is r-mgs closed.

Proof. (1) = (2) Let A be r-mgb closed and A C U where U € M,,
then bmC'(A, r) C U. Thus by Lemma 3.2.23, bmC(A, r) is r-mb closed.
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And so by (1), bnC/(A, ) is r-mgs closed. Therefore smC(A,r) C smC(bmC(A,r),r)
C U. Hence A is r-mgs closed.

(2) = (1) Let A be r-mb closed, then by Lemma 3.3.3, A is r-mgb closed,

and so by (2), A is r-mgs closed. [

Lemma 3.3.21 Let (X, M) be an r-OSMS. If every r-mgp closed is r-msg closed, then
X is Tys.

Proof. Letz € X, by Lemma 3.3.18, {x} is either r-mpre open set or nowhere dense.
If {x} is r-mpre open, then by Lemma 3.3.17, X is T ;.

If {z} is nowhere dense.

We show that {z} is 7-OSM closed.

Assume that {x} is not -OSM closed, then X — {x} is not -OSM open.

Thus X is only 7-OSM open such that X — {z} C X, and so pmC(X — {z},r) C X.
Implies, X — {z} is r-mgp closed. Therefore X — {z} is r-msg closed.

Thus smC'(X — {x},r) C X — {z}. By Lemma 3.2.27, we have

(X —{z}H)UumI(mC(X — {z},r),r) = smC(X —{z},r) C X — {z}.

Thus mI(mC(X — {z},r),r) C X — {z}. So, X — {z} is r-ms closed.

This implies that {z} is r-ms open. Then {z} C mC(mI({x},r),r)

C mC(mI(mC({z},r),r),r) = mC(0) = 0, contradicts.

This implies that {z} is -OSM closed set. Hence X is 7},; by Lemma 3.3.17. O

Corollary 3.3.22 Let (X, M) be an r-OSMS is r-msg closed and M has the property

(U), then the following statements are equivalent.
1 Every r-mgsp closed set is r-mpre closed.
2 Every r-mgb closed set is 7-mpre closed.
3 X is extremely disconnected and 7.

Proof. (1) = (2) Let A be r-mgb closed .

Since Lemma 3.3.10, A is r-mgsp closed, then by (1), A is r-mpre closed.

(2) = (3) Let A be r-mgb closed , then by (2), A is r-mpre closed.

From Lemma 3.3.2, A is r-mgp closed. By Theorem 3.3.13(6), X is extremely
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disconnected. Thus from A is r-mpre closed and Lemma 3.2.6, A is r-msp closed.

And so by Theorem 3.3.19(3), X is T,.

(3)= (1) Let A be r-mgsp closed .

Since X is extremely disconnected and by Theorem 3.3.13(1), A is r-mgp closed.

Since X is T, and by Theorem 3.3.19(4), A is r-mpre closed. O

Lemma 3.3.23 If X is nowhere dense, then X — {z} is 7-ms open.

Proof. Let X be nowhere dense, then mI(mC({z},r),r) = (). Since ) C {z},
then mI(mC({z},r),r) C {z}. Consider, X — {z} C X — mI(mC({z},7),7r) =
mC(X —mC({z},r)),r) =mC(mI(X —{z},r),r). Thus X — {x} is r-ms open. [

Lemma 3.3.24 Let (X, M) be an 7-OSMS. Then every r-msg closed set is -mb closed.

Proof. Let A be r-msg closed. Assume that x € bmC'(A,r), but z ¢ A.
Then A C X — {z}. By Lemma 3.3.18, {z} is either r-mpre open or nowhere dense.
If {x} isr-mpre open, then X —{x} is r-mpre closed. Thus by Lemma3.2.3, X —{z}isr-
mb closed, and so bmC'(A, r) C bmC(X —{z},r) = X—{z}. Thereforex ¢ bmC(A,r),
contradicts. Then z € A, bmC(A,r) C A C bmC(A,r). Thus bnC(A,r) = A.
Hence A is r-mb closed.
If {2} is nowhere dense, then by Lemma 3.3.23, X — {x} is r-ms open.
Since A is r-msg closed, smC(A,r) C X — {z}, and by Lemma 3.2.4, we have
bmC(A,r) =N{F : Fisr —mbclosedand A C F'}
CN{F:Fisr—msclosedand A C F'}
=smC(A,r) C X — {z}.

Therefore x ¢ bmC(A, r), contradicts. Then x € A, bmC(A,r) C A C bmC(A,r).
Thus bmC' (A, r) = A, implies that A is r-mb closed. O




CHAPTER 4

FUZZY r-WEAKLY STRUCTURES SPACES

In this chapter, we define the fuzzy r-weakly structure spaces and introduced
the concept of fuzzy r-weak a-open set, fuzzy r-weak a-semiopen set, fuzzy r-weak a-

continuous and fuzzy r-weak a-open mappings it intersects on such.

4.1 Fuzzy o-)V, open sets

In this section, we define of open set, closed set, closure, interior, a-open set and

semiopen set in fuzzy r-weak space. And some basic properties.
Definition 4.1.1 [1] Let A and B be fuzzy sets. We denote
1 ACB & A(x) < B(z) forallz € X,

2 (U An)(z) =sup A, (x) forall x € X,

ac

3 (Q Ay)(x) = érel/f\Aa(x) forallz € X.

Let I be the unit interval [0, 1] of the real number line. A member A of I is
called a fuzzy set of X. By 0 and 1 we donote constant maps on X with value 0 and 1,
respectively. For any A € IX, A® denotes the complement 1— A. All other notations are

standard notations of fuzzy set theory.

Definition 4.1.2 Let X be a nonempty set and r € (0,1]. A fuzzy family W : IX — [
on X is said to have a fuzzy r-weakly structure if the family
W, ={AeI* :W(A) >r}

contains 0.

Then the pair (X, W) is called a fizzy r-weakly structure space (simply, r-FWS).
Every member of W, is called a fuzzy r-weak open set (simply, r-FWS open set). A fuzzy
set A is called a fuzzy r-weak closed set (simply, r-FWS closed set) if the complement of
A (simply, A®) is a fuzzy r-weak open set.

Let (X, W) be an 7-FWS and r € (0, 1]. The fuzzy r-weak closure of A, denote
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by wC'(A,r), is define as
wC(A,r) =n{B € I*: B cW,and A C B},
wC(A,r)(z) = inf {Ba(z) € I : BS € W, and A(x) < B(z)} forallz € X.
The fuzzy r-weak interior of A, denote by wi(A,r), is define as
wI(A,7)=U{Bel*:BeW,and B C A}
wl(A,r)(z) = sg{Ba(x) €I : B, €W, and B(z) < A(z)} forallz € X.

Example 4.1.3 Let X = [0, 1] and let A be fuzzy sets define as follows:

1 .
I+§, )

o
IA

X

=
=
I
[\
P

IN
IN
—_

sz—-1)+3 1<z

Let us consider a fuzzy r-weakly structure as follows:

2 ifu=0,A4,
W) =4 °

0, otherwise.

Letr =2, Wz = {A € ¥ : W(A) > 3}. W2 = {0, A}. Then
(X, W) is 2-FWS. Then 0 and A are 2-FWS open and 1 and 1 — A are 2-FWS closed.

Theorem 4.1.4 Let (X, W) be an r-FWS and A, B € X,
1 wI(A,r) C Aandif A € W, thenwl(A,r) = A.
2 ACwC(A,r)andif A € W,, thenwC(A,r) = A.
3 IfAC B, thenwl(A,r) Cwl(B,r)and wC(A,r) CwC(B,r).

4 wl(A,r)Nnwl(B,r) 2wl(ANB,r)and wC(A,r) UwC(B,r) CwC(AU
B,r).

5 wi(mI(A,r),r)=wl(A,r)and wC(wC(A,r),r) =wC(A,r).
6 1—wC(A,r)=wl(l—Ar)and1 —wl(A,r)=wC(l—A,r).

Proof. (1) Let B, be r-FWS open such that B, C A forall « € A.
Then, forany z € X, B,(z) < A(x) forall € A.
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Thus (U B,)(z) = sup B,(z) < A(x) forall z € X.
aeA aEA

This implies that (wl(A,r))(x) < A(x) forall z € X.

Hence wl(A,r) C A. Next we show that if A € W,, then wl(A,r) = A.
Let A€ W,. Then A€ {B,€IX:B,€W,and B, C Aforalla € A}.
Thus for any z € X, A(z) € {Ba(x) : B, € W, and B, C A forall « € A}.
Thus A(z) < su;A){Ba(x) : By € Wy and B, € A} = (| Ba)(x)

and so A C wI?A, 7). Since wI(A,r) C A, we get thatoﬁ?(A, r) = A.

Let B, be »-FWS closed such that A C B, for all « € A.

Then, for any z € X, A(z) < B,(z) forall o € A.

Thus (1) Ba)(z) = inf By(z) > A(z) forallz € X.
ac
acA

This implies that A(z) < (wC(A,r))(z) forall z € X.

Hence A C wC(A,r). Next we show that if A® € W,, then wC(A,r) = A.

Let A € W,. Then A € {B, € I* : B €¢ W, and A C B, forall a € A}.

Thus, for any x € X, A(z) € {Bu(z) : BS € W, and A C B, forall o € A}.

Thus A(x) > inf {Ba(x) ; BS € W,and A C B} = ((1] Ba)(2)

and so wC(A,r) C A. Since A C wC(A,r), we have wa(ei’/zA, r) = A.

Let A C B, then A(z) < B(x) forall x € X.

Let Bg € W, such that Bs C A forall 8 € A.

Since A C B, we have Bz C B forall § € A.

Thus Bs € {F, € I : F, C B,F, € W, foralla € A}.

So, forany = € X, Bg(x) < sup{F,(z): F, € W, and F,, C B}.

Thus sup{ F,(z) : F, € W, eolﬁé\l F,, C B} is an upper bound of {Bs(z) : Bg € W,
and Ba;AQ A for all 5 € A}. Hence sup{Bgs(z) : Bg € W, and By C A} <
sup{F,(z) : F, € W, and F,, C B} f(fregll xz € X. This implies that wI(A,r) C
Z)EIA(B, 7). Next we show that wC'(A,r) C wC(B,r).

Let A C B, then A(z) < B(x) forall z € X.

Let Bg be r-FWS closed such that A C Bs forall 5 € A.

Since A C B, we have B C By forall 5 € A.

Thus Bs € {F, € [¥ : BC F,,FS € W, forall « € A}.
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So, for any z € X, Bg(x) > 1r61£{Fa(x) :F¢ ¢ W, and F, C B}.

Thus 11€1£{Fa(x) : F{ € W, and F, C B} is a lower bound of {Bg(z) : B € W,

and A C Bg forall 5 € A}. and so gﬂi{Bg(l’) : B € W,and A C Bg} >
S

ing{Fa(x) :FY € W, and F,, C B} forall z € X. Hence wC(A,r) C wC(B,r).
[e7S]

Since AN B C A, AN B C B and using (3), we have
wl(ANB,r) Cwl(A,r)and wl(ANB,r) Cwl(B,r).
Therefore wI(AN B,r) Cwl(A,r) Nwl(B,r).

We show that wC'(A,r) UwC(B,r) CwC(AUB,r).
Since A C AU B, B C AU B and by (3), we get that
wC(A,r) CwC(AUB,r)and wC(B,r) CwC(AU B,r).
Therefore wC(A, r) UwC(B,r) C wC(AN B,r).

By (1) and (3), we have wl(wI(A,r),r) Cwl(A,r).
For any G5 € I be such that G5 € W, and G C A, we have Gz C wi(A,r).
Thus Gg C U{Gy : Go € W,,, G, CwI(A,r) for all &« € A}. This implies that
wl(A,r) =U{Gp: Gg e W,,Gz C Aforall § € A}
CUH{Gn: Gy eW,, Gy, Cwi(A,r) forall a € A}
=wl(wl(A,r),r).

Sowl(A,r) =wl(wl(A,r),r). We show that wC(wC(A,r),r) = wC(A,7).
It follows from (2) and (3), we get that wC'(A,r) C wC(wC(A,r),r).
For any Fj3 € IX be such that F§' € W, and A C Fj, we have wC(A,r) C Fj.
Thus N{F,, : F¢ € W,,wC(A,r) C F, forall « € A} C Fj. This implies that
wC(A,r) =N{Fs: Fﬁc eEW,,AC Fsforall 5 € A}
DN{F,: F¢ e W,,wC(A,r) C F, forall a € A}
= wC(wC(A,r),r).

So wC'(A,r) = wC(wC(A,r),r).

We show that wC'(1 — A,r) = 1 — wI(A,r). Foreachz € X and o € A, we have
(I —wI(A,r))(2) = 1(z) — wl(A,7)(2)

1(x) = (U{Ga € IX : Gy C A, Gy € Wy, € AV (2)




(
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= 1(x) —sup{Gqs(z) : G4 € A, G, € W, }

< T(x) — Go()
= (1 - Ga)(2).
Thus
(1T —wl(A,r)(z) <inf{(1-Gu)(x): 1-G)’ eW,,1-AC1—-GCG,}

ac

< in/f\{Fa(x) . FCeW, 1-ACF,}
ae

= (({Fa: F{ e W,,1- AC F.})(x)

acel

= (wC(1— A, 1)) ().

Sol—wl(A,r) CwC(l—Ar).
Consider, Forany a € A, G, € W,,G, C A, we have
Ga(z) = (1~ (1~ Ga))(x)
=1(z) — (1-G.)(2)
T(z)— inf{(1-G)(x): T-ACT—Ga (1—-Ga) eW,}

a€eA

IN

IN

1(z) — inf{F,(z): 1—AC F,,F¢ e W,}

= wC(1—A,r)(z)
= (1—wC(1-A,r)(x).

Thus 1 — wC(1 — A,7r)(z) > sup{(Ga)(z) : Go C A,Gy € W,}
— wl(Ar)(x).

This implies that wC'(1 — A,r) C 1 — wl(A,r).

Hence wC'(1 — A, r) = 1 — wl(A,r).

Next we show that wl(1 — A,r) =1 — wC/(A,r).

We have I_wC(A,r):T—wO(T—(T_A)”)

=1—(1T—-wI(1-A,r)

= wI(1—A,r).

Hence wl(1— A,r) =1 —wC(A,r).
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Definition 4.1.5 Let (X, W) be an 7-FWS and A € IX. Then a fuzzy set A is called a
fuzzy r-weak semiopen set (simply, -FWS semiopen set) in X if
A CwC(wl(A,r),r).
A fuzzy set A is called a fuzzy r-weak semiclosed set (simply, r-FWS semiclosed
set) if the complement of A is fuzzy r-weak semiopen.
Let (X, W) and (Y, N) be two r-FWS’s. Then f : X — Y is said to be fuzzy
r-W continuous mappings if for every A € N, f71(A) isin W,.

Definition 4.1.6 Let (X, V) be an r-FWS and A € IX. Then a fuzzy set A is called a
fuzzy r-weak a-open set (simply, -V, open set) in X if
A Cwl(wC(wlI(A,r),r),r).
A fuzzy set A is called a fuzzy r-weak a-closed set (simply, a-WV, closed set) if

the complement of A is fuzzy r-weak a-open.

Lemma 4.1.7 Let (X, ) be an 7-FWS. Then the following condition are hold:
1 Every r-FWS open set is a-WV, open.
2 Every a-W, open set is r-FWS semiopen.

Proof. (1) Let A be r-FWS open. Then wl(A,r) = A.
Since A C wC'(A,r) = wC(wI(A,r),r), we get that
A=wl(A,r) Cwl(wC(wl(A,r),r),r). Hence A is a-W,. open.

(2) Let Abe a-W, open. Then A C wl(wC(wl(A,r),r),7).
Since wl(wC(wl(A,r),r),r) CwC(wl(A,r),T),

we get that A C wC(wl(A,r),r). Hence A is -FWS semiopen. 0

Remark 4.1.8 The following implications are obtained but the converses are not trure in
general.

fuzzy r-weak open = fuzzy r-weak a-open = fuzzy r-weak semiopen

Example 4.1.9 Let X = [0, 1] and let A and B be fuzzy sets define as follows

A(2) T+ 3, ;0<z <1,
€Tr) =
%(x—1)+%, ;r<a <1,
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and B(r)=50<z<1.

Let us consider a fuzzy r-weak structure define as follows

W) = L ifu=0,4,
0, otherwise.
Let 7 = 1, consider wI(wC(wl(B,3),3),3)(z) = (3,3].
Then B(z) < wl(wC(wl(B,3),3),3)(x), Thus B C wl(wC(wl(B,3),3),3)
Therefore B is -1 open. But B is no t 2-FWS open.
Let 7 = 1, consider wC(wl(1 - ,3):3)(@) =1[3,3).
Then (1 — B)(z) < wC(wI((1— B.3),3)(x), Thus (1 — B) C wC(wl((1— B),3),3)
Therefore (1 — B) is 1-weak semiopen. But t (1 — B) is not a-W. open.

Lemma 4.1.10 Let (X, V) be an 7-FWS. Then a fuzzy set A is a-)WV, closed set if and
only if wC(wI(wC(A,r),r),r) C A.

Proof. (=) Let A be a-W, closed. Then 1—Aisa-W, open.
Thus 1 — A C wI(wC(wI(1 — A,r),r),r). By Theorem 4.1.4 (6), we have
1—ACwl(wCd—wC(A,r),r),r)
= wI(1 —wl(wC(A,r),r),r)
=1 — wC(wI(wC(A,r),r),r).

Hence wC (wI(wC(A,r),r),r) C A.

(<) Let wC(wI(wC(A, r) r),7) C A. Consider,

— AC1—wC(wI(wC(A,r),r),r)
= wI(I —wl(wC(A,r),r),T)
= wl(wC(T —wC(A,r),r),r)

= wI(wC(wI(l— A,r),r),r).

Thus 1 — A is a-W, open. This implies that A is a-W, closed. ]

Theorem 4.1.11 Let (X, V) be an r-FWS. Then any union of «-WV, open set is a-W,

open.
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Proof. Let Az be a-WV, open for all 3 € A. Then for any 5 € A,

Ag Cwl(wC(wl(Ag,r),r),1) C wI(wC’(wI(U Ag,r),T),T).
BeEA
Since Ag(z) < wl(wC(wI(| ] Ag,r),r),r)(x) forall z € X,
BeEA
and so | J Ap(z) < wI(wC(wI(| ] Ag,r),r),r)(x) forall z € X.
BEA BEA
Thus | ] As € wI(wC(wI(| ) Ag,r),7),7). Hence | ] A is a-W, open. O
BEA BEA BEA

Definition 4.1.12 Let (X, W) bean7-FWS. Forany A € I*, waC(A,r)and wal(A,r),

respectively, are define as the following:
waC(A,r)=nN{F € I*: ACF, Fisa-W, closed };
wal(A,r)=U{U € I* : U C A, U is a-W, open }.

Theorem 4.1.13 Let (X, V) be an -FWS and A € . Then the following statements
are hold.

1 wal(A,r) C A.

2 If A C B, thenwal(A,r) Cwal(B,r).

3 Ais a-W, open if and only if wal(A,r) = A.

4 wal(wal(A,r),r) =wal(A,r).

5 waC(1—A,r)=1—wal(A,r)andwal(l— A,r) =1—waC(A,r).

Proof. (1) Let Bg be a-W, open such that Bz C A forall g € A.
Then, for any x € X, Bg(z) < A(x) forall § € A.

Thus (|_J Bs)(x) = sup Bg(z) < A(x) forall » € X
Ben BeA
This implies that (wal(A,r))(z) < A(z) forallz € X.

Hence wal(A,r) C A.

(2) Let A C B. Then A(x) < B(z) forallz € X.
Let Bg be a-W, open such that Bg C A forall 5 € A.
Since A C B, we have Bz C B forall § € A.
Thus Bs € {F, € I : F, C B, F, is a-W, open}.
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So, for any x € X, Bs(z) < sup{F,(z) : F, is a-W, open and F,, C B for
all « € A}. Thus sup{F,(x) : Of’;\ is a-W, open and F,, C B for all &« € A} is
upper bound of {Bga‘\) : Bg is a-W, open and By C A for all 5 € A}. Hence
sup{Bg(x) : Bgis a-W, openand Bz C A forall § € A} < sup{F,(z) : F, is
26_1)\/% openand F,, C Bforall« € A} forall z € X. e

This implies that wal (A, r) C wal(B,r).

(3) (=) Let A be a-W, open.
Then A € {Bs € I* : Bgis a-W, openand Bz C A forall 8 € A}.
Thus, forany x € X, A(x) € {Bs(x) : Bgis a-W, openand Bz C Aforall 5 € A}.
So A(x) < sup{Bs(z) : Bgisa-W, openand Bg C Aforall § € A} = wal(A,r)(z).
By (1), we If:\//\e wal(A,r) = A.
(<) Letwal(A,r) = A. By Theorem 4.1.11, we have wal (A, r) is a-WV, open.
Therefore A is a-WV, open.

(4) By Theorem 4.1.11, we have wal (A, r) is a-WV, open.
From (3), wal(wal(A,r),r) = wal(A,r).

(5) We show that waC(1 — A,r) = 1 — wal(A,r).
Forany o € A, let G, is a-W, open and G, C Aand x € X,

(1 —wal(A,r)(z) =1(z) —wal(A,r)(z)
= 1(z) — sup{Ga(x) : G4 C A, Gy isa — W, open}

< T(x) - Goz<x)
= (1—Gu)(z).

Thus

(1T —wal(A,r)(z) < inf{(I—Gy)(x): (1—Ga)isa—W, closed, 1 — A C1—G,}

a€eA

— inf {F,(z): Fis o — W, closed, 1 — A C F,}

aEA

— ( ﬂ{Fa Fisa—W, closed,T— AC Fa})(x)

a€N

= (waC(1 — A, 7))(z).
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So1—wal(A,r) Cwal(l—A,r).
Consider, for any o € A, G,, € IX, G, is a-W, open, G, C A. Then

Galz) = (1~ (1~ Ga))(@)
=1(z) — (I~ Ga)(2)
1(x) — inf {(F,)(z) : 1 — A C F,, F¢ is & — W, closed}

a€el

IN

= 1(z) —waC(1— A,7)()
= (1 —waC(1— A,r)(x).

Thus

wal(A,r)(z) = sup{(Ga)(z) : Gy is a-W, open and G, C A} < (1 — waC(1
€N

A,7))(x) forall z € X. Hence waC(1 — A,r) C 1 —wal(A,r).
This implies that waC(1 — A,r) = 1 — wal(A,r).
Next we show that wal (1 — A,7) = 1 — waC(A,r).

We have 1—waC(A,r)=1—waC(1—(1—-A),r)
=1— (1 —wal(1—A,r))

= wal(l—A,r).
Hence wal(1— A, r) = 1 — waC(A,r).
Theorem 4.1.14 Let (X, W) be an r-FWS and A € IX. Then
1 ACwaC(A,r).
2 If A C B, then waC(A,r) C waC(B,r),
3 Ais a-W, closed if and only if waC'(A,r) = A,
4 waC(wal(A,r),r) =waC(A,r).

Proof. (1) Since A=1— (1— A)
Cl1—wal(1—A,r)
= waC(1— (1- A),r)
= waC(A,r).
Hence A C waC'(A,r).
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(2) Let AC B. Thenl —BC1— A.
By Theorem 4.1.13 (2), then waI(1 — B,r) C wal(l — A,r).
Thus by Theorem 4.1.13 (5), 1 — waC(B,r) C 1 — wa(A,r).
Hence waC'(A,r) C waC(B,r).

(3) (=) Let A be a-W, closed. Then 1 — A is a-W, open.
Thus by Theorem 4.1.13 (3) , wal(1 — A,7) =1 — A.
By Theorem 4.1.13 (5), then 1 — waC(A,r) = 1-A
This implies that waC'(A,r) = A.
(<) LetwaC(A,r) = A. By Theorem 4.1.13 (5),
1—waC(A,r) =wal(1— A,r). Then by Theorem 4.1.11, waI(1 — A,r)is a-W,
open. Therefore 1 — waC(A,r) is a-W, open. Thus waC/(A,r) is a-W, closed.
Hence A is a-W, closed.

(4) Since waC(A,r)is a-W, closed. By (3), waC(waC(A,r),r) = waC(A,r). [

4.2 Fuzzy r-WW a-continuity and fuzzy - a-open mappings

In this section, we introduce the concept of fuzzy a-continuous, fuzzy a-semicontinuous
and fuzzy a-open mappings in fuzzy r-weak spaces. And the relationship between the

fuzzy a-open mappings and the fuzzy a-continues.

Definition 4.2.1 Let f : (X, W) — (Y, N) be a mapping on two r-FWS’s. Then f is
said to be fuzzy r-W a-continuous if f~*(U) is a-WV, open for all -FWS open set U in
Y.

Definition 4.2.2 Let f : (X, W) — (Y,N) be a mapping on two 7-FWS’s. Then f is
said to be fuzzy r-W semicontinuous if f~1(U) is r-FWS semiopen for all -FWS open U
inY.

Lemma 4.2.3 Let (X, V) be an 7-FWS. Then the following condition are hold.
1 Every fuzzy r-W continuous is fuzzy r-W a-continuous.

2 Every fuzzy r-W a-continuous is fuzzy r-I1 semicontinuous.
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Proof. (1) Let f be a fuzzy r-W continuous, and U be r-FWS openin Y.
Thus f~1(U) is r-FWS open in X. By Lemma 4.1.7 (1),

then f~1(U) is a-W, open. Hence f is fuzzy 7-W a-continuous.

(2) Let f be a fuzzy r-W a-continuous, and U be r-FWS open in Y.
Thus f~*(U) is a-W, open in X. By Lemma 4.1.7 (2),

then f~1(U) is 7-FWS semiopen. Hence f is fuzzy r-W semicontinuous. B

Remark 4.2.4 It is obvious that every fuzzy r-W a-continuous mapping is fuzzy
r-W semicontinuous but the converse may not be true as show in the next example.

fuzzy r-W continuous = fuzzy r-W a-continuous = fuzzy r-W semicontinuous.

Example 4.2.5 Let X = [0, 1] and let A, B and C be fuzzy sets define as follows

o
IN
8
IN

1 .
'I_’_i; )

=

W=

=
AN
8
IN
\.}—‘

B(z)=3(x+2);0 <z <1, and
C(z) = %x;()gxg 1.

Let us consider a fuzzy r-weak structure define as follows

(
3 ifu=0,A
4 )
W(p) =
\O, otherwise,
( ~
3 ifu=0,B
49 )
N(p) =
0, otherwise,

\
Letr = §, we have W = {0, A} and Ns = {0, B}.
Let f : (X, W) — (X, N) be an identity function.

1. We show that f is fuzzy r-W a-continuous.
LetU € ./\/'% — {0, B}, then f~Y(U) is a-Ws open. Consider,
IfU =0, f~1(U) = 0 such that 0(z) < wI(wC(wl(0,2),3),2)(x).

S0 0 C wl(wC(wl(0,3),2),3). Therefore 0 is a-Ws open.

IfU = B, fY(U) = Bsuchthat B(z) = [2,1] < [2,1] = wl(wC(wI (B, %), ), #)(x).

37
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So C wI(wC(wI(B,}), ), 1) Therefore B is a-Ws open.

Hence f is fuzzy r-W a-continuous. But f is not fuzzy r-W continuous.
Let 7 = 2, we have Ws = {0, A} and Ns = {0, BY.

Let f: (X,N) — (X, W) be an identity function.

2. We show that f is fuzzy r-WW semicontinuous.
LetU € Ws = {0, A}, then f~1(U) is 3_FWS semiopen. Consider,
IfU =0, f~1(U) = 0 such that 0(x) < wC(wI(0,32),%)(x).
S0 0 C wC(wI(0,2),3). Therefore 0 is -FWS semiopen.
IfU = A, f~1(U) = Asuchthat A(z) = [3,1] < [2,1] = wC(wI(A4,3),3).
So A C wC(wI(A,32),3). Therefore A is 3-FWS semiopen.

Hence f is fuzzy r-W semicontinuous. But f is not fuzzyr-W «-continuous.

consider w!(wC(wI(B,1),1),3)(z) = (3, 3].

Then B(x) < wl(wC(wl(B, 1), 1), 1)(x), Thus B € wl(wC(wI(B, 3), 1), ).
Therefore B is a- W1 open. But B is no % -FWS open.

Letr = 1, consider wC(wI(1 — B, 1), 1) (z) = [2,3).

Then (1 - B)(z) < wC(wI((1~ B, }),3)(x), Thus (1 = B) C wC(wI((1~ B),}),3).

Therefore (1 — B) is 5-weak semiopen. But t (1 — B) is not a-W1 open.

Theorem 4.2.6 Let f : (X,V) — (Y, N) be a mapping on two -FWS’s. Then the

following statements are equivalent:

1 fis fuzzy r-W a-continuous,

2 f7Y(B) is a-W, closed for each 7-FWS closed set Bin Y,
3 f(waC(A,r)) CwC(f(A),r)for A e I¥,

4 waC(f~YB),r) C f~HwC(B,r)) for B € IY,

5 f~YwI(B,r)) Cwal(f~(B),r)for B e I".

Proof. (1)= (2) Let B be r-FWS closed in Y, then 1 — B is -FWS open in Y.
By (1), then f~*(1 — B) is a-W, open in X. Hence f~(B) is a-W, closed.

(2) = (3) For A € I, we have

FHwC(f(A),r) = f ([ J{Fa €I" : f(A) C F, and F, is r - FWS closed}

aEA
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= ﬂ{f_l(Fa) cI*:AC f"YF,) and f(F,) is a — W, closed}

acel

) ﬂ{KGIX:AgKandKisa—Wrclosed}

aEA

= waC(A,r).

Then waC(A,r) C f~HwC(f(A),r)).

Therefore f(waC(A,r) € f(f~ (wC(f(A),r))) € wC(f(A), ).

Hence f(waC(A,r)) CwC(f(A),r).

(3) = (4) For B € I'. Then

FwaC(f=1(B), ) € wC(f(f~(B)), ) C wC(B,r)

Thus f(waC(f~*(B),r)) C wC(B,r).

Therefore waC'(f~1(B),r) C f~{(f(waC(f~1(B),r))) C f~HwC(B,r)).

Hence waC(f~1(B),r) C f~1(wC(B,r)).

(4) = (5) For B € I, by Theorem 4.1.13 (5), we have

fHwI(B,r)) = f7(Iy —wC(ly — B,r))

=1x — f(wC(ly — B,r))
Clx —waC(f Y1y — B,r))

= wal(f~Y(B),r).

Therefore f~'(wI(B,r)) C wal(f~(B),r).

(5) = (1) For B € N,. Thus f~(wI(B,r)) C wal(f~*(B),r).

Therefore f~*(B) = f~(wI(B,r)) Cwal(f*(B),r).

By Theorem 4.1.13 (1), wal (f~*(B),r) C f~*(B). Thus f~'(B) = wal(f~'(B),r).
Therefore by Theorem 4.1.11, wal (f~'(B),r) is a-W, open.

Hence f is fuzzy r-W a-continuous. [l
Definition 4.2.7 Let [ : (X, W) — (Y, ) be a mapping on two r-FWS’s. Then

1 fis said to be fuzzy r-W «-open if for -FWS open set A in X, f(A) is a-W.,

openinY;

2 f is said to be fuzzy r-W a-closed if for r-FWS closed set A in X, f(A) is

‘x > \.‘1
|21
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a-W, closedin Y.

Theorem 4.2.8 Let f : (X,V) — (Y, N) be a mapping on two -FWS’s. Then the

following conditions are equivalent:
1 fis fuzzy r-W «a-open,
2 f(wI(A,r)) Cwal(f(A),r)for A e I¥,
3 wl(f~Y(B),r) C f~H(wal(B,r))for B e I".

Proof. (1) = (2) For A € I¥,
fwl(A,r) = f(U{B€I*:BCA Bisr-FWSopen})
=U{f(B) € I'': f(B) C f(A), f(B) is @ — W, open}
CU{U e I*: U C f(A),U is a — W, open}
=wal(f(A),r).

Hence f(wI(A,r) Cwal(f(A),r).

(2)= (1) Let Aber-FWS open in X, then A = wl(A,r).

By (2), f(A) C wal(f(A),r). Thus f(A) is a-W, open.

Hence f is fuzzy r-W «a-open.

(2) = (3) For B € IY, it follows from (2) that

fI(f7(B),r)) Cwal(f(f~1(B)),r) S wal(B,r).

Thus f(wI(f~'(B),r)) C wal(B,r).

Therefore wi(f~Y(B),r) C f~(f(wI(f~*(B),r))) C f~H(wal(B,r)).

Hence wI(f~Y(B),r) C f~(wal(B,r)).

(3) = (2) For A € I,

then wI(f~1(f(A)),r) C f~Hwal(f(A),r). Since wI(A,r) Cwl(f~1(f(A)),r).
Thus wI(A,r) C f~H(wal(f(A),r)). Hence f(wI(A, 7)) C wal(f(A),r). O

Theorem 4.2.9 Let f : (X,V) — (Y, N) be a mapping on two -FWS’s. Then the

following statements are equivalent:
1 fis fuzzy r-W a-closed.

2 waC(f(A),r)) C f(wC(A,r)) for A e I¥.




78

Proof. (1)= (2) For A € I*, Then
f(wC(A,r)) = f(N{F € I’*: AC F,Fis r - FWS open})
=nN{f(F)eI": f(A) C f(F), f(F)is a — W, open}
DN{K eI": f(A) CK,Kisa— W, open}
= waC(f(A),r).

Therefore waC(f(A),r) C f(wC(A,r)).

(2) = (1) Let Aber-FWS closed in X,

then A = wC(A, 7). By (2), waC(f(A),1) € F(wC(A,r) = f(A).

Thus f(A) is a-W, closed. Hence f is fuzzy r-W a-closed. O

Definition 4.2.10 Let [ : (X, W) — (Y, ) be a mapping on two r-FWS’s. Then

1 f is said to be fuzzy r-W*«a-open if for every a-W, open A in X, f(A) is
r-FWS open in Y';

2 fis said to be fuzzy r-W*a-closed if for every a-W, closed A in X, f(A) is
r-FWS closed in Y.

Definition 4.2.11 Let X be a nonempty set and W : IX — [ a fuzzy family on X. The
fuzzy r-weak structure WV has the property (i) if for A; € W,.(i € J),
W(UA;) > AW(A).

Theorem 4.2.12 Let (X, V) be an r-FMS such that WV has the property (/). Then for
A€ I, wI(A,r) = Aifand only if A is r-FWS open.

Proof. Let for A € IX, then wI(A,r) = A. By property (i), then a 7-FWS open set A.
Conversely, for A € IX, From Theorem 4.1.4(1), then wI(A,r) = A. O

Theorem 4.2.13 Let f : (X, V) — (Y,N) be a mapping on two r-FWS’s. Then the

following statements are equivalent:
1 fwal(A,7)) CwI(f(A),r)for Ae ¥,

2 wal(f~YB),r) C f~YwI(B,r)) for B eI,
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Proof. (1)=-(2) For B e IV,

By (1), then f(wa(f~(B),r)) C wI(f(f~1(B)).r) € wI(B,1).
Thus f(wal(f~(B),r)) € wl(B,r).

Therefore wal(f~*(B),r) C f~f(wal(f~Y(B),r)) C f~H(wI(B,r)).
Hence wal(f~Y(B),r) C f~YwI(B,r)).

(2)= (1) For A e I*, thenwal(f~'(f(A)),r) C f~Hwl(f(A),r).
Since f(wal(A,r)) € f(wI(f7'(f(A)),r)) C f(f HwI(f(A), 7)) € wl(f(A),r).
Therefore f(wal(A,r)) Cwl(f(A),r). O

Theorem 4.2.14 Let f : (X, W) — (Y, N) be a mapping on two 7-FWS’s. Then the

following statements are hold:
1 If f is fuzzy r-W*«a-open, then f(wal(A,r)) CwI(f(A),r) for A € IX.

2 If f(wal(A,r)) CwI(f(A),r)for A € I and NV has the property (I/), then
f is fuzzy r-W*a-open.

Proof. 1. For A € I,
flwal(A,r) = f(U{B € I : BC A, Bis a— W, open})
=U{f(B) e I : f(B) C f(A), f(B) is r -FWS open}
CU{U eI :UC f(A),Uisr -FWS open}
= wl(f(A),r).

Hence f(wal(A,r)) Cwl(f(A),r).

2. Let Abe a-W, open in X. Since N has the property (/), we have wl(f(A),r) is

r-FWS open. From Theorem 4.2.15, we get that f is fuzzy r-W*«-open. -

Theorem 4.2.15 From Theorem 4.2.13,If f(wal (A, r)) C wl(f(A),r)andwl(f(A),r)
is -FWS open for all A € IX, then f is fuzzy r-W* a-open.

Proof. Let A be r-FWS a-open in X, then A = wal(A,r).

And f(4) = f(wal(A,7)) C wI(f(A),r) C f(A).
since wl(f(A),r) is r-FWS open, we have f(A) is r-FWS open. H
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Theorem 4.2.16 Let f : (X, W) — (Y, N) be a mapping on two r-FWS’s. and
wC(f(A),r) is r-FWS closed. Then the following statements are equivalent:

1 fis fuzzy r-W*a-closed.
2 wC(f(A),r) C fwaC(A,r)) for A € IX,

Proof. (1) = (2) Let A € IX, then

flwaC(A,r)) = f(N{F, € I* : F,is a-W, closed and A C F,, a € A}).
=N{f(F,) € I'*: f(F,) is a-W, closed and f(A) C f(F,),a € A}).
ODN{G, € I : Gy is a-W, closed and f(A) C G, a € A}).
= wC(f(A),r).

(2)= (1) Let A be a-W, open, then waC(A,r) = A.

and wC(f(A),r) € fwaC(A,r)) = f(A) S wC(f(A),r).

Since wC(f(A), ) is closed, f(A) is closed. O

‘/ \W
12
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CHAPTER 5

CONCLUSIONS

The aim of this thesis is to introduce the concepts of ordinary smooth r-minimal
spaces which study open set, closed set, closure and interior it intersects on such. The stud-
ied properties of opens mapping, continuous mapping and compactness. And introduced
r-mb generalized closed sets, Also we studied characterization of extremely disconnected

and T, space on ordinary smooth r-minimal spaces. The results are follows:

1 Ordinary Smooth r-Minimal Structure Spaces

Let X be a nonempty set and r € (0, 1]. A mapping M : 2% — [ is said to
have an ordinary smooth r-minimal structure if the family

M, ={Ae2%: M(A) >r}.
contains ) and X.
Then the (X, M) is called an ordinary smooth r-minimal structure space (sim-
ply, 7-OSMS). Every member of M., is called an ordinary smooth r-minimal
open set (simply, r-OSM open set). A subset A of X is called an ordinary
smooth r-minimal closed set (simply, r-OSM closed set) if the complement of

A (simply, A®) is an ordinary smooth r-minimal open set.

1.1 Let (X, M) be an r-OSMS and r € (0, 1]. The 7-OSM closure and the
r-OSM interior of A, denoted by mC(A, r) and mI (A, r), respectively,
are defined as follows:

1.1.1 mC(A,r)=n{B € 2% :B" e M, and A C B},

1.12 mI(A,r) =U{B €2* : Be M, and B C A}.
1.2 Let (X, M) be an r-OSMS and A, B € 2.

1.2.1 mI(A,r) C A

1.2.2 If A is an 7-OSM open set, then mI(A,r) = A.

1.23 ACmC(A,r).

1.2.4 If A is an 7-OSM closed set, then mC'(A,r) = A.
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125 If A C B, then mI(A,r) € mI(B,r) and mC(A,r) C
mC (B, ).

1.2.6 mI(A,r)nmlI(B,r) O mI(ANB,r)and mC (A, r)UmC(B,r) C
mC (AU B,r).

1.2.7 mI(mI(A,r),r) =mI(A,r)and mC(mC(A,r),r) =mC(A,r).

128 X — mC(A,r) = mI(X — A,r) and X — mI(A,r) =
mC(X — A, r).

1.3 Let f : (X, M) — (Y, /N) be a mapping on two r-OSMS’s. Then f is

said to be

1.3.1 7-M continuous mapping if for every A € N, f~(A) is in
M,.
1.3.2 7-M open mapping if for every A € M,., f(A) isin N,.

1.4 7-OSM compactness.

1.4.1 Let (X, M) be an 7-OSMS and {A; € 2% : i € J}. Ais
called an ordinary smooth r-minimal cover (simply, r-OSM
cover) of X if U{A; : i € J} = X. It is an ordinary smooth
r-minimal open cover (simply, r-OSM open cover) if each A;
is an 7-OSM set. {B; € 2% : i € J} is called an ordinary
smooth r-minimal open cover of B C X if B C U{B; € 2% .
i€ J}

1.4.2 Let (X, M) be an r-OSMS. An A € X is said to be ordinary
smooth r-minimal compact (simply, -OSM compact) if every
r-OSM open cover {4, € M, : i € J} of A has a finite
subcover.

1.43 Let f : (X, M) — (Y,N) be an r-M continuous mapping
on two 7-OSMS’s. If A is an r-OSM compact set, then f(A)

is also an 7-OSM compact set.

1.4.4 Let (X, M) be an r-OSMS. An A € X is said to be ordi-
nary smooth r-minimal almost compact (simply, r-OSM al-

most compact) if for every 7-OSM open cover {A4; € 2% :
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i € J} of A, there exists Jy = {j1, ja2, ..., jn} < J such that
AC U mC (A;, ).

i€Jo

1.4.5 Let (X, M) be an r-OSMS. An A € X is said to be ordinary
smooth r-minimal nearly compact (simply, -OSM nearly com-
pact) if for every 7-OSM open cover {A; : ¢ € J} of A, there
exists Jo = {Jj1, 72, .-, jn} € Jsuchthat A C U mI(mC(A;,r),T).

i€Jg

1.4.6 Let (X, M) be an 7-OSMS. If a subset A in X is an r-OSM

compact, then it is an 7-OSM nearly compact.
1.5 r-M continuous and r-M open.

1.5.1 Let X be a nonempty set and M : 2% — [ a family on X.
The family M is said to have the property (i) if for A; €
M., (i€ J)

M(UA;) > AM(A;).

1.52 Let f : (X, M) — (Y, N) be a mapping on two r-OSMS’s.

Then the following statements are equivalent:

(1) fisr-M continuous.

(i) f~1(B)is an r-OSM closed set, for each -OSM closed
set BinY.

1.53 Let f : (X, M) — (Y, N) be a mapping on two 7-OSMS’s.
Then the following statements are hold:

(i) If f is7-M continuous, then f(mC(A,r)) C mC(f(A),r)
forall A € 2%,

(i) If f~Y(mI(B,r)) € mI(f~Y(B),r), forall B € 2" is
true and M has the property (I/), then f is r-M contin-
uous.

1.54 Let f : (X, M) — (Y, N) be a mapping on two r-OSMS’s.
Then the following statements are equivalent:
() f(mC(A, 7)) CmC(f(A),r) for A € 2%,
(i) mC(f~Y(B),r) C f~Y(mC(B,r)) for B € 2".
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(i) f~YmI(B,r)) CmI(f~Y(B),r) for B € 2¥.

1.5.5 Let f : (X, M) — (Y, N) be a mapping on two 7-OSMS’s.

Then
() f(mI(A,r)) CmI(f(A),r)for A € 2%,
(i) mI(f~Y(B),r) C f~(mI(B,r)) for B € 2".

1.5.6 Let f : (X, M) — (Y, N) be a mapping on two r-OSMS’s.
Then the following statements are equivalent:

(i) If fis 7-M open, then f(mI(A,r)) C mI(f(A),r) for
Ae2X,

(i) tmI(f~YB),r) C f~YmI(B,r)) for B € 2¥ and N
has property (U£), then f is r-M open.

1.5.7 Let f : (X, M) — (Y, N) be a mapping on two r-OSMS’s.
Then f is said to be ordinary smooth weakly r-M continuous
(simply,r-M weak continuous) if for x € X and each r-OSM
open set V' containing f(x), there is an 7-OSM open set U
containing x such that f(U) C mC(V,r).

1.5.8 Let f : (X, M) — (Y, N) be a mapping on two r-OSMS’s.
Then the following statements are equivalent:

@ fYV) CSmI(f~H(mC(V,r)),r) foreach r-OSM open
setVinY.
(i) mC(f~(mI(B,r),r) C f~1(B) foreachr-OSM closed
set BinY'.
(iii) mC(f~*(B),r) C f~*(mC(B,r)) for each7-OSM open
set BinY.

1.59 Let f : (X, M) — (Y,N) be a mapping on two r-OSMS’s.
Then the following statements are hold:

(i) If f isr-M weak continuous, then f~1(V') C mI(f~(mC(V,r)),r)
for each -OSM openset V in Y.

(i) If mC(f~Y(B),r) € f~'(mC(B,r)) for each -OSM
open set B in Y is true and A\ has the property ({/), then
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f is r-M weak continuous.

1.5.10 Let f : (X, M) — (Y, N) be a mapping on two r-OSMS’s
and A € 2Y. If f is r-M weak continuous, then the following
statements hold :

() fYA) CSmI(f1(mC(A,r)),r) for A=mI(A,r).
(i) mC(f~ (mI(A,r)),r) C f~1(A) for A =mC(A,r).

1.5.11 Let f : (X, M) — (Y, N) be a mapping on two r-OSMS’s.
Then f is said to be ordinary smooth almost r — M continuous
(simply, r-M almost continuous) if for x € X and each r-
OSM open set V' containing f(z), there is an r-OSM open set
U containing x such that f(U) C mI(mC(V,r),r).

1.5.12 Let f : (X, M) — (Y, N) be a mapping on two r-OSMS’s.
Then the following statements are equivalent:

(1) fisr — M almost continuous.
() fYB) € mI(f~Y(mI(mC(B,r),r)),r) for each r-
OSM open set Bin Y.
(iii) mC(f~*(mC(mI(F,r),r)),r) C f~Y(F) for each r-
OSM closed set F'in Y.

1.6 Relationships between some types of 7-OSM compactness and r-M

continuous.

1.6.1 Let (X, M) beanr-OSMS. Ifasubset A in X is 7-OSM com-
pact, then it is also 7-OSM almost compact.

1.6.2 Let f : (X, M) — (Y, N) be an r-M continuous mapping on
two 7-OSMS’s. If A is an r-OSM almost compact set, then

f(A) is also an 7-OSM almost compact set.

1.6.3 Let f : (X, M) — (Y,N) be an r-M continuous and r-M
open mapping on two 7-OSMS’s. If A is an r-OSM nearly

compact set, then f(A) is an r-OSM nearly compact set.
1.6.4 Let f: (X, M) — (Y, N) be an r-M weak continuous map-
pings on two r-OSMS’s. If A is an 7-OSM compact set in
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X and M has property (U/), then f(A) is an r-OSM almost
compact set.

Let f : (X, M) — (Y, N) be an r-M weak continuous map-
pings on two r-OSMS’s. If A is an 7-OSM almost compact
set and M has property (U/), then f(A) is an r-OSM almost
compact set.

Let f: (X, M) — (Y, N) be an r-M weak continuous map-
pings on two r-OSMS’s. If A is an 7-OSM nearly r-minimal
compact set and M has property (U/), then f(A) is an -OSM

nearly compact set.

Let f : (X, M) — (Y,N) be an r-M almost continuous
mappings on two 7-OSMS’s. If A is an r-OSM compact set
in X and M has property (i), then f(A) is an r-OSM nearly
compact set.

Let f : (X, M) — (Y, N) be an r-M almost continuous and
r-M open mappings on two r-OSMS’s. If A is an »-OSM
almost compact set and M has property (U/), then f(A) is an
r-OSM almost compact set.

Let f : (X, M) — (Y, N) be an r-M almost continuous and
r-M open bmappings on two r-OSMS’s. If A is an »-OSM
compact set and M has property (U), then f(A) is an r-OSM

compact set.

1.7 Let X be a nonempty set and M : 2% — I a family on X. The family
M is said to have the property (i) if for A; € M,.(i € J)

M(UA;) > AM(A)).

1.8 Let (X, M) be an r-OSMS with the property (/). Then

1.8.1
1.8.2

mI(A,r) = Aifand only if A € M, for A € 2X.
mC(A,r) = Aifand only if A € M, for A € 2%,

1.9 On Generalized r-mb Closed sets.

1.9.1
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(1) ordinary smooth r-minimal semi-closed (briefly r-ms

closed)
ifmI(mC(A,r),r) C A

(i1) ordinary smooth r-minimal pre-closed (briefly r-mpre
closed)
itmC(mI(A,r),r) C A

(ii1) ordinary smooth r-minimal b-closed (briefly r-mb closed)
if (mC(mI(A,r),r)NnmI(mC(A,r),r) C A

(iv) ordinary smooth r-minimal semi-preclosed (briefly r-
msp closed)
it mI(mC(mI(A,r),r),r) C A

1.9.2 Let (X, M) be an 7-OSMS and A € 2%. Then A is called:

(1) r-mgb closed if bmC'(A,r) C U whenever A C U and
UeM,.

(ii) r-msg closed if smC(A,r) C U whenever A C U and
U e r-mSO(X).

(iii) r-mgs closed if smC(A,r) C U whenever A C U and
UeM,.

(iv) r-mgp closed if pmC(A,r) C U whenever A C U and
UeM,.

(v) r-mgsp closed if spmC(A,r) C U whenever A C U
and U € M,.

1.9.3 Let (X, M) be an r-OSMS and A € 2. Then A is called
nowhere dense if and only if mI(mC(A,r),r) = 0.

1.9.4 Let (X, M) be an r-OSMS and D € 2*. Then D is called
dense if and only if mC'(D,r) = X.
1.9.5 Let (X, M) be an 7-OSMS and E € 2%. Then F is called
codense if and only if mI(E,r) = (.
1.9.6 Let (X, M) be an r-OSMS is said to be:
(1) Ty, if every gs-closed subset of X is sg-closed.
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(11) Extremely disconnected if the closure of each open sub-
sets of X is open.
1.9.7 Let (X, M) be an 7-OSMS and A € 2%. Then A is called :
(i) ordinary smooth r-minimal semi-open (briefly r-ms open)
if ACmC(mI(A,r),r)
(i1) ordinary smooth r-minimal regular open (briefly r-mrg
open)
if A=mI(mC(A,r),r)
(iii) ordinary smooth r-minimal pre-open (briefly r-mpre open)
if AC mI(mC(A,r),r)
1.9.8 Let (X, M) be an 7-OSMS and A € 2¥. Then A is called :
(i) pmC(A,r) = AUmC(mI(A,r),r)
(il) smC(A,r) = AUmI(mC(A,r),r)
1.9.9 Let (X, M) be an r-OSMS and r € (0, 1].
(i) smC(A,7) = N{B € 2¥ : B is s-closed set and A C
B}
(i) pmC(A,r) = N{B € 2% : B is pre-closed set and
A C B}
(iii) bmC(A,r) = N{B € 2% : Bis b-closed set and A C
B}
(iv) spmC(A,r) = N{B € 2% : B is sp-closed set and
AC B}

1.10 r-mgb Closed Sets and Their Relationships.

1.10.1 If A, is a r-mb closed set for o € A, then m A, isar-mb

aEA
closed set

1.10.2 If A, is r-msp closed for all « € A, then ﬂ A, 1S r-msp

acA
closed.

1.10.3 If A, is r-ms closed for all « € A, then ﬂ A, 1S r-ms

aEA
closed.
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If A, is r-mpre closed for all &« € A, then ﬂ A, 1s r-mpre
a€EA

closed.

Every r-mb closed set is r-mgb closed.

Every r-msp closed set is r-mgsp closed.

Every r-msg closed set is r-mgs closed.

Every r-mpre closed set is r-mgp closed.

Every r-ms closed set is 7-msg closed.

Every r-mgp closed set is r-mgsp closed.

Every r-ms closed set is 7-mgs closed.

Every r-mgp closed set is -mgb closed.

Every r-mgb closed set is r-mgsp closed.

If G is r-mrg open set , then G is 7-OSM open.
If G is r-mrg open set, then G is r-OSM closed.
If F'is r-ms closed set, then F' is r-msp closed.
If G is 7-OSM open set , then G is r-ms open.
If F'is r-ms closed set, then F' is r-mb closed.
If F'is r-mpre closed set, then F' is r-mb closed.
If F'is r-mpre closed set, then F' is r-msp closed.
If F'is 7-mb closed set, then F' is r-msp closed.

If X is nowhere dense, then X — {z} is r-ms open sets.

1.11 Let X be any r-OSMS, then the following are equivalent:

1.11.1 Every r-mgb closed set is r-mgp closed.

1.11.2 Every r-mb closed set is r-mgp closed.

1.12 Let (X, M) be an r-OSMS the following are equivalent:

1.12.1
1.12.2
1.12.3
1.12.4
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Every r-mgsp closed set is r-mgp closed.
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1.12.5 Every r-msp closed is r-mpre closed.
1.12.6 Every r-mgp closed set is r-mgp closed.
1.12.7 Every r-mb closed set is 7-mgp closed.
1.12.8 X is extremely disconnnected.
1.13 Let (X, M) be r-OSMS and let X, X, C X defined by
X; = {x € X : {z} is nowhere dense} and Xy = {x € X : {z} is
r-mpre open}. It is easy to see that { X, X} is a decomposition of X
(ie. X = X5 UX)).
1.14 Let (X, M) be r-OSMS and A € 2. Then A is r-msg closed if and
only if X; NsmC(A,r) C A
1.15 Let X be any 7-OSMS, X is T}, if and only if every singleton is either

r-mpre open or 7-OSM closed.

1.16 Let (X, M) be an r-OSMS, every singleton is either r-mpre open or

nowhere dense.
1.17 Let (X, M) be an r-OSMS , the following are equivalent.

1.17.1 Every r-mgb closed set is r-mb closed.
1.17.2 Every r-mgs closed set is 7-mb closed.
1.17.3 Every r-mgb closed set is r-msp closed.
1.17.4 Every r-mgp closed set is r-mpre closed.
1.17.5 Every r-mgsp closed set is r-msp closed.
1.17.6 Every r-mgp closed set is r-msp closed.
1.17.7 X is Ty,

1.18 Let (X, M) be an r-OSMS , the following are equivalent.
1.18.1 Evaery r-mb closed set is r-mgs closed.
1.18.2 Every r-mgb closed set is r-mgs closed.
1.19 If every r-mgp closed set of a space X is r-msg closed, then X is T,.

1.19.1 Every r-mgsp closed set is r-mpre closed.

1.19.2 Every r-mgb closed set is r-mpre closed.
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1.19.3 X is extremely disconnected and 7.

1.20 Let (X, M) be -OSMS. Then every r-msg closed set is r-mb closed.

2 Fuzzy r-Weak Structure Spaces

Let X be a nonempty set and r € (0, 1]. A fuzzy family W : [* — [ on X

is said to have a fuzzy r-weakly structure if the family
W,={Ael*: W(A) >r}

contains 0.

Then the pair (X, W) is called a fuzzy r-weakly structure space (simply, -
FWS). Every member of W, is called a fuzzy r-weak open set (simply, r-FWS
open set). A fuzzy set A is called a fuzzy r-weak closed set (simply, r-FWS

closed set) if the complement of A (simply, AY) is a fuzzy r-weak open set.

2.1 Let (X, W) be an -FWS and r € (0, 1].
2.1.1 wC(A,r)=n{BeI¥:Bc W,and A C B}
212 wI(A,7)=U{B e l*:BeW,and B C A}
2.2 Let (X, W) beanr-FWSand A, B € I,

221 wI(A,r) C Aandif A € W,, then wlI(A,r) = A.
222 ACwC(A,r)andif A° € W,, then wC (A, r) = A.
223 If A C B,thenwI(A,r) Cwl(B,r)andwC(A,r) CwC(B,r).
224 wl(A,r)Nwl(B,r) D wl(ANB,r)andwC (A, r)JwC(B,r) C
wC(AUB,T).
225 wl(mI(A,r),r) =wl(A,r)andwC(wC(A,r),r) =wC(A,r).
226 1—wC(A,r)=wl(1—A,r)and 1 — wl(A,r) = wC(l -
A r).
2.3 Let (X, W) be an -FWS and A € IX. Then a fuzzy set A is called a
fuzzy r-weak semiopen set (simply, r-FWS semiopen set) in X if
A CwC(wl(A,r),r).
A fuzzy set A is called a fuzzy r-weak semiclosed set (simply, -FWS

semiclosed set) if the complement of A is fuzzy r-weak semiopen.

Let (X, W) and (Y, N) be two r-FWS’s. Then [ : X — Y is said
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to be fuzzy r-W continuous function if for every A € N,., f71(A) is in
Wi.

2.4 Let (X, W) be an -FWS and A € IX. Then a fuzzy set A is called a
fuzzy r-weak a-open set (simply, a-WV, open set) in X if
A Cwl(wC(wI(A,r),r),r).
A fuzzy set A is called a fuzzy r-weak a-closed set (simply, a-WV,

closed set) if the complement of A is fuzzy r-weak a-open.
2.5 Let (X, V) be an m-FWS. Then the following condition are hold:

2.5.1 Every r-FWS open set is a-WV, open.

2.5.2 Every a-W, open set is r-FWS semiopen.

2.6 The following implications are obtained but the converses are not trure
in general.

fuzzy r-weak open = fuzzy r-weak a-open = fuzzy r-weak semiopen.

3 Let (X, W) be an r-FWS. Then a fuzzy set A is -V, closed set if and only if
wC(wl(wC(A,r),r),r) C A.

4 Let (X, W) be an r-FWS. Then any union of a-V, open set isa-WV, open.

5 Let (X, W) be an r-FWS. For any A € [*, waC(A,r) and wal(A,r), re-
spectively, are defined as the following
waC(A,r)={F € I*: ACF, Fisr-FWS a-closed };

wal(A,r)=U{U € I* : U C A, U is r-FWS a-open }.
6 Let (X, W) be anr-FWS and A € I, Then the following statments are hold.

6.1 wal(A,r) C A.

6.2 If A C B, then wal (A, r) C wal(B,r).

6.3 Ais a-W, open if and only if wal(A,r) = (A, r).
6.4 wal(wal(A,r),r) =wal(A,r).

6.5 waC(1—A,r) = 1—wal(A,r)and wal(1—A,r) = 1—waC(A,r).
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7 Let (X, W) be anr-FWS and A € [, Then

7.1 A CwaC(A,r).

7.2 If A C B,thenwaC(A,r) C waC(B,r)

7.3 Ais a-W, closed if and only if waC'(A,r) = (A, r).
7.4 waC(wal(A,r),r) =waC(A,r).

8 Let f: (X, W) — (Y, N) be a mapping on two r-FWS’s. Then f is said to be
fuzzy r-W continuous function if for every A € N, f~1(A) isin W,.

9 Let f: (X, W) — (Y, /N) be a mapping on two r-FWS’s. Then f is said to
be fuzzy r-W a-continuous if f~1(U) is an a-W, open set for all -FWS open
setUinY.

10 Let f : (X, W) — (Y, N) be a mapping on two -FWS’s. Then f said to be
fuzzy r-W semicontinuous if f~1(U) is an r-FWS semiopen set for all 7-FWS
openset U inY.

11 Let (X, V) be an -FWS then the following condition is true.

11.1 Every fuzzy r-W continuous is fuzzy r-W a-continuous.
11.2 Every fuzzy r-W a-continuous is fuzzy r-W semicontinuous.
12 It is obvious that every fuzzy r-W a-continuous mapping is fuzzy r-W semi-
continuous but the converse may not be true as show in the next example.

fuzzy r-W continuous = fuzzy r-W a-continuous = fuzzy r-W semicontin-

uous.

13 Let f: (X, W) — (Y, N) be a mapping on two 7-FWS’s. Then the following
statements are equivalent:
13.1 fis fuzzy r-W a-continuous.
13.2 f~1(B) is an a-W, closed set for each -FWS closed set B in Y.
133 f(waC(A,r)) CwC(f(A),r) for A € IX.

13.4 waC(f~Y(B),r) C f~YwC(B,r)) for B € IY.
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13.5 f~Y(wI(B,r)) Cwal(f~Y(B),r) for B € IY.
Fuzzy r-W «a-open.
14 Let f : (X, W) — (Y, N) be a mapping on two 7-FWS’s. Then
14.1 f is said to be fizzy r-W «a-open if for r-FWS open set A in X, f(A)
is r-FWS a-open in Y;
14.2 f is said to be fuzzy r-W a-closed if for r-FWS closed set A in X,

f(A)is r-FWS a-closed in Y.

15 Let f : (X, W) — (Y, N) be a mapping on two 7-FWS’s. Then the following
are equivalent:
15.1 f is fuzzy r-W «-open.
152 f(wI(A,r)) Cwal(f(A),r) for A e IX.
153 wI(f~%B),r) C f~Hwal(B,r)) for B € IY.
16 Let f: (X, W) — (Y, N) be a mapping on two 7-FWS’s. Then the following
are equivalent:
16.1 f is fuzzy r-M a-closed.
16.2 waC(f(A),r)) C f(wC(A,r)) for A € I*.
17 Let f : (X, W) — (Y, N) be a mapping on two 7-FWS’s. Then
17.1 f issaid to be fuzzy r-W*«a-open if for r-FWS open set A in X, f(A)
is -FWS open in Y;
17.2 f is said to be fuzzy r-W*«-closed if for r-FWS closed set A in X,
f(A)is r-FWS closed in Y.

18 Let f: (X, W) — (Y, N) be a mapping on two r-FWS’s.

18.1 f is fuzzy r-W*«a-open.
18.2 fwal(A,r)) CwI(f(A),r)for A e I¥.

18.3 wal(f~Y(B),r) C f~Y(wI(B,r)) for B € IY.
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Then (1) = (2) = (3).

Let f : (X, W) — (Y, N) be a mapping on two 7-FWS’s. Then the following
are equivalent:

19.1 fis fuzzy r — M*a-closed.

19.2 wC(f(A),r)) C f(waC(A,r) for A € IX.
Let X be a nonempty set and W : X — I a fuzzy family on X. The fuzzy

r-weak structure W, is said to have the property (/) if for A; € W, (i € J),
W(UA;) > AW(A;).

Let (X, W) be an 7-FMS with the property (I). Then for A € X,
wl(A,r) = Aif and only if A is r-FWS open.

Let f : (X, W) — (Y, N) be a mapping on two r-FWS’s.

If (Y, N) has the property (U{), then the following are equivalent:
22.1 f is fuzzy r-W*a-open.
222 fwal(A,r)) CwI(f(A),r) for A € I¥.

223 wal(f~Y(B),r) C f~Y(wI(B,r)) for B € I".
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