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CHAPTER 1
INTRODUCTION

1.1 Background

In the current, the mathematician interested in topology to construct and
study the properties. Topology is the one of main branch of mathematics which
interested in the properties that are invariant under a change in the contraction force
and preserved under continuous deformations of objects, such as deformations that
involve stretching, but no tearing or gluing. It emerged through the development of
concepts from geometry and set theory, such as space, dimension, and transformation.

Topological spaces are mathematical structures that allow the formal
definition of concepts such as convergence, connectedness, and continuity. They
appear in virtually every branch of modern mathematics and are a central unifying
notion. The branch of mathematics that studies topological spaces in their own right is
called topology.

The concept of generalized neighborhood systems and generalized topology
space were introduced by A. Csaszar [1] in order to explain interior and operation of
closure in neighborhood systems and generalized topology space. K. M. Min [6] studied
some notion of continuous function on generalized topology space. Further, A. Csaszar
[2] studied and defined p - -openset, M-semi-open set, [U-preopenset and

U -3 -open set on generalized topology space.

In 2000 Pupa and Noiri [7] studied and defined the notion of minimal structure
that let X¢¢ and P(X)is power set of X ,we called mC P(X) that is minimal
structure (briefly m-structure ) on Xif only if ¢ €m and X&€m. So (X,m) is called
m-space . Each element of m is said to be m-open and complement of an m-open
set is said to be m-closed. There from, C.Boonpok [3, 4] introduced and studied
almost (g,m)-continuous functions and weakly (g¢,m)-continuous functions on
generalized topology space. He also studied some properties that functions.

The thesis is divided into five chapters. The first chapter comprises an
introduction which contains some historical remark concerning the research
specialization. We also explain our motivations and outline the goals of the
thesis here. In the second chapter, we give some definitions, notations and
some know theorems that will be used in the later chapters. In the third

and the fourth chapter, we give some definitions, notations and some




interesting proposition of (m, i)-continuous functions, almost (m, l4)-continuous
functions and weakly (m, t)-continuous functions, respective as functions from an

m-space into a generalized topological space which is the fundamental properties
for the last chapter and we give their characterization. In the last chapter, we
draw conclusions based on the obtained results and outline a possible direction

foe further research.
1.2 Objective of the research

The purposes of the research are:

1.2.1 To construct and investigate the notion and properties of (m, i)

-continuous functions.

1.2.2 To construct and study the properties of almost (m, t)-continuous

functions.

1.2.3 To construct and study the properties of weakly (m, l4)-continuous

functions.

1.2.4 To study the relation of properties among (m, ) -continuous
functions, almost (m, ) -continuous functions and weakly (m, t)-continuous

functions.
1.3 Research methodology

The research procedure of this thesis consists of the following step:
1.3.1 Criticism and possible extensions of the literature review.
1.3.2 Doing research to investigate the main results.

1.3.3 Applying the results from 1.3.1and 1.3.2 to main results.

1.3.4 Making the conclusions and recommendations.
1.4 Scope of the study

The scopes of the study are:

1.4.1 Construct and investigate the notion and properties of (m, )
-continuous functions, almost (m, ) -continuous functions and weakly (m, tt)

-continuous functions.
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1.4.2 Study the relation of properties among (m, )-continuous functions,

almost (m, i) -continuous functions and weakly (m, t)-continuous functions.
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CHAPTER 2
PRELIMINARIES

This chapter comprises the fundamental properties needed in the proof of
each theorem in the study.

2.1 Generalized Topology Spaces

In this section, we give some definitions, notations and some known

propositions of generalized topological spaces that will be used in the later chapter.

Definition 2.1.1 [1] Let X be a nonempty set and U a collection of
subsets of X. Then U is called a generalized topology (briefly GT) on X if and only if
¢ € and Jueu for i€/#@ by thatit € . We call the pair (X,H) a
generalized topological space (briefly GTS) onX. The element of t are called
M-open and the complements are called [-closed sets.

The closure of a subset A in a generalized topology space (Y, )

denoted by ¢, (A)and the interior of subset A denotedi, (A).

Theorem 2.1.2 [1] Let X # ¢ and il be generalized topological space
and AC Y . Then
(1) C (A=MNFIX—FEUACF}

(ﬂ%MzumgAmem

Theorem 2.1.3 [1] Let (Y,U) be generalized topological space and
ACY . Then
) c, (A=Y —i,V—A

2) /ﬂ(A)ZY—Cﬂ(Y—A)

sO(Y)={UCY:U€ UtandgO(y)={UE lU:y€EU}.




Proposition 2.1.4 [3] Let (Y, ll) be generalized topological space and
ACY . Then
(Dy €i,(A)if only if there exists V € gO(Y) such that V C A.
2y €c,(A)ifonlyif VMAF ¢ for every V € ¢O(y).

Definition 2.1.5 [2] Let(Y, ) be generalized topological space and
AC Yis said to be :
(1) f-semiopen set if AC c,, (i, (A)
(2) [~ preopenset if AC, (c,(A)
(3) fr-opensetif A=i (c,(A)
(@) U-P-open setif AC c, i, (c, (A
The complement of [I-semiopen (resp. [I-preopen, Mr-open

U-P-open) set is called fL-semiclosed ( f-preclosed , Ur-closed , t-f3-closed).

2.2 Minimal Structure Spaces

Definition 2.2.1 [7] Let X # @ and P(X) be the power set of X. m_C P(X)
is said to be minimal structure on X if only if @ € m_and X €m . (X,m ) is said to

be m-space and each member of m is said to be m-open set. The complement of m-

open set is called m-closed set

Definition 2.2.2 [6] Let X # ¢ and m_ be minimal structure on X. m is said

to have property B if only if the union of subsets belonging to m belongs to m_ .

Definition 2.2.3 [7] LetX # @ and m_ be minimal structure on X . For each
AC X m _-closure of A and m -interior of A. The following definition hold:
(D) m-ClLA)=M{F:ACF,X—FEm}
(2) m-Int(A)={U:UC AUEmM }
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Lemma 2.2.4 [5] LetX ¢¢ and m be minimal structure on X satisfying
property B. For each A C X the following properties hold:
(1) A€m_ if only if m-Int(A)=A;
(2) A be m-closed set if only if m-Cl(A) = A;
(3) m-Int(A) € m_and m-Cl(A) be m-closed set.

Lemma 2.2.5 [7] Let X # ¢ and m_be minimal structure on X. ForA,BC X

the following properties hold:
(1) m-Cl(X — A) = X —m-Int(A) and m-int(X — A) = X —m-Cl(A);
(2) if(X —A)€m_ then m-Cl(A)=A and if A€ m then m-Int(A) = A;

(3) m-Cl(@) =@, m-CUX) = X, m-nt(@) =@ and m-Int(X)= X ;
(4) if AC B then m-Cl(A) © m-Cl(B) and m-Int(A) € m-Int(B);
(5) AC m-Cl(A) and m-Int(A) C A;

(6) m-Cl(m-Cl(A)) = m-Cl(A) and m-Int(m-Int(A)) = m-Int(A).

2.3 (g,m) - Continuous Functions

Definition 2.3.1 [3] A function f: (X,g,)—> (v,m, ) is said to be(g,m)-
continuous at a point x € X if for each m-open set V containing f(x), there exists a
g -open set U containing x such that f(U)C V. Afunction f:(X,¢g )—> (Y,m ) is
said to be(g,m) -continuous if it has this property at each point x € X.

Theorem 2.3.2 [3] For a function £:(x,¢ ) —> (¥,m,), the following
properties are equivalent:

(1) f is (g,m)-continuous at x € X ;

(2) x € /'X(f_] (V) for every V. €m containing f(x);

3) xef (m_-Cl(f(A))for every subset A of X with x € c (A);
@) x € f(m-Cl(f(B)) for every subset Bof ¥ with x Ecx(f_](B));
(5) x E/’X(f_](B)) for every subset Bof ¥ with x Ef_](my -Int(B));

(6) x € f_](K) for every subset m- closed set K of Y such that
x €c (fK).
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Definition 2.3.3 [3] A function f:(X,g )—>(Y¥,m ) is said to be almost
(g,m) -continuous at a point x € X if for each m -open set V' containing f(x), there
exists a ¢ _-openset U containing x such that f(U) C m -Int(m -Cl(V)). A function
f:(X,g )—=>(Y,m)) is said to be almost(g,m)-continuous if it has this property at

each pointx € X.

Remark 2.3.4 [3] From the above definitions of (¢,m)-continuity and almost
(g,m) -continuity, we have the following implication but the reverse relation may not

be true in general:

(g,m)-continuous => almost (g, m)-continuous

Definition 2.3.4 [3] A subset A of a m-space (X,m )is said to be

(1) m_-regular open if A=m_-Int(m _-Cl(A))

(2) m_-semi-open if AC m -Clim_ -Int(A))

(3) m_-preopen if AC m -Int(m -Cl(A))

(@) m_-0t-open if AC m -int(m -Clim -Int(A)))

(5) m_-B-open if AC m _-Clim -Int(m -Cl(A))

The complement of a m -regular open (resp. m -semi-open, m, -

preopen, m -0 -open, m -B-open) set is called m -regular closed (resp. m_-semi-

closed, m -preclosed, m -Q-closed, m_ -B-closed) set.

Lemma 2.3.5 [3] Let (X,m ) be a m-space and A a subset of X.
(1) A'is m -regular closed if only if A=m_-Cl{m -Int(A))
(2) A'is m_-semi- closed if only if m_-Int(m_-Cl(A) C A
(3) A'is m_-preclosed if only if m_-Cl(m_-Int(A)) C A
(@) Ais m_-0-closed if only if m -Int(m -Cl(im -Int(A)) C A

Theorem 2.3.6 [3] For a function f:(X,g ) —>(Y,m ), the following

properties are equivalent:

(1) fis almost (g¢,m)-continuous at x € X;
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2)x € /'X(f_i(my -Int(m_ -Cl(V))))for everym -open set V containing f(x);
(3) x € /'X(f_i(V)) for every m -regular open set V containing f(x);
(4) For every m -regular open set V containing f(x) , there exists a

g -open set U containingx such that f(U) C V.

Theorem 2.3.7 [3] For a function f:(X,g )—>(Y,m ) which m has

property B, the following properties are equivalent:
(1) fis almost (g,m)-continuous;
@) WS (f (m -int(m,-Cl(V)) for every m_ -open subset V of Y;
(3) ¢, (f (m -Cllm -Int(F)) & f (F)for every m -closed subset Fof Y;
@ ¢ (f(m -Cllm -Int(m -ClB)) < f~ (m, -C(B)) for every subset B of

(5) f(m, -Int(B) S i (f (m -Int(m,-Clim_-Int(B))))) for every subset B of

6) f (V) is ¢.-open in X for every m -regular open subset V of Y;

(M) f(F)is ¢ ~closed in X for every m -regular closed subset V of Y.

Theorem 2.3.8 [3] For a function f:(X,g )—>(Y,m ) , the following

properties are equivalent:
(1) fis almost (g,m)-continuous;
(2) Cx(f_1(U)) - f_i(mv -Cl(U)) for every m, -ﬁ open subset U of Y;
(3) Cx(f_1(U)) - f_i(mv -Cl(U)) for every m -semi open subset U of Y;
@ f (WS i (f (m -int(m,-Cl(U))) for everym -preopensubsetU of Y.

Definition 2.3.9 [4] A function f:(X,g )—>(Y,m ) is said to be weakly
(g,m) - continuous at a pointx € X if for each m -open set V' containing f(x), there
exists a ¢ _-openset U containing x such that f(U) CZ m -Cl(V). A function
f:(X,g )—=>(Y,m,) is said to be weakly (g,m)-continuous if it has this property at

each point x € X.
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Remark 2.3.10 [4] From the above definitions of (g,m) -continuity and weakly
(g,m) -continuity, we have the following implication but the reverse relation may not

be true in general:

(¢,m)-continuous = weakly (g, m)-continuous

Theorem 2.3.11 [4] A function f:(X,g ) —>(Y,m ) is weakly (g,m)-

continuous atx if only if each m -open set V containing f(X),x € /'X(f_i(mv -Cl(V)))

Theorem 2.3.12 [4] A function f:(X,g ) —>(Y,m ) is weakly (g,m)-

continuous if only if £~ (V)i (f (m -Cl(V))) for every m -open set V of Y.

Theorem 2.3.13 [4] For a function f: (X,gx) —> (Y,mv) which m has
property B, the following properties are equivalent:
(1) fis weakly (g¢,m)-continuous;
@) (Wi (f (m -CV)) for every m -open subset V of Y
(3) Cx(f_1(mv -nt(F) C f ' (F) for every m -closed subset F of Y;
(4) Cx(f_i(mv -Int(m -Cl(A)) C ]‘_1(177v -Cl(A)) for every subsetA of Y;
(5) f(m,-Int(A) Ci (f (m -Clim, -Int(A)) for every subset A of Y;

(6) Cx(f_1(U)) - f_i(mv -Cl(U)) for every m -open subset A of Y.

Theorem 2.3.14 [4] For a function f: (X,g ) —>(Y,m ), the following

properties are equivalent:

(1) fis weakly (g¢,m)-continuous;

(2) Cx(f_1(mv -Int(F)) C f ' (F) for every m_ - regular subset F of Y;

(3) ¢ (f (m -Intlm -GN S f (m -CUG) for every m -f3-open
subset G of Y;

@c (f(m -ntlm -CUGI) S f (m -CUG)) for every m -semi open

subset G of Y.

=7 Mahasarakham University
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Theorem 2.3.15 [4] For a function f: (X,8,)—> (Y,my),the following
properties are equivalent:
(1) fis weakly (g¢,m)-continuous;
(2) ¢ (f'(m,-Int(m -ClG)) < f '(m, -Cl(G) for every m - preopen
subsetG of Y;
(3) c (F(G)C f(m, -clG) forevery m - preopen subset G of V;

X

@) F(@G)<i (f(m,-ClG)) forevery m - preopen subset G of V.

i N
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CHAPTER 3

(m, p)- CONTINUOUS FUNCTIONS

3.1 (m, i) - Continuous Functions

In this section, we introduce the concept of (m, i4)-continuous functions and

investigate some of their characterizations.

Definition 3.1.1 Let (X,m )be a minimal structure space and (Y, l4) be
a generalized topological space. A function f: (X,mx) —> (Y, 1) is said to be (m, l)
-continuous at a point x € X if for each I -open set V containing f(x), there exists
a m_-open set U containing x such that f(U) C V. A function f:(X,m )—> (Y, )

is said to be(m, t)-continuous if it has this property at each pointx € X .

Example 3.1.2 Let X ={1, 2, 3}, myx = (@, {13, {2}, {1, 2}, X}, Y ={a, b, c} and
M ={D, {a}, {a, b}, Y} . Define f: (X,m ) —> (Y, l)as follows : f{1)=a, A2)=b and fi3)=c.

Then fis (m, l)-continuous.

Theorem 3.1.3 Let (X,m ) be a minimal structure space and (Y, il) be a
generalized topological space. For a function f : (X,m ) —> (Y, l), the following
properties are equivalent:

(1) fis (m, l)-continuous at x € X ;

(2) x € mx—/m‘(f_i(V)) for every V € Il containing f(x);

(3) x Ef_i(cﬂ(f(A))) for every subset A of X with x €m - Cl(A);
(4) x ef_l(cH(B)) for every subset B of ¥ with x€m - aufy;
(5) x€m, - Int(f~'(B)) for every subset B8 of ¥ with x ef’i(/#(B));
(6) x € f ' (F) for every U-closed set F of ¥ such that

x€m, Clf(F)).
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Proof. (1)— (2) Let V be any M-open subset Y containing f(x)
.Then, there existsa m_-open subset U containing x such that fU) V. Since
UEm_ ,wehave xem -Int(f (V).

(2) = (3) Let A be any subset X, x €m -Cl(A) and V € U
containing f(x). Thenx € m_ -Int(f~ (V). There exists U € m_such that
X E€EUC M, -nt(f (V).
Since x €m_-Cl(A), UNA# @, by Proposition 2.1.4 and@ # f(UMN A S f(U) N f(A)
C VM f(A).Since V € i containing f(x) , f(x)€& c,(f(A)) and hence
X ef’l(c#(f(A))).

(3) —>(4) Let B beaanysubsetof ¥ and x €m_ -Cl(f (8)). By
(3), x € f_l(cﬂ(f(f_l(B)))) c f_l(C#(B)). Hence, we have x € f_l(C#(B)).

(@) = (5) Let B be aany subset of ¥ such that
x &m _-Int(f (B)). Then
X E€X—m_ -Ant(f B)=m_ -CUX— f (B)=m_ -Cl(f (¥ —B)).By(4), we have
x € f_l(C”(Y —B)=f (¥ — (i, BM=X —f (i, (B)). Hence x & f_l(/ﬂ(B)).

(5) = (6) Let F be any H-closed setof Y suchthat x & f (F).
then xEX—f (F)=f (¥ —F) =f_1(i#(Y—F)) because Y — F is -open. By (5)
,we have x €m_-Int(f~ (Y —F)=m_-Int(X — f (F)=X—m_-Cl(f (F)).
Hence,x & m, CUFT(F)).

(6) = (2) Letx € XandV € I containing f(x). Suppose that
x&m -nt(f~ (V). Then x € X —m -nt(f (V) =m_-ClX — f (V)
=m -Cl(f (Y =V)By(6),xE f (¥ =V)=X—f (V). Hencex & f (V).
This contraries to the hypothesis.

(2) (1) Let V € U containing f(x). By (2), x €m_-nt(f (V)
and hence there exists U € m containingx such that x € U C f (V). Therefore,

fU)CVand fis (m, l4)-continuous at x .

=7 Mahasarakham University
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3.2 Almost (m, 1) -Continuous Functions

In this section, we define and the notion of almost (m, i) -continuous
functions and investigate some of their characterizations.

Definition 3.2.1 Let (X,m )be a minimal structure space and (Y, ll) be a
generalized topological space. A function f :(X,m ) —> (Y, ld) is said to be almost
(m, I4)-continuous at a point x € x if for each H-open set V containing f(x),
there exists a m -open set U containing x such that f(U) &1, (c, (V). A function
f:(X,m ) —> (Y, 1) is said to be almost (m, L) -continuous if it has this property at

each pointx € X.

Example 3.2.2 Let X = {1, 2, 3}, m, = (@, {13, {23, {1, 2} X}, Y ={a, b, cland
M =10, {a}, {a, b}, Y}. Define f: (X,m ) —> (Y, ) as follows : f{l)=a, fi2)=b and fA3)=c.

Then fis atmost(m,,u)—continuous.

Remark 3.2.3 From the above definition of (m, it)-continuity and
almost (m, 11)-continuity, we have a following implication but the reverse relation may
not be true in general:

(m, W) -continuous => almost (m, ) -continuous

Example 3.2.4 Let X ={1,2}, m_={@, {1}, X}, Y ={a, b}, 1 ={D,
Y}.Define f:(X,m )—> (Y, ) as follows: 1) = a and fi2) = b. Then fis almost (m, L)

-continuous but it is not(m, 1) -continuous.

Theorem 3.2.5 Let (X,m ) be a minimal structure space and (Y, ld) be a
generalized topological space. For a function f : (X,m ) —> (Y, 1) , the following

properties are equivalent:

(1) fis almost (m, t)-continuous at x € X ;
(2) x€em, —/nt(f_l(/#(cﬂ(v)))) for every l-open set V containing f(x);

(3) x €m_-Int(f~ (V))for every f-regular open set V containing f(x);
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(4) For every -regular open set V containing f(x), there exists a

J-open set U containing x such that f(U) C V.

Proof. (1) —>(2) Let V be any H-opensubset of Y containing f(x).
Then, there exists a m _-open subset U of X containing x such that f(U) C i, (c, V).
Then x €U C f_i(iﬂ (c, (V). Since UE€m, , we have x €m -int(f(i (c, (V).

(2) —(3) Let V be any M-regular open subset of ¥ containing
f(x) Then vV = i#(c# (V)), By (2), we havex € m Ant(f (V).

(3) = (4) Let vV be any U-regular open subset of ¥ containing
f(x). By (3), we have a m_-open set U of X containing x such thatU C V).

Hence f(U) C V.
(4) — (1) Letx € Xand letV be any [{-opensubsetY containing

f(x).Then f(x) eV C i,(c,(V).Since i (c, (V) is U- regular open, By (4)we have
a m_-open set U of X containing X such that f(U) C i, (c, V).

Hence, f is almost (m, lf)-continuous atx € X .

Theorem 3.2.6 Let (X,m ) be a minimal structure space and (Y, ll) be a
generalized topological space. For a function f:(X,m ) —> (Y, ld) which m_has

property B, the following properties are equivalent:

(1) fis almost (m, i)-continuous;

@ fwvycm, -nt(f (i, (c, (V) for every t-open subsetV of Y';

(3) m, —C((f_i(i#(F))) C f (F) for every t-closed subset F of Y ;

@) m, —C((f_l(CH(/#(C#(B))))) C f_i(cﬂ (B)) for every subset B of Y ;

(5) f_i(/#(B)) cm, —/m‘(f_l(i#(cﬂ (i, (B))) for every subset B of Y ;

(6) (V) is m -open in X for every [-regular open subset V of Y ;

(7) £7(F) is m_-closed in X for every f-regular closed subset F of ¥
Proof. (1) —>(2) Let V bea H-open subset Y and x € f (V).

There exists a m _-open subset U of X containing x such that f(U) C i, (c, V).

This implies x € m_-Int(f~ (i, (c, (V). Hence f (V)& m -nt(f (i, (c, (V).
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(2) —(3) Let Fbea H-closedsubset Y. Then Y —Fis [l-open
subset ¥ . By (2), we have f (Y —=F) & m_-nt(f (i, (c, (Y —=F)
=i (f (v =(c, (i, (P
=X —(c,(f (c, (i, (FM). Hence,m -Cl(f " (c, (i, (N C f " (F).

(3) —(4) Let B be asubsetof Y. Since ¢, (B) is fd-closed and by
(3), m,-Cl(f " (c, (i, (c,(BIC f(c,(B).

(4) —(5) Let B be a subset of Y . By (4)
G, BY=X—f(c (v =B) & X —(c,(f (c,li,(c,(y =B
=m,-Int(f (i, (c, G, BN

(5) —(6) Let V beany l-regular open subset of Y . Since
i (c, i, (V)=V.From(5),itfolows f (V)& m_ -nt(f (V) and so
fV)y=m -nt(f (V).

(6) = (7) Let Fbeany l-regular closed subset ofY . Then by (6),
X—=f (F)=f (Y=F)=m_ -nt(f (Y =F)=m_-Int(X — f (F)).
Hence, f (F)=m_ -Cl(f (F)).

(7) —> (1) Let V be any t-regular open subset of ¥ containing
f).By (M), X—f WV)=f (Y=V)=m -Clf (Y =V)=X—m -nt(f (V).
Since x € £ (V)=m_-nt(f (V)), there exista m_-open set U containingx such

that U C f (V) .Hence by theorem 3.2.5 (4), fis almost (m, W) -continuous.

Theorem 3.2.7 Let (X,m ) be a minimal structure space and (Y, ld) be a
generalized topological space. For a function f:(X,m ) —> (Y, 1), the following

properties are equivalent:

(1) fis almost (m, i)-continuous;
2) m,-Cl(f W) C f_i(cﬂ (U)) for every U-f3-open subset U of Y ;
(3) m,-Cl(f (W) C f_i(cﬂ (U)) for every [-semi open subset u of ¥

@ f W) S m, -nt(f G (c UM for every U-preopen U of ¥
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Proof. (1) —>(2) Let U be any - [3-open subset of Y . Since
c,(U)is fregular closed. By Theorem 3.2.6 (T)m -Cl(f(c, (UM = f (c,(U)). Thus
m, -ClfUNSm, —Cl(f_1(cﬂ(U))) = f_i(cﬂ(U)) :

(2) —(3) It is obvious since every Ll-semi open setis I-[3-open.

(3) = (1) Let F be any U-regular closed subset of Y. Since F s
M-semiopen, we have m -Cl(f (F) < f (c,(F)= £ (F). Thus from Theorem
3.2.6 (7), fis almost (m, l)-continuous.

(1) = (@) Let U be any U-preopensubset ofY . Then
uci,(c, () and i (c, (U)ispl-regular open. By Theorem3.2.6 (6),f_1(iﬂ (c, (UM
=m,-nt(f (i, (c, (W) Thus, we have Fucf ‘1(/#(c#(u)))
=m,-Int(f (i, (c, (WM.

(4) —>(1) Let U be any i-regular open subset of Y. Thus U is
U-preopen and £ (U) & m -Int(f (i, (c (UM =m, -nt(f (U). By Theorem 3.2.6

(6), fis almost(m, lI)-continuous.
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CHAPTER 4

WEAKLY (m, ,Ll) -CONTINUOUS FUNCTIONS
4.1 Weakly (m, L) -Continuous Functions

In this section, we introduce and study weakly (m, l4)-continuous functions

and investigate some of their characterizations.

Definition 4.1.1 Let (X,m ) be a minimal structure space and (Y, i) be a
generalized topological space. A function f:(X,m ) —> (Y, l) is said to be
weakly (m, l4)-continuous at a point x € X if for each fl-open set V containing f(x),
there exists a m_-open set U containing x such that f(U) & ¢, (V). A function
f:(X,m ) —> (Y, 1) is said to be weakly (m, I)-continuous if it has this property at
each pointx € X.

Example 4.1.2 Let X={1, 2, 3, m = {@, {1}, {1, 2, X}, Y ={a, b, ¢} and U
={@, {a}, {a, b}, Y}. Define f: (X,m ) —> (Y, )as follows : f(1)=a, fI2)=b and f(3)=c.

Then fis weakly (m, I4)-continuous.

Remark 4.1.3 From the definitions of (m, i) -continuity, Almost (m, i) -
continuity and weakly (m, i) -continuity, we have a following implications but the

reverse relations may not be true in general:
(m, i) -continuous => almost(m, L) -continuous => weakly (m, ) -continuous

Example 4.1.4 Let X ={a, b}, m_=1{®, {a}, X}, Y = {1, 2} and U ={@, Y}.
Define f:(X,m ) —> (Y, i) as follows: fla) = 1 and fib) = 2.

Then fis weakly (m, I4)-continuous but it is not almost(m, ) -continuous.

Theorem 4.1.5 Let (X,m ) be a minimal structure space and (Y, 1l ) be a
generalized topological space. A function f : (X,m ) —> (Y, 1), the following

properties are equivalent:

(1) fis weakly (m, it)-continuous at x € X ;
(2) xem, —/nt(f_l(cﬂ(v))) for each [l-open set V containing f(x).
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Proof. (1) —>(2) Let x € Xand V be a U-open set containing f(x)
. Then, there exists m_-open set U containing x such that f(U) & C”(V).
Then we have x € U C f_l(cﬂ(v)) and hencex €m, —/nt(f_l(cﬂ(v))).

(2) —>(1) Let V be a H-open set containing f(x) such that
x€Em, —/nt(f_l(cﬂ(v))). PUtU=m_ —/m‘(f_l(cﬂ(v))). Then U is m_-open containing
X andf(U)gcﬂ(V).

Theorem 4.1.6 Let (X,m )be a minimal structure space and (Y, ll) be a
generalized topological space. A function f:(X,m ) —> (Y, ll) is
weakly (m, 1) - continuous if only if (V) & m -Int(f (c, (V) for every tl-open

set Vof Y.
Proof. (—) Letx € f (V). Then f(x)€V . Since fis weakly (m, )-

continuous atx . By Theorem 4.1.5, we have x €m, —/nt(f_l(cﬂ(v))) and hence
fFVYS m -nt(f (e, (V).

(€—) Let Vbea U-open setof Ycontaining f(x). Then, we have
xXEf (V)Tm, —/m‘(f_l(cﬂ (V). By Theorem 4.1.5, fis weakly (m, t)-continuous.

4.2 Some Characterizations

In this section, we investigate the characterizations of weakly (m, f)-

continuous.
Theorem 4.2.1 For a function f: (X,m ) —> (Y, 1), where m has

property B, the following properties are equivalent:
(1) fis weakly (m, l)-continuous;
2 fwc m, —/m‘(f_l(C#(U))) for every l-open subsetV of Y;
(3) m, —Cl(f_1(iH(F)))§ f(F) for every Ll-closed subset F of Y;
(@) m -CUf G (c (AN f(c,(A) for every subset A of ¥;
(5) f_i(/#(A)) m, —/m‘(f_l(cy (i, (A)) for every subset A of Y;
(6) m,-Cl(f () C f_i(cﬂ (U)) for every ll-open subsetU of Y.

Proof. (1) —(2) Let U be any M-open subset ofY and

X € f (U). There exists a m_-open subset V of X containing x such that
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fV)Cc, (U).Sincex eV C f_i(cﬂ(v)), X€Em, —/nt(f_l(CH(U))). Hence
W m, -nt(f (e, (W),
(2) —(3) Let F be any l-closed subset of Y. Then Y —F is
JM-open subset of Y .By (2),
FY=F) S m nt(f (e, (v —=F) =m -nt(f (Y =i, (F)
=X— mX—C((f_l(i#(F))) . Thus,m, —Cl(f_i(iH(F))) C f(F).
3) —>(4) LetAbe asubset ofY. Since ¢ (A) is U-closed inY,
from (3) , it follows m, -Cl(f (7, (c, (A S f ' (c,, (A).
(4) —(5) LetAbe a subset of Y. By (4), it follows
G, (A)=X=f(c,(y —A) © X —(m CUf (i,(c, ¥ —AN)
=m_-nt( (f (i (c,(A)).
Thus, £~ (i, (A) S m_-nt(f ™ (c, (i, (A)).
(5) —(6) Let U be any M-opensubset ofY. Suppose that
X & f_i(C#(U)). Then f(x) & c,(U) and so there exists a H-open subset of V/
containing f(x) such that UMV =¢ and so c,V)MU= ¢ . By (5), it follows that
xXEf (V)Tm, —/m‘(f_l(cﬂ (V). There exists a m _-openset M containing x such
thatx e M C f_l(C#(V)). Since ¢, (V)MU = ¢ and f(M) C c, (V), we have
MO f(U)=¢ and sox & m,-Cl(f~ (U)). Hencem -Cl(f (U) & f_i(cﬂ ().
(6) = (1) Let x € Xand U be any l-open subset of Y containing
f(x).From U=i ()i (c (U)and (6), x € f () f (i, (c, (UM
=X— f_i(c# (Y —(c, M
C X —(m -Clf (Y =(c (M
=m, —/nt(f_l(CH(U))).
So there exists a L-open subsetV of X containing x such thatV C f_l(C#(U)).

Hence fis weakly (m, lI)-continuous.

Theorem 4.2.2 For a function f: (X,m ) —> (Y, 1), the following

properties are equivalent:
(1) fis weakly (m, t)-continuous;
(2) m, —Cl(f_i(iH(F))) C f (F) for every p-regular closed subsetF of Y ;
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(3) m, —C((f_l(/#(C#(G)))) C f_i(C#(G)) for every L-[3-open subset G
ofY;
@) m, —Cl(f_l(iH(CH(G)))) c f_1(C#(G)) for every Ll-semiopen subsetG

of Y.
Proof. (1) —>(2) Let F be any f-regular closed subset ofY.

Then /'” (F)is M-open, by Theorem 4.2.1 (6), we have
m, —Cl(f_l(i# (F) C f_l(cﬂ (i, (F)).
Since F is M-regular closed, we havem, —Cl(f_i(i#(F))) - f_i(cﬂ(i#(F))) C f(F).
(2) —(3) LetGbe any 11-f3-open set. Then
C”(G) C Cﬂ(f”(C”(G))) - C”(G), so that cﬂ(G)is JM-regular closed. From (2), it follows
m, -Cl(f~ (,(c, @M f (c,(G)).
(3) —>(4) Since every L-semiopen setis L-[3-open, it is obvious.
(4) = (1) Let U be any U-open subset of Y. Then from (4), it
follows m_-Cl(f~ (U) & m, —Cl(f_l(i# (c, (UM< f (c,(U)). Hence, by Theorem
4.2.1(6), fis weakly(m, I)-continuous.

Theorem 4.2.3 For a function f:(X,m ) —> (Y, L), the following

properties are equivalent:

(1) fis weakly(m, tI)-continuous;

(2) m, —Cl(f_l(iH(CH(G)))) - f_i(C#(G)) for every - preopen subset G
ofY;

(3) m,-Cl(f (G) < f_l(C#(G)) for every U-preopen subset G ofY;

@ f(6)C m, —/m‘(f_l(cﬂ(G))) for every LL-preopen subset G ofY'.

Proof. (1) —>(2) LetG be any - preopen subset of Y .Then
c,(G)=c, (i (c, (G)),soc, (G)is -regularclosed. From Theorem 4.2.2 (2), it follows
that m -Cl(f 1(/'#(C#(G))))gf_l(C#(G)).

(2) —(3) LetGbe any H-preopen subset of Y. ThenG Ci (¢, (G))
and by (2), we havem_-Cl(f (G) & m, —Cl(f_l(i# (c, (@S f_i(cﬂ (G)).

(3) —(4) LetGbe any U-preopen subset of Y. By (3), it follows that
e c f_1(i# (c, (G =X —f_1(cﬂ Y —(c, (@M =X —m -Cl(f (Y —(c, (G
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=m, —/m‘(f_l(cﬂ(G))). Hence, f (G) & m, —/m‘(f_l(cﬂ(G))).
(4) — (1) Since every U-opensetis - preopen, from (4), Theorem
4.2.1(2), it follows f is weakly (m, tt)-continuous.
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CHAPTER 5
CONCLUSIONS AND RECOMMENDATION
5.1 Conclusions

This thesis has been concerned with the (m, t)-continuous functions on
minimal structure space . First, we introduced the concepts of the functions,
f:(X,m ) —> (Y, 1) is said to be (m, 1)~ continuous at a point x € X if for each
M-open set V containing f(x), there exists a m _-open set U containing x such that
fU)C V. A function f:(X,m )—>(Y, ) is said to be (m, l)-continuous if it has
this property at each point x € X'. Next, we defined a function f:(x,m )— (v, u) is
said to be almost (m, i) -continuous functions at a point x € X if for each [L-open
set V containing f(x), there exists a m -open set U containing x such that
fuygi (e, (). Afunction f:(x,m )—> (v, ) is said to be
almost (m, i)~ continuous if it has this property at each pointx € Xand more

attractive properties as follow:
1. For a function f : (X,m ) —> (Y, L), the following properties are

equivalent:
(1) f is (m, W)-continuous at x € X;

(2) x€m - Int(f (V) for every V € L containing f(x);

(3) x € f(c,(f(A)) for every subsetA of X with x €m - Cl(A);
(@) x ef_l(cH(B)) for every subset B of Y with x €m - (£ (B);
(5) xem - /nt(f_](B)) for every subset B of Y with x ef’i(/#(B));

(6) x € f (F) for every - closed set F of ¥ such that

x €m, -Clf(F).
2. For a function f : (X,m ) —> (Y, ) , the following properties are

equivalent:
(1) fis almost (m, t)-continuous at x € X;

(2) xem, —/nt(f_i(i#(cﬂ(v)))) for every l-open set V containing f(x);
(3) xem, -nt(f~ (V) for every M-resular open set V' containing f(x);
(4) For every L -regular open set V containing f(x), there exists

a M-open set U containing x such that f(U) C V.
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3. For a function f:(X,m ) —> (Y, 1) which m_has property B, the

following properties are equivalent:

(1) fis almost (m, t)-continuous;

(2) fr(WV)Sm, -int(f G, (c, (V) for every tt-open subsetV of V;

(3) m, —Cl(f_1(iH(F))) C f (F) for every ti-closed subset F of Y;

@) m, —Cl(f_i(cﬂ (i,(c,(BMC f_l(C#(B)) for every subset B of Y;

(5) f_i(i# B)Cm, —/nt(f_l(i#(cﬂ(i#(B))))) for every subset B of Y

(6) () is m_-open in X for every U-regular open subset V' of Y;

(7) f(F)is m_-closed in X for every fl-regular closed subset F of Y.

4. For a function f:(X,m_ ) —> (Y, 1), the following properties are

equivalent:

(1) fis almost (m, t)-continuous;

2) m,-Cl(f ()< f_l(C#(U)) for every ﬂ—ﬂ—open subset U of Y;

(3) m,-Cl(f (V) S f_l(C#(U)) for every H-semi open subset U of Y;

@ fWwcm, —/m‘(f_l(/#(C#(U)))) for every M-preopen U of Y.

And last, we introduced a function f:(X,m ) —> (Y, 1) is said to be
weakly (m, lt)-continuous at a point x € X if for each f-open set V containing f(x),
there exists a m - open set U containing x such that f (U) & ¢, (V). A function
f:(X,m ) —> (Y, l) is said to be weakly (m, l1)-continuous if it has this property at
each point x € X. From the definition of the function above, we have properties as

follow:
1. Fora function f:(X,m ) —> (Y, 1), the following properties are

equivalent:
(1) fis weakly (m, l4)-continuous at x € X ;

2)xem, —/nt(f_l(cﬂ(v))) for each ll-open set V containing f(x)
2. For a function f: (X,mx) —> (Y, W) is weakly (m, l1)-continuous if

only if f~(V)&m, —/m‘(f_l(cﬂ(v))) for every t-open set Vof Y.
3. For a function f : (X,m ) —> (Y, i), where m_has property B, the

following properties are equivalent:
(1) fis weakly (m, l1)-continuous;

@2 fwc m, —/m‘(f_l(C#(U))) for every l-open subsetV of Y;
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equivalent:

FofY;

subset G ofY;

subsetG of Y.

equivalent:

subsetG ofY;

Y,

ofY.
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(3) m, —Cl(f_i(iH(F)))g f(F) for every t-closed subset F of Y

(@) m -Clf G, (c (AN f(c,(A) for every subset A of ¥;
(5) f_l(/#(A)) cm, —/nf(f_l(cﬂ(i#(A)))) for every subset A of Y;
(6) m,- Cl(f (L) C f_i(cﬂ (U)) for every ti-open subsetU of Y.

4. For a function f : (X,m ) —> (Y, 1), the following properties are

(1) fis weakly (m, l1)-continuous;

(2) m, —Cl(f_i(iH(F))) C f (F) for every L -regular closed subset
(3) m, —Cl(f_l(i#(C#(G)))) C f_l(C#(G)) for every /l—,B—open

@) m, —Cl(f_l(iH(CH(G)))) - f_i(C#(G)) for every U-semiopen

5. For a function f:(X,m ) —> (Y, ), the following properties are

(1) fis weakly (m, 14)-continuous;

2) m, —Cl(f_l(iH(CH(G)))) C f_l(C#(G)) for every - preopen
(3) m,-Cl(f (G) < f_l(C#(G)) for every - preopen subset G of
@ (6 C m, —/m‘(f_l(cﬂ(G))) for every LL-preopen subset G

| have finally discovered that certain relationship of (m, u)-

continuous functions, almost (m, t4)- continuous functions and weakly (m, i)-

continuous functions as follows that (m, i)- continuous functions always imply

almost (m, tt)- continuous functions and almost (m, i)~ continuous functions, we

have a following (m, t)- continuous functions implication but the reverse relation

may not be true in general:

(m, W) -continuous = almost(m, L) -continuous => weakly (m, 1) - continuous




25

5.2 Recommendations

To this end, even though | gave found several properties as presented in
this thesis, there are several questions yet to be answered and it may be worth
investigating in future studies. | formulate the questions as follows :

1. Are there any properties of (m, t)-continuous functions,
almost(m, 1) -continuous functions and weakly (m, ) -continuous functions?
2. Is there any property of these functions on other space?

3. Do these functions have any connections with others?

&7 Mahasarakham University
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