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CHAPTER 1 

 

INTRODUCTION 

 

1.1 Background  

 

 The concepts of generalized closed sets and generalized open sets in a 

topological space were first studied by Levine [1]. Also, he studied the properties of 

these sets together with lower separation axioms in generalized closed sets. In 2000, 

Popa and Noiri [2] introduced the notion of minimal structure (briefly m -structure). 

Moreover, they introduced the concepts of m -open sets, m -closed sets m -closure and 

m -interior. In 2002, Császár [3] introduced the notions of generalized neighborhood 

systems and generalized topological spaces. He also studied the continuity on 

generalized neighborhood systems and generalized topological spaces. 

 In 2011, the concepts of generalized topology and minimal structure spaces 

(briefly GTMS spaces) and their closed sets were introduced by Buadong, Viriyapong 

and Boonpok in [4]. Furthermore, they introduced and studied some separation axioms 

in GTMS spaces which is 1T -GTMS and 2T -GTMS. Later, Zakari [5] introduced the 

concepts of G -closed and *G -closed in GTMS spaces. Moreover, he introduced the 

concepts of lower separation axioms in GTMS spaces, which is 
1

2

T -GTMS and 0T -

GTMS, using G -closed sets and *G -closed sets, respectively. 

 In this thesis, we introduce the concepts of G -closed sets and mG -closed sets 

in a GTMS space and study some properties of such sets. Moreover, we introduce some 

separation axioms in the GTMS space using G -open and mG -open. 

 

1.2 Objective of the research  

 

 The purposes of the research are: 

  1.2.1 To construct and investigate the properties of G -closed and mG -

closed in a generalized topology and minimal structure space. 
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  1.2.2 To construct and investigate some of the separation axioms in 

generalized topology and minimal structure spaces. 

 

1.3 Research methodology  

 

 The research procedure of this thesis consists of the following steps:  

  1.3.1 Criticism and possible extension of the literature review.  

  1.3.2 Doing research to investigate the main results.  

  1.3.3 Applying the results from 1.3.1 and 1.3.2 to the main results. 

 

1.4 Scope of the study  

 

 The scopes of the study are: studying some properties of G -closed, mG -

closed and some separation axioms in generalized topology and minimal structure 

spaces. 
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CHAPTER 2 

 

PRELIMINARIES 

 
 

In this chapter, we will give some definitions, notations, dealing with some 

preliminaries and some useful results that will be duplicated in later chapter. 

 

2.1 Generalized topological spaces 

 

 This section discusses some properties of generalized topological space and 

quasi-topological spaces and some properties of closure and interior. 

 

Definition 2.1.1 [3] Let X  be a nonempty set and   a collection of subsets of X . 

Then   is called a generalized topology (briefly GT) on X  if and only if    and 

any union of elements of   belongs to  . 

 We call the pair  ,X  a generalized topological space (briefly GTS). The 

elements of   are called  -open sets and the complements of  -open sets are called 

 -closed sets.  

 

Example   1.  Let  3,2,1X  and       2,1,2,1,1   . Then  1,X  is a GTS. 

It is clear that      2,1,2,1,  are  -open and      3,3,1,3,2,X  are  -closed in 

 1,X . 

  2.  Let  3,2,1X  and     2,1,2   . Then  2,X  is not a GTS 

because   21   and   22   but   22,1  .  

 

Definition 2.1.2 [3] Let X  be a nonempty set and   a generalized topology on X . For 

a subset A  of X , the  -closure and the  -interior of A , denoted by  Ac  and  Ai , 

receptively, are defined as follows : 

1.  ( ) , \c A F A F X F     , 

 2.  ( ) ,i A G G A G     . 
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Theorem 2.1.3 [3] Let  ,X  be a generalized topological space and XA . Then  

 1.    \ \c A X i X A  , 

 2.    \ \i A X c X A  . 

 

Proposition 2.1.4 [3] Let  ,X  be a generalized topological space and XA . Then 

 1. )(Aix   if and only if there exists V  such that ,x V A   

 2. )(Acx   if and only if  AV  for every  -open set V  containing x . 

 

Proposition 2.1.5 [7] Let  ,X  be a generalized topological space. For subsets A  and 

B  of X , the following properties hold. 

 1. XAXc )\( \ )(Ai  and XAXi )\( \ )(Ac , 

 2. if X \ A , then AAc )(  and if A , then AAi )( , 

 3. if A B , then ( ) ( )c A c B   and ( ) ( )i A i B  , 

 4. ( )A c A  and ( )i A A  , 

 5. )())(( AcAcc    and )())(( AiAii   . 

 

Definition 2.1.6 [8] A generalized topological space  ,X  is a quasi-topological space 

if and only if U  and V  implies VU . In this case,   is called a quasi-

topology on X . 

 

Lemma 2.1.7 [9] If  ,X  is a quasi-topological space, then the following hold. 

            1.  If A  and B  are  -open sets, then BA  is a  -open set. 

            2.       BiAiBAi   for every subsets A  and B  of X . 

            3.       BcAcBAc   for every subsets A  and B  of X . 

 

2.2 Minimal structure spaces 

 

 Minimal structure and some properties of closure and interior are discussed in 

this section. 
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Definition 2.2.1 [2] A subfamily m  of the power set P(X) of a nonempty set X  is 

called a minimal structure (briefly m -structure) on X  if m  and mX  . By ),( mX , 

we denote a nonempty set X  with a minimal structure m  on X  and call it an m -space. 

Each member of m  is said to be m -open and the complement of an m -open set is said 

to be m -closed. 

 

Definition 2.2.2 [2] Let ),( mX  be a m -space. For a subset A  of X , the mc  of A  and 

mi  of A  are defined in as follows: 

 1. ( ) { : , \ }mc A F A F X F m     

 2. },:{)( mUAUUAim   

 

Lemma 2.2.3 [10] Let  ,X m  be a nonempty set and m  a minimal structure on X . For 

subsets A  and B  of X , the following properties hold. 

 1. XAXcm )\( \ )(Aim  and XAXim )\( \ )(Acm , 

 2. if X \ mA , then AAcm )(  and if mA , then AAim )( , 

 3.  )(mc , XXcm )( ,  )(mi  and XXim )( , 

 4. if A B , then ( ) ( )m mc A c B  and ( ) ( )m mi A i B , 

 5. ( )mA c A  and ( )mi A A , 

 6. )())(( AcAcc mmm   and )())(( AiAii mmm  . 

 

Definition 2.2.4 [11] A minimal structure m  on a nonempty set X  is said to have 

property B if the union of any family of subsets belonging to m  belongs to m . 

 

Lemma 2.2.5 [2] For a minimal structure m  on a nonempty set X , the following are 

equivalent: 

 1. m  has the property B; 

 2. If \ ( )mm i V V , then V m ; 

 3. If \ ( )mm c F F , then \X F m . 
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2.3 Generalized topology and minimal structure spaces 

  

This section compiles some properties of generalized topology and minimal 

structure space and some properties of closure and interior. Moreover, some properties 

s -closed and c -closed and some separation axioms in GTMS space are also included. 

 

Definition 2.3.1 [4] Let X  be a nonempty set and let   be a generalized topology and 

m  a minimal structure on X . A triple ),,( mX   is called a generalized topology and 

minimal structure space (briefly GTMS space). 

 Let ),,( mX   be a generalized topology and minimal structure space and A  a 

subset of X . The closure and interior of A  in   are denote by )( Ac  and )( Ai , 

respectively. And the closure and interior of A  in m  are denote by )(Acm  and )(Aim , 

respectively. 

 

Definition 2.3.2 [4] Let ),,( mX   a GTMS space. A subset A  of X  is said to be a m

-closed set if AAcc m ))(( . And a subset A  of X  is said to be a m -closed set if 

AAccm ))((  . The complement of a m -closed (resp. m -closed) set is said to be 

m -open (resp. m -open). 

 

Lemma 2.3.3 [4] Let ),,( mX   be a GTMS space and A X . Then A  is m -closed if 

and only if AAcm )(  and AAc )( . 

 

Lemma 2.3.4 [4] Let ),,( mX   be a GTMS space and A X . Then A  is m -closed 

if and only if AAcm )(  and AAc )( . 

 

Proposition 2.3.5 [4] Let ),,( mX   be a GTMS space and A X . Then A  is m -

closed if and only if A  is m -closed. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Mahasarakham University 



7 

Definition 2.3.6 [4] Let ),,( mX   be a GTMS space and A  a subset of X . Then A  is 

said to be closed if A  is m -closed. The complement of closed set is said to be an open 

set. 

 

Remark 2.3.7 [4] Let ),,( mX   be a GTMS space and A  a subset of X . Then A  is 

closed if and only if A  is m -closed. 

 

Proposition 2.3.8 [4] Let ),,( mX   be a GTMS space. If A  and B  are closed, then 

BA   is closed. 

 

Remark 2.3.9 [4] The union of two closed sets is not a closed set in general as can be 

seen from the following example. 

 

Example Let  dcbaX ,,, . We define generalized topology   and minimal 

structure m  on X  as follows:       Xdcbdcadc ,,,,,,,,,   and  
    Xdcbdcam ,,,,,,, . Then  a  and  b  are closed but      baba ,  is 

not closed. 

 

Proposition 2.3.10 [4] Let ),,( mX   be a GTMS space. Then A  is open  if and only if 

))(( AiiA m . 

 

Proposition 2.3.11 [4] Let ),,( mX   be a GTMS space. If A  and B  are open, then 

BA   is open. 

 

Remark 2.3.12 [4] The intersection of two open sets is not a open set in general as can 

be seen from the following example. 
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Example Let  cbaX ,, . We define generalized topology   and minimal structure 

m  on X  as follows:           Xcbcabacb ,,,,,,,,,  , and  

      Xcabaam ,,,,,, . Then  ,a b  and  ,a c  are open but 

     , ,a b a c a   is not open. 

 

Definition 2.3.13 [4] Let ),,( mX   be a GTMS space and A  a subset of X . Then A  is 

said to be s -closed if )()( AcAc m . And A  is said to be c -closed if 

))(())(( AccAcc mm   . The complement of a s -closed (resp. c -closed) set is called a 

s -open (resp. c -open) set. 

 

Proposition 2.3.14 [4] Let ),,( mX   be a GTMS space and A X . If A  is closed, 

then A  is s -closed. 

 

Remark 2.3.15 [4] The converse of Proposition 2.3.14 is not true. We can be seen from 

the following example. 

 

Example Let  dcbaX ,,, . We define generalized topology   and minimal 

structure m  on X  as follows:     caa ,,,   and     Xcbam ,,,, . Then  

     )(,)( cccbcc m . But      ccbccc m  ,))(( . 

 

Proposition 2.3.16 [4] Let ),,( mX   be a GTMS space and A X . If A  is s -closed, 

then A  is c -closed. 

 

Remark 2.3.17 [4] The converse of Proposition 2.3.16 is not true. We can be seen from 

the following example. 

 

Example Let  cbaX ,, . We define generalized topology   and minimal structure 

m  on X  as follows:     caa ,,,   and     Xcbbm ,,,, . Then  

   ))(())(( cccXccc mm   . But        )(,,)( cccacbcc m . 
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Proposition 2.3.18 [4] Let ),,( mX   be a GTMS space and A X . Then 

 1. A  is s -open if and only if )()( AiAi m , 

 2. A  is c -open if and only if ))(())(( AiiAii mm   . 
 

Proposition 2.3.19 [4] Let ),,( mX   be a GTMS space and A X . If A  is open, then 

A  is s -open. 

 

Proposition 2.3.20 [4] Let ),,( mX   be a GTMS space and A X . If A  is s -open, 

then A  is c -open. 

 

Lemma 2.3.21 [4] Let ),,( mX   be a GTMS space and A X . If A  is s -closed, then 

)( Ac  is closed. 

 

Remark 2.3.22 [4] Let ),,( mX   be a GTMS space and A X . If A  is s -closed, then 

)(Acm  is closed. 

 

Theorem 2.3.23 [4] Let ),,( mX   be a GTMS space and A X . Then A  is closed if 

and only if there exists a s -closed set B  such that ABc )( . 

 

Lemma 2.3.24 [4] Let ),,( mX   be a GTMS space and A X . If A  is c -closed, then 

))(( Acc m  is closed. 

 

Remark 2.3.25 [4] Let ),,( mX   be a GTMS space and A X . If A  is c -closed, then 

))(( Accm   is closed. 

 

Theorem 2.3.26 [4] Let ),,( mX   be a GTMS space and A X . Then A  is closed if 

and only if there exists a c -closed set B  such that  )(BccA m . 
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To be discussed some properties of G -closed and *G -closed. Moreover, we 

will some discuss properties and relations of 1T -GTMS, 0T -GTMS and 0R -GTMS in 

[5]. 

 

Definition 2.3.27 [5] Let ),,( mX   be a GTMS space. A subset A  of X  is said to be 

mG -closed if ( ( ))mc c A U   whenever A U  and U  is open. A subset A  of X  is 

said to be Gm -closed if ( ( ))mc c A U   whenever A U  and U  is open. A subset A  

of X  is said to be G -closed if A  is Gm -closed and mG -closed. 

 

Theorem 2.3.28 [5] Let ),,( mX   be a GTMS space. Then every closed set is G -

closed. 

 

Definition 2.3.29 [5] Let ),,( mX   be a GTMS space. A subset A  of X  is said to be 

G -closed if ( ( ))mc c A U   whenever A U  and U  is   -open. A subset A  of X  is 

said to be mG -closed if ( ( ))mc c A U   whenever A U  and U  is m  -open. A subset 

A  of X  is said to be *G -closed if A  is G -closed and mG -closed. 

 

Theorem 2.3.30 [5] Let ),,( mX   be a GTMS space. Then every closed set is *G -

closed. 

 

Theorem 2.3.31 [5] Let ),,( mX   be a GTMS space and A X . Then the following 

hold. 

 1. If A  is mG -closed and F  is closed, then FA  is mG -closed. 

 2. If A  is Gm -closed and F  is closed, then FA  is Gm -closed. 

 3. If A  is G -closed and F  is closed, then FA  is G -closed. 

 

Corollary 2.3.32 [5] Let ),,( mX   be a GTMS space and A X . If A  is G -closed 

and F  is closed, then FA  is G -closed. 
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Theorem 2.3.33 [5] Let ),,( mX   be a GTMS space and A X . Then the following 

hold. 

 1. If A  is open and mG -closed, then A  is closed. 

 2. If A  is open and Gm -closed, then A  is closed. 

 3. If A  is  -open and G -closed, then A  is closed. 

 4. If A  is m -open and mG -closed, then A  is closed. 

 

Corollary 2.3.34 [5] Let ),,( mX   be a GTMS space and A X . Then the following 

hold. 

 1. If A  is open and G -closed, then A  is closed. 

 2. If A  is open and *G -closed, then A  is closed. 

 

Theorem 2.3.35 [5] Let ),,( mX   be a GTMS space and A X . Then the following 

hold. 

 1. If A  is mG -closed, then ( ( )) \mc c A A  does not contain any nonempty 

closed set. 

 2. If A  is Gm -closed, then ( ( )) \mc c A A  does not contain any nonempty 

closed set. 

 3. If A  is G -closed, then ( ( )) \mc c A A  does not contain any nonempty  -

closed set. 

 4. If A  is mG -closed, then ( ( )) \mc c A A  does not contain any nonempty m -

closed set. 

 

Corollary 2.3.36 [5] Let ),,( mX   be a GTMS space and A X . Then the following 

hold. 

 1. If A  is G -closed, then ( ( )) \mc c A A  and ( ( )) \mc c A A  do not contain any 

nonempty closed set. 

 2. If A  is *G -closed, then ( ( )) \mc c A A  does not contain any nonempty  -

closed set and ( ( )) \mc c A A  does not contain any nonempty m -closed set. 
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Theorem 2.3.37 [5] Let ),,( mX   be a GTMS space and A X . Then the following 

hold. 

 1. If A  is mG -closed and ( )mA B c A  , then B  is mG -closed. 

 2. If A  is Gm -closed and ( )A B c A  , then B  is Gm -closed. 

 3. If A  is G -closed and ( )A B c A  , then B  is G -closed. 

 4. If A  is mG -closed and ( )mA B c A  , then B  is mG -closed. 

 5. If A  is mG -closed and ( )c B A B   , then B  is Gm -closed. 

 6. If A  is Gm -closed and ( )mc B A B  , then B  is mG -closed. 

 

 The following section explains 1T -GTMS space, 2T -GTMS space and 0R -

GTMS space. Also, the section discusses some separation axioms. 

 

Definition 2.3.38 [4] A GTMS space ),,( mX   is called a 1T -GTMS space if for any 

pair of distinct points x  and y  in X , there exist a  -open set U and a m -open set V

such that  Ux  , Uy   and VxVy  , . 

 

Definition 2.3.39 [4] A GTMS space ),,( mX   is called a Hausdorff GTMS or 2T -

GTMS space if for any pair of distinct points x  and y  in X , there exist a  -open set 

U and a m -open set V such that  Ux  , y V  and U V   . 

 

Proposition 2.3.40 [4] Let ),,( mX   be a GTMS space. If X  is 2T -GTMS space, then 

X  is 1T -GTMS space. 

 

Remark 2.3.41 [4] The converse of Proposition 2.3.40 is not true. We can be seen from 

the following example. 
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Example 2.3.42 [4] Let { , , }X a b c . We define generalized topology   and minimal 

structure space   on X  as follow:           , , , , , , , , ,a c a b a c b c X   and  

        , , , , , , , ,m a a b a c b c X . Then X  is a 1T -GTMS space. But X  is not a 2T -

GTMS space. 

 

Theorem 2.3.43 [4] Let ),,( mX   be a GTMS space. Then the following are 

equivalent: 

 1. X  is a 2T -GTMS space. 

 2. If x X , then for each y x , there exists a  -open set U  containing x  

such that ( )my c U  

 3. For each x X ,   { ( ) :mx c U U     and }x U . 

 

Theorem 2.3.44 [4] Let ),,( mX   be a GTMS space. Then the following are 

equivalent: 

 1. X  is a 2T -GTMS space. 

 2. If x X , then for each y x , there exists a m -open set V  containing x  

such that ( )y c U  

 3. For each x X ,   { ( ) :x c V V     and }x V . 

 

Definition 2.3.45 [5] A GTMS space ),,( mX   is called a 0T -GTMS space if for any 

pair of distinct points x  and y  in X , there exist a subset U  which is either  -open or 

m -open such that Ux  , Uy   or UxUy  , . 

 

Lemma 2.3.46 [5] A GTMS space ),,( mX   is a 0T -GTMS space if and only if for any 

pair of distinct points x  and y  in X ,      ycxc    or      ycxc mm  . 

 

Definition 2.3.47 [5] A GTMS space ),,( mX   is called a 0R -GTMS space if  x  is 

*G -closed set for each Xx  . 
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Theorem 2.3.48 [5] Let ),,( mX   be a GTMS space. Then the following are 

equivalent. 

 1. X  is a 0R -GTMS space. 

 2. For each Xyx , , if   ycx  , then    xccy m   and if   ycx m , 

then    xccy m . 

 3. For each Xyx , , if    yccx m  , then   xcy   and if 

   yccx m , then   xcy m . 

 

Theorem 2.3.49 [5] Let ),,( mX   be a 0R -GTMS space. Then for each Xyx , ,  

      ycxc    or         ycxc , also      ycxc mm   or  

        ycxc mm . 

 

Theorem 2.3.50 [5] Let ),,( mX   be a GTMS space. Then the following are 

equivalent.  

 1. X  is a 1T -GTMS space. 

 2. X  is a 0T -GTMS space and  0R -GTMS space. 
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CHAPTER 3 

 

G -closed set and mG -closed set 

 

In this chapter, we will introduce the notions of G -closed sets and mG -closed 

sets in a GTMS spaces. 

 

3.1 G -closed set 

 

In this section, we will introduce the notion of G -closed set and investigate 

some of their properties. 

 

Definition 3.1.1 Let  mX ,,  be a GTMS space. A subset A  of X  is said to be a G -

closed set if ( )c A U   whenever A U  and U  is open. 

 

Example 3.1.2 Let  4,3,2,1X  with generalized topology  
      4,3,2,4,2,3,2,  and minimal structure       Xm ,4,3,4,2,3,1, .  

Then    , 2, 4 , 2,3,4  are open. Hence            1 , 1,2 , 1,3 , 1,4 , 1,2,3 , 1,2,4 ,   

 1,3,4 , X are G -closed. 

 

Proposition 3.1.3 Let  mX ,,  be a GTMS space and A X . If A  is  -closed, then 

A  is G -closed. 

Proof. Assume that A  is  -closed. To show that A  is G -closed, let U  be an open 

set such that A U . Since A  is  -closed, AAc )( . This implies ( )c A U  .       

Hence A  is G -closed. 
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Proposition 3.1.4 Every mG -closed set in a GTMS space  mX ,,  is G -closed. 

Proof. Assume that A  is mG -closed. To show that A  is G -closed, let U  be open 

such that A U . Since A  is mG -closed, ( ( ))mc c A U  .  

Since ( ) ( ( ))mc A c c A  , ( )c A U  . Therefore A  is G -closed. 

 

Remark The converse of the previous proposition need not be true as the following 

example. 

 

Example 3.1.5 Let  4,3,2,1X  with generalized topology     X,3,2,1,4,3,   

and minimal structure     Xm ,3,2,1,4,2, . Then   X,3,2,1,  are open. Hence 

              X,4,3,2,4,3,1,4,2,1,4,3,4,2,4,1,4,  are mG -closed and        2,1,4,2,1,  

            X,4,3,2,4,3,1,4,2,1,4,3,4,2,4,1 are G -closed. Then  1, 2  is G -closed but 

 1, 2  is not mG -closed. 

 

Proposition 3.1.6 Every Gm -closed set in a GTMS space  mX ,,  is G -closed. 

Proof. Assume that A  is Gm -closed. To show that A  is G -closed, let U  be open 

such that A U . Since A  is Gm -closed, ( ( ))mc c A U  .  

Since ( ) ( ( ))mc A c c A  , ( )c A U  . Therefore A  is G -closed. 

 

Remark The converse of the previous proposition need not be true as the following 

example. 

 

Example 3.1.7 Let  4,3,2,1X  with generalized topology     X,3,2,1,4,3,   

and minimal structure     Xm ,3,2,1,4,2, . Then   X,3,2,1,  are open. Hence    

              X,4,3,2,4,3,1,4,2,1,4,3,4,2,4,1,4,  are Gm -closed and        2,1,4,2,1,  
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            X,4,3,2,4,3,1,4,2,1,4,3,4,2,4,1 are G -closed. Then  2  is G -closed but 

 2  is not Gm -closed. 

Theorem 3.1.8 Let  mX ,,  be a GTMS space and ,A F X . If A  is G -closed and 

F  is closed, then FA  is G -closed. 

Proof.  Assume that A  is G -closed and F  is closed. To show that FA  is G -

closed, let V  be an open set such that A F V  . Then  \A V X F   and 

 FXV \  is open. Since A  is G -closed, ( ) ( \ )c A V X F   . 

Thus ( )c A F V   . This implies ( )c A F V   . Hence FA  is G -closed. 

 

Proposition 3.1.9 Let  mX ,,  be a GTMS space and A X . If A  is open and G -

closed, then A  is  -closed. 

Proof. Assume that A  is open and G -closed. Since A A , ( )c A A  . But 

( )A c A , ( )c A A  . Thus A  is  -closed. 

 

Example 3.1.10 Let  4,3,2,1X  with generalized topology  
      4,3,2,4,2,3,2,  and minimal structure       Xm ,4,3,4,2,3,1, .  

Then    , 2, 4 , 2,3,4  are open. Hence            1 , 1,2 , 1,3 , 1,4 , 1,2,3 , 1,2,4 ,   

 1,3,4 , X  are G -closed. But       1,2 , 1,2,3 , 1,2,4 , 1,3,4  is not  -closed. 

 

Proposition 3.1.11 Let  mX ,,  be a GTMS space and A X . If A  is G -closed, 

then ( ) \c A A  does not contain any nonempty closed set. 

Proof. Assume that A  is G -closed. Suppose to the contrary that ( ) \c A A  contains a 

nonempty closed set, say F . Then ( )F c A \ )\()( AXAcA   . Thus \F X A , 

and so \A X F  Moreover, \X F  is open. Since A  is G -closed, ( ) \c A X F  . 

This implies \ ( )F X c A . From ( )F c A , F  which contradicts with F  . 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Mahasarakham University 



18 

Lemma 3.1.12 Let  mX ,,  be a GTMS space and A X . If A  is s -closed, then 

( ( )) ( ) ( ) ( ( ))m m mc c A c A c A c c A     . 

Proof. Assume that A  is s -closed. Then ).()( AcAc m   

Hence ( ( )) ( ( )) ( ) ( ) ( ( )) ( ( ))m m m m mc c A c c A c A c A c c A c c A         .  

 

Theorem 3.1.13 Let  mX ,,  be a GTMS space and A X . If A   is G -closed and 

s -closed, then A   is G -closed.  

Proof. Assume that A  is G -closed and s -closed. To show that A  is G -closed, let U  

be open such that A U . Since A   is G -closed, ( )c A U  . Since A  is s -closed, by 

Lemma 3.1.12, ))(())(()( AccAccAc mm   . Then ( ( ))mc c A U   and 

( ( ))mc c A U  . Hence A   is G -closed.     

 

Definition 3.1.14 Let  mX ,,  be a GTMS space. A subset A  of X  is said to be a 

G -open set  if \X A  is G -closed. 

 

Theorem 3.1.15 Let  mX ,,  be a GTMS space and A X . Then A  is G -open if 

and only if ( )F i A  whenever F  is closed and F A . 

Proof.   (⟶) Assume that A  is G -open. Let F  be closed such that F A . 

Then \X F  is open and \ \X A X F . Since A  is G -open, thus \X A  is G -closed 

and so ( \ ) \c X A X F  . This implies \ ( ) \X i A X F  . Hence ( )F i A . 

  (⟵) Assume that ( )F i A  whenever F  is closed and F A . To 

show that A  is G -open, let U  be open and \X A U . Then \X U  is closed and  

\X U A . By assumption, \ ( )X U i A . Thus \ ( )X i A U  , and so ( \ )c X A U  . 

Hence \X A  is G -closed, and so A  is G -open. 
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Theorem 3.1.16 Let  mX ,,  be a GTMS space and A X . If A  is G -closed, then 

AAc \)(  is G -open. 

Proof. Assume that A  is G -closed. Suppose to the contrary that AAc \)(  is not G -

open. By Theorem 3.1.15, there exists a closed set F  such that ( ) \F c A A  and  

( ( ) \ )F i c A A  . Since ( ( ) \ )F i c A A  , F  . It is a contradiction with 

Proposition 3.1.11. Hence ( ) \c A A  is G -open. 

 

Proposition 3.1.17 Let  mX ,,  be a GTMS space and A X . If A  is G -open and 

ABAi )( , then B  is G -open. 

Proof. Assume that A  is G -open and ABAi )( . To show that B  is G -open, 

let V  be closed such that V B . Since V B  and B A , V A . From A  is G -

open and V  is closed which V A , By Theorem 3.1.15,  ( )V i A . Since BAi )( , 

)())(( BiAii   , and so )()( BiAi   . Hence ( )V i B . Then B  is G -open. 

 

Theorem 3.1.18 Let  mX ,,  be a GTMS space and A X . If A  is G -open, then 

XU   whenever U  is open and ( ) ( \ )i A X A U   . 

Proof. Assume that A  is G -open. Suppose to the contrary that there exists an open set  

U  such that UAXAi  )\()(  and XU  . Then UX \  and \X U  is closed.  

Since ( ) ( \ )i A X A U   , ))\()((\\ AXAiXUX   . Thus 

 AAXcUX  )\(\  , and so )\(\)\(\ AXAXcUX  . It is a contradiction with 

AX \  is G -closed. Hence XU  . 

 

Theorem 3.1.19 Let  , ,X m  be a GTMS space such that   is a QT on X . If A  and 

B  are G -closed, then A B  is G -closed. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Mahasarakham University 



20 

Proof. Assume that A  and B  are G -closed and let U  be an open set such that 

A B U  . Then A U  and B U . Thus ( )c A U   and ( )c B U  , and so 

( ) ( )c A c B U   . Since   is a QT, ( )c A B U   . Hence A B is G -closed. 

 

Theorem 3.1.20 Let  , ,X m  be a GTMS space with X   and ,A B X . If A  is 

G -closed A B , then B  is G -closed. 

Proof. Assume that A  is G -closed and A B . Suppose B  is not G -closed. Thus  

there exists an open set U  such that B U  and UBc )( . Since A  is G -closed,  

( )c A U   and \ \ ( )X U X c A . Then ( \ ) ( \ ( ))X X U U X c A U X      

is  -open which contradicts with X . Thus B  is G -closed. 

 

Corollary 3.1.21 Let  , ,X m  be a GTMS space with X  . If A  or B  are G -

closed, then A B  is G -closed. 

Proof. Assume A  or B  are G -closed. Without loss of generality, we assume that A  

is G -closed. Since A A B  , by Theorem 3.1.20 , A B  are G -closed. 

 

3.2 mG -closed set 

 

In this section, we will introduce the notion of mG -closed set and investigate 

some of their properties. 

 

Definition 3.2.1 Let  mX ,,  be a GTMS space. A subset A  of X  is said to be a mG -

closed set if ( )mc A U  whenever A U  and  U  is open. 

 

Example 3.2.2 Let  4,3,2,1X  with generalized topology 

      4,2,1,4,1,4,2,  and minimal structure       Xm ,3,2,1,4,2,3, . Then 
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 , 2, 4  are open. Hence                    , 1 , 3 , 4 , 1, 2 , 1,3 , 1,4 , 2,3 , 3,4 , 1,2,3 , 1,2,4  

   1,3,4 , 2,3,4 are mG -closed. 

 

 

 

Proposition 3.2.3 Let  mX ,,  be a GTMS space and A X . If A  is m -closed, then 

A  is mG -closed. 

Proof. Assume that A  is m -closed. To show that A  is mG -closed, let U  be open such 

that A U . Since A  is m -closed, ( )mc A A . This implies ( )mc A U . Hence A  is 

mG -closed. 

 

Proposition 3.2.4 Every mG -closed set in a GTMS space  mX ,,  is mG -closed. 

Proof. Assume that A  is mG -closed. To show that A  is mG -closed, let U  be open, 

such that A U . Since A  is mG -closed, that ( ( ))mc c A U  .  

Since ( ) ( ( ))m mc A c c A , ( )mc A U . Therefore A  is mG -closed. 

 

Remark The converse of the previous proposition need not be true as the following 

example. 

 

Example 3.2.5 Let  4,3,2,1X  with generalized topology     X,3,2,1,4,3,   

and minimal structure     Xm ,3,2,1,4,2, . Then  , 1, 2,3 , X  are open. Hence 

             , 4 , 1, 4 , 2, 4 , 3, 4 , 1,2,4 , 1,3,4 , 2,3,4 , X  are mG -closed and 

                   , 1 , 3 , 4 , 1,3 , 1, 4 , 2, 4 , 3, 4 , 1, 2, 4 , 1,3, 4 , 2,3, 4 , X  are mG -closed. Then 

 3  is mG -closed but  3  is not mG -closed. 

 

Proposition 3.2.6 Every Gm -closed set in a GTMS space  mX ,,  is mG -closed. 

Proof. Assume that A  is Gm -closed. To show that A  is mG -closed, let U  be open,  
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such that A U .  Since A  is Gm -closed, ( ( ))mc c A U  .  

Since ( ) ( ( ))m mc A c c A , ( )mc A U . Therefore A  is mG -closed. 

 

Remark The converse of the previous proposition need not be true as the following 

example. 

Example 3.2.7 Let  4,3,2,1X  with generalized topology     X,3,2,1,4,3,   

and minimal structure     Xm ,3,2,1,4,2, . Then  , 1, 2,3 , X  are open. Hence 

             , 4 , 1, 4 , 2, 4 , 3, 4 , 1,2,4 , 1,3,4 , 2,3,4 , X  are Gm -closed and 

                   , 1 , 3 , 4 , 1,3 , 1, 4 , 2, 4 , 3, 4 , 1, 2, 4 , 1,3, 4 , 2,3, 4 , X are mG -closed. Then 

 1,3  is mG -closed but  1,3  is not Gm -closed. 

Theorem 3.2.8 Let  mX ,,  be a GTMS space and ,A F X . If A  is mG -closed and 

F  is closed, then FA  is mG -closed. 

Proof.  Assume that A  is mG -closed and F  is closed. To show that FA  is mG -

closed, let V  be an open set such that A F V  . Then  \A V X F   and 

 FXV \  is open. Since A  is mG -closed, ( ) ( \ )mc A V X F  .  

Thus ( )mc A F V  . This implies ( )mc A F V  . Hence FA  is mG -closed. 

 

Proposition 3.2.9 Let  mX ,,  be a GTMS space and A X . If A  is open and mG -

closed and m  has the property B, then A  is m -closed. 

Proof. Assume that A  is open and mG -closed and m  has the property B. Since A  is 

open and mG -closed, ( )mc A A . Since ( )mA c A , ( )mc A A . From m  has the 

property B, A  is m -closed. 

 

Theorem 3.2.10 Let  mX ,,  be a GTMS space and A X . If A   is mG -closed and 

s -closed, then A   is G -closed.  

Proof. Assume that A  is mG -closed and s -closed. To show that A  is G -closed, let U  

be open such that A U . Since A   is mG -closed, ( )mc A U . Since A  is s -closed, by 
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Lemma 3.1.12, ))(())(()( AccAccAc mmm   . That ( ( ))mc c A U   and 

( ( ))mc c A U  . Hence A   is G -closed. 

 

Definition 3.2.11  Let  mX ,,  be a GTMS space. A subset A  of X  is said to be a 

mG -open set if \X A  is mG -closed. 

Theorem 3.2.12 Let  mX ,,  be a GTMS space and A X . Then A  is mG -open if 

and only if ( )mF i A  whenever F  is closed and F A . 

Proof.   (⟶) Assume that A  is mG -open. Let F  be closed such that F A . 

Then \X F  is open and \ \X A X F . Since A  is mG -open, \X A  is mG -closed, and 

so ( \ ) \mc X A X F . This implies \ ( ) \mX i A X F . Hence ( )mF i A . 

  (⟵) Assume that ( )mF i A  whenever F  is closed and F A . To 

show that A  is mG -open, let U  be open such that \X A U . Then \X U  is closed 

and \X U A . By assumption, \ ( )mX U i A . Thus \ ( )mX i A U , and so 

( \ )mc X A U . Hence \X A  is mG -closed, and so A  is mG -open. 

 

Proposition 3.2.13 Let  mX ,,  be a GTMS space and A X . If A  is mG -open and 

ABAim )( , then B  is mG -open. 

Proof. Assume that A  is mG -open and ( )mi A B A  . To show that B  is mG -open, 

let V  be closed such that V B . Since V B  and B A , V A . From A  is 

mG -open and V  is closed which V A , By Theorem 3.2.12, ( )mV i A . Since 

BAim )( , )())(( BiAii mmm  , and so )()( BiAi mm  .  Hence ( )mV i B . Then B  is 

mG -open. 

 

3.3 Relation of G -closed set and mG -closed set 

 

In this section, we will discuss some relations of G -closed set and mG -closed 

set and investigate some of their properties. 
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Theorem 3.3.1 Let  mX ,,  be a GTMS space such that X  and A X . If A  is 

G -closed, then A  is mG -closed. 

Proof. Assume that A  is G -closed. Suppose to the contrary that A  is not mG -closed. 

Then there exists an open set U  such that A U  and UAcm )( . Since A  is G -

closed, ( )c A U  . From )(Ac  is  -closed, thus )(\ AcX   is  -open. Since U  is 

open, U  is  -open, and so UAcX )(\   is  -open. Since ( )c A U  , we have  

( \ ( )) ( ) ( \ ( ))X X c A c A X c A U X       . Hence XUAcX ))(\(  . This 

implies X . It is a contradiction with X . Thus A  is mG -closed.
 

 

Proposition 3.3.2 Let  mX ,,  be a GTMS space such that X  and A X . If A  

is G -open, then A  is mG -open. 

Proof. Assume that A  is G -open then AX \  is G -closed. By theorem 3.3.1 thus 

\X A  is mG -closed.  Therefore A  is mG -open. 

 

Proposition 3.3.3 Let  mX ,,  be a GTMS space and A X . Then A  is G -closed 

and )(Ac  is mG -closed if and only if A  is Gm -closed. 

Proof.   (⟶) Assume that A  is G -closed and )(Ac  is mG -closed. To show 

that A  is Gm -closed, let U  be an open set such that A U . Since A  is G -closed, 

( )c A U  . Since )(Ac  is mG -closed, ( ( ))mc c A U  . Thus A  is Gm -closed. 

(⟵) Assume that A  is Gm -closed. First, we will prove that A  is G  

-closed. Let U  be an open set such that A U . Since A  is Gm -closed, 

( ( ))mc c A U  . But ( ) ( ( ))mc A c c A  , we obtain that ( )c A U  . Hence A  is G -

closed. Next, we will prove that )(Ac  is mG -closed. Let U  be an open set such that 

( )c A U  . Then A U . Since A  is Gm -closed, ( ( ))mc c A U  . Then )(Ac  is mG

-closed. 
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Proposition 3.3.4 Let  mX ,,  be a GTMS space and A X . Then A  is mG -closed 

and )(Acm  is G -closed if and only if A  is mG -closed. 

Proof. (1)  (⟶) Assume that A  is mG -closed and )(Acm  is G -closed. To show 

that A  is mG -closed, let U  be an open set such that A U . Since A  is mG -closed, 

( )mc A U . Since )(Acm  is G -closed, ( ( ))mc c A U  . Thus A  is mG -closed. 

(⟵) Assume that A  is mG -closed. First, we will prove that A  is mG  

-closed. Let U  be an open set such that A U . Since A  is mG -closed. 

( ( ))mc c A U  . But ( ) ( ( ))m mc A c c A , we obtain that ( )mc A U . Hence A  is mG -

closed. Next, we will prove that )(Acm  is G -closed. Let U  be an open set such that 

( )mc A U . Then A U . Since A  is mG -closed, ( ( ))mc c A U  . Then )(Acm  is 

G -closed. 

 

Proposition 3.3.5 Let  mX ,,  be a GTMS space and A  is s -closed in X . Then A  is 

G -closed if and only if A  is mG -closed. 

Proof.   (⟶) Assume that A  is G -closed. Let U  be open such that A U , that 

( )c A U  . Since A  is s -closed, )()( AcAc m , and so ( )mc A U . Hence A  is mG -

closed. 

  (⟵) Assume that A  is mG -closed. Let U  be open such that A U , 

that ( )mc A U . Since A  is s -closed, )()( AcAc m , and so ( )c A U  . Hence A  is 

G -closed.  
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CHAPTER 4 

 

1
GT -GTMS space and 

2
GT - GTMS space 

 

In this chapter, we will introduce the notions of 1GT -GTMS spaces and 2GT -

GTMS spaces. 

 

4.1 1GT -GTMS space   

 

Definition 4.1.1 A GTMS space  mX ,,  is 1GT -GTMS space if  and only if for pair 

of distinct point x  and y  in X , there exist a G -open set U  and a mG -open set V  

such that UyUx  , , and  VxVy  , . 

 

Example 4.1.2 Let  4,3,2,1X  with generalized topology  
        3,2,1,3,2,3,1,2,1,  and minimal structure 

        , 1 , 1, 2 , 1,3 , 2,3 ,m X . Then      , 1,2 , 1,3 , 2,3  are open. Hence    

               , 1 , 2 , 3 , 4 , 1,2 , 1,3 , 2,3 , 1,2,3  are G -open and        , 1 , 2 , 3 , 4 ,       

       1,2 , 1,3 , 2,3 , 1,2,3 , X  are mG -open. Then  mX ,,  is 1GT -GTMS. 

 

Example 4.1.3 Let  1,2,3X   with generalized topology  

    , 1 , 1, 2 , X   and minimal structure     , 3, , 1, 2 ,m X . Then  , 1, 2 , X  

are open. Hence      , 1 , 2 , 1, 2 , X  are G -open and          , 1 , 2 , 3 , 1,2 , 1,3 ,       

 2,3 , X  are mG -open. Then  mX ,,  is not 1GT -GTMS.    

 

Proposition 4.1.4 If  mX ,,  is 1T -GTMS, then  mX ,,  is 1GT -GTMS. 

Proof. Assume that  mX ,,  is 1T -GTMS. To show that  mX ,,  is 1GT -GTMS, let 

,x y X  be such that x y . Since X  is 1T -GTMS, there exist  -open U  and m -
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open V  such that UyUx  , , and  VxVy  , . By Proposition 3.1.3, 3.2.3, U  is 

G -open and V  is mG -open. Therefore  mX ,,  is 1T -GTMS. 

 

Theorem 4.1.5 Let  , ,X m  be a GTMS space such that X  has at least two elements 

and X . Then X  is 1GT -GTMS if and only if  a  is G -open in X  for all a X .       

Proof.   (⟶) Assume that X  is 1GT -GTMS. To show that  a  is G -open in X  

for all a X , let a X . Suppose  a  is not G -open. Then there exists a closed set 

F  such that  F a  and  ( )F i a . This implies  a F  is closed. Thus  \X a  is 

open. Since X  has a least two elements,  \X a  , say  \b X a .  

By assumption, there exist a G -open set U  and a mG -open set V  such that 

,a U b U   and ,b V a V  . Since U  is G -open and  a  is closed such that 

 a U ,   ( )a i U . Then  ( \ ) ( )X X a i U     which contradicts with X  . 

Hence  a  is G -open. 

(⟵) Assume that  a  is G -open in X  for all a X . To show X  is 

1GT -GTMS, let ,x y X  be such that x y . By assumption,  x  and  y  is G -open. 

Since X  , by Proposition 3.3.2,  y  is mG -open. Set  U x  and  y V . Then 

U  is G -open and V  is mG -open. Moreover, ,x U y U   and ,y V x V  . Hence X  

is 1GT -GTMS. 

 

Definition 4.1.6 Let  mX ,,  be a GTMS space and A X . Then 

1. KKAcG :{)( 


 is G -closed and }A K , 

2. ( ) { :
mG

c A K K  is mG -closed and }A K . 

 

Lemma 4.1.7 Let ( , , )X m  be a GTMS space and A X . Then )(Acx G
  if and 

only if A U    for all G -open U  containing x . 
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Proof.   (⟶) Assume that there exists a G -open set U  containing x  such that  

UA . Then \X U  is G -closed and \A X U . Since \x X U , )(Acx G
 . 

  (⟵) Assume that )(Acx G
 . Then there exists a G -closed set K  such 

that A K  and Kx . Thus \X K  is G -open and \x X K . Moreover 

( \ )A X K   .  

 

Lemma 4.1.8 Let ( , , )X m  be a GTMS space and A X . Then )(Acx
mG

  if and 

only if A U    for all mG -open U  containing x . 

Proof.   (⟶) Assume that there exists a mG -open set U  containing x  such that a

UA . Then \X U  is mG -closed and \A X U . Since \x X U , )(Acx
mG

 .

  (⟵) Assume that )(Acx
mG

 . Then there exists a mG -closed set K  such 

that A K  and Kx , Thus \X K  is mG -open and \x X K . Moreover 

( \ )A X K   . 

 

Theorem 4.1.9 Let  mX ,,  be a GTMS space and A X . Then the following are 

equivalent: 

 1.  mX ,,  is 1GT -GTMS. 

 2.    xxcG )(


 and    ( )
mG

c x x . 

3.    ( ( ))
mG Gc c x x


 . 

4.    ( ( ))
mG Gc c x x


 . 

Proof.   (1⟶2) Assume that X  is 1GT -GTMS. To show that    ( )Gc x x


 ,  

and    ( )
mG

c x x  for all Xx , let x X . It is clear that    ( )Gx c x


 . Let Xy  

be such that xy  . By assumption, there exists a G -open set U  such that Uy  but 

Ux . Then    xU . Thus  )( xcy G
 . Hence    ( )Gc x x


 . Then 

   xxcG )(


. Similarly, we can prove    xxc
mG

)(  for all Xx . 
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  (2⟶1) Assume that    xxcG )(


 and    ( )
mG

c x x . To show that X  

is 1GT -GTMS, let Xyx ,  with yx  . By assumption that is    ( )
mG

c x x  and 

   ( )Gc y y


 . Thus  )( ycx G
  and  )( xcy

mG
 . Since  )( ycx G

 , that G -open. 

Then there exist a G -open set U  and mG -open set V  such that x U ,   Uy  

and y V ,  x V   . Hence X  is 1GT -GTMS . 

  It is clear that (2⟷3) and (2⟷4). 

 

Definition 4.1.10 A GTMS space  mX ,,  is called a 0GT -GTMS space if and only if 

for any pair of distinct point x  and y  in X , there exists a subset U  of X  which is G

-open or mG -open such that ,x U y U   or ,y U x U  . 

 

Definition 4.1.11 A GTMS space  mX ,,  is a 0GR -GTMS space if and only if for 

each ,x y X  if  ( ( ))
mG Gx c c y


 , then  ( )Gy c x


  and if  ( ( ))

mG Gx c c y


 , then 

 ( )
mG

y c x . 

 

Definition 4.1.12 A GTMS space  mX ,,  is a G -symmetric GTMS space if and only 

if for each ,x y X  if  ( ( ))
mG Gy c c x


 , then  ( ( ))

mG Gx c c y


  and if  ( ( ))
mG Gy c c x




, then  ( ( ))
mG Gx c c y


 . 

 

Proposition 4.1.13 If  mX ,,  is 1GT -GTMS, then  mX ,,  is 0GT -GTMS. 

Proof. Assume that  mX ,,  is 1GT -GTMS. To show that  mX ,,  is 0GT -GTMS, 

let ,x y X  with x y . Since  mX ,,  is 1GT -GTMS, there exist a G -open set U  

and a mG -open set V  such that ,x U y U   and ,y V x V  . Hence  mX ,,  is 0GT

-GTMS. 

 

Remark The converse of the previous proposition need not be true as the following 

example. 
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Example 4.1.14 Let  1,2,3X   with generalized topology     , 3 , 2,3 , X   and 

minimal structure     , 3 , 1, 2 ,m X .Then  , 1, 2 , X  are open. Hence    , 1 , 2 ,     

 1,2 , X  are G -open and            , 1 , 2 , 3 , 1, 2 , 1,3 , 2,3 , X  are mG -open.  mX ,,  

is 0GT -GTMS, but  mX ,,  is not 1GT -GTMS. 

 

Proposition 4.1.15 If  mX ,,  is 1GT -GTMS, then  mX ,,  is 0GR -GTMS. 

Proof. Assume that  mX ,,  is 1GT -GTMS. To show that  mX ,,  is 0GR -GTMS,  

let ,x y X  with  ( ( ))
mG Gx c c y


 . Since X  is 1GT -GTMS,    ( ( ))

mG Gc c y y


 . Then 

 x y , and so x y . Hence  ( )Gy c x


 . Similarly, we can prove that if 

 ( ( ))
mG Gx c c y


 , then  ( )

mG
y c x .  

 

Proposition 4.1.16 If  mX ,,  is 1GT -GTMS, then  mX ,,  is G -symmetric GTMS. 

Proof. Assume that  mX ,,  is 1GT -GTMS. To show that  mX ,,  is G -symmetric 

GTMS, let ,x y X  with  ( ( ))
mG Gy c c x


 . Since X  is 1GT -GTMS,

   ( ( ))
mG Gc c x x


 . Then  y x , and so y x . Hence  ( ( ))

mG Gx c c y


 . Similarly, 

we can prove that if  ( ( ))
mG Gy c c x


 , then  ( ( ))

mG Gx c c y


 . 

Theorem 4.1.17 Let  mX ,,  be a GTMS space. Then  mX ,,  is 1GT -GTMS if and 

only if  mX ,,  is 0GT -GTMS, 0GR -GTMS and G -symmetric GTMS space. 

Proof.   (⟶) It follows from Proposition 4.1.13, 4.1.15, 4.1.16. 

  (⟵) Assume that  mX ,,  is 0GT -GTMS, 0GR -GTMS and G -

symmetric GTMS. To show that  mX ,,  is 1GT -GTMS, let ,x y X  with y x . 

Since X  is 0GT -GTMS, there exists a subset U  of X  which is G -open or mG -open 

such that ,x U y U   or ,y U x U  . 

Case 1 U  is G -open 

 Subcase 1.1 ,x U y U   
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 Thus  ( )Gx c y


 . Since X  is 0GR -GTMS, thus  ( ( ))
mG Gx c c y


 . Since X  is 

G -symmetric GTMS,  ( ( ))
mG Gy c c x


 . Hence    ( ( ))

mG Gc c x x


 . Therefore,  

   ( ( ))
mG Gc c x x


 . 

 Subcase 1.2 ,y U x U   

 Thus  ( )Gy c x


 . Since X  is 0GR -GTMS, thus  ( ( ))
mG Gy c c x


 . Hence 

   ( ( ))
mG Gc c x x


 . Therefore,    ( ( ))

mG Gc c x x


 . 

Case 2 U  is mG -open 

Subcase 2.1 ,x U y U   

Thus  ( )
mG

x c y . Since X  is 0GR -GTMS, thus  ( ( ))
mG Gx c c y


 . Since X  is 

G -symmetric GTMS,  ( ( ))
mG Gy c c x


 . Hence    ( ( ))

mG Gc c x x


 . Therefore,  

   ( ( ))
mG Gc c x x


 . 

Subcase 2.2 ,y U x U   

Thus  ( )
mG

y c x . Since X  is 0GR -GTMS,  ( ( ))
mG Gy c c x


 . Hence 

   ( ( ))
mG Gc c x x


 . Therefore,    ( ( ))

mG Gc c x x


 . Hence X  is 1GT -GTMS. 

 

4.2 2GT -GTMS space   

 

Definition 4.2.1 A GTMS space ( , , )X m  is 2GT -GTMS if and only if for any pair of 

distinct point x  and y  in X , there exist a G -open set U  and a mG -open set V  such 

that x U , y V  and VU . 

 

Example 4.2.2 Let  4,3,2,1X  with generalized topology  
        3,2,1,3,2,3,1,2,1,  and minimal structure 

        , 1 , 1, 2 , 1,3 , 2,3 ,m X . Then      , 1,2 , 1,3 , 2,3  are open. Hence 

               , 1 , 2 , 3 , 4 , 1,2 , 1,3 , 2,3 , 1,2,3  are G -open and        , 1 , 2 , 3 , 4 ,  

       1,2 , 1,3 , 2,3 , 1,2,3 , X  are G -open. Then  mX ,,  is 2GT -GTMS. 
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Example 4.2.3 Let  1,2,3X   with generalized topology  

      , 1, 2 , 1,3 , 2,3 , X   and minimal structure       , 1, 2 , 1,3 , 2,3 ,m X . 

Then      , 1,2 , 1,3 , 2,3 , X  are open. Hence      , 1,2 , 1,3 , 2,3 , X  are G -open and 

     , 1,2 , 1,3 , 2,3 , X  are mG -open. Then  mX ,,  is not 2GT -GTMS. 

 

Proposition 4.2.4 If  mX ,,  is 2T -GTMS, then  mX ,,  is 2GT -GTMS. 

Proof. Assume that  mX ,,  is 2T -GTMS. To show that  mX ,,  is 2GT -GTMS, let 

,x y X  be such that x y . Since X  is 2T -GTMS, there exist disjoint  -open U  and 

m -open V  such that x U , y V  and VU . By Proposition 3.1.3, 3.2.3, U  is 

G -open and V  is mG -open. Therefore  mX ,,  is 1GT -GTMS. 

 

Theorem 4.2.5 Let  mX ,,  be a GTMS space and A X . Then the following are 

equivalent. 

1. X  is a 2GT -GTMS space. 

2. If x X , then for each y x , there exists a G -open set U  containing x  such that 

( )
mG

y c U . 

3. For each  ,x X x  { ( ) :
mG

c U U  is G -open and x U }. 

Proof.   (1⟶2) Assume that X  is 2GT -GTMS and x X . Let y X  with 

y x . There exists a G -open set U  and a mG -open set V  such that ,x U y V   and 

U V   . Hence ( )
mG

y c U . 

  (2⟶3) Let x X . We will prove that  x  { ( ) :
mG

c U U  is G -open 

and x U }. Let y X  with y x . By assumption there exists G -open set U   

containing x  such that ( )
mG

y c U . Thus y{ ( ) :
mG

c U U  is G -open and x U }. 

Then  { ( ) :
mG

c U U  is G -open and x U }  x . Hence  x  { ( ) :
mG

c U U  is G -

open and x U }. 
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   (3⟶1) Assume that  x  { ( ) :
mG

c U U  is G -open and x U } for 

each x X . Let ,x y X  which y x . Since  y x  { ( ) :
mG

c U U  is G -open and 

x U }. There a G -open set 1U  such that 1x U , 1( )
mG

y c U . Since 1( )
mG

y c U , 

there is a mG -open set 1V  containing y  such that 1 1U V   . Hence 1 1,x U y V   and 

1 1U V   . Therefore X  is 2GT -GTMS. 

 

Proposition 4.2.6 If  mX ,,  is 2GT -GTMS, then  mX ,,  is 1GT -GTMS. 

Proof. Assume that  mX ,,  is 2GT -GTMS. To show that  mX ,,  is 1GT -GTMS, 

let ,x y X  be such that x y . Since X  is 2GT -GTMS, there exist G -open U  and 

mG -open V  such that ,x U y V  and U V   . Then ,x U y U   and ,y V x V  . 

Hence X  is 1GT -GTMS. 

 

Remark The converse of the previous proposition need not be true as the following 

example. 

 

Example 4.2.7 Let  1,2,3X   with generalized topology  

      , 1, 2 , 1,3 , 2,3 , X   and minimal structure       , 1, 2 , 1,3 , 2,3 ,m X . 

Then      , 1,2 , 1,3 , 2,3 , X  are open. Hence      , 1,2 , 1,3 , 2,3 , X  are G -open and 

     , 1,2 , 1,3 , 2,3 , X  are mG -open. Thus  mX ,,  is 1GT -GTMS, but  mX ,,  is 

not 2GT -GTMS. 

 

Definition 4.2.8 A GTMS space is a 1GR -GTMS if and only if for all ,x y X  with 

x y  if    ( ) ( )
mG Gc x c y


 , then there exist disjoint mG -open U  and G -open V  

such that  ( )Gc x V


 ,  ( )
mG

c y U . 
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Proposition 4.2.9 If  mX ,,  is 1GR -GTMS, then  mX ,,  is 0GR -GTMS. 

Proof. Assume that  mX ,,  is 1GR -GTMS. To show that  mX ,,  is 0GR -GTMS,  

let ,x y X  with  ( )Gy c x


 . Since x y , thus    ( ) ( )
mG Gc x c y


 . Then there exist 

a G -open set V  and a mG -open set U such that  ( )Gc x V


  and  ( )
mG

c y U . 

Hence   ( )
mG

c y V   . Therefore  ( ( ))
mG Gx c c y


 . Similarly, we can prove that if 

 ( )
mG

y c x , then  ( ( ))
mG Gx c c y


 . 

 

Proposition 4.2.10 If  mX ,,  is 1GR -GTMS, then  mX ,,  is G -symmetric GTMS. 

Proof. Assume that  mX ,,  is 1GR -GTMS. To show that  mX ,,  is G -symmetric 

GTMS, let ,x y X  with  ( ( ))
mG Gx c c y


 . Thus  ( )

mG
x c y . Hence x y  and 

   ( ) ( )
mG Gc x c y


 . Then there exist a G -open set U  and a mG -open set V  such that 

 ( )Gc x U


  and  ( )
mG

c y V . Hence  ( )Gc x V


  . Therefore  ( ( ))
mG Gy c c x


 . 

Similarly, we can prove that if  ( ( ))
mG Gx c c y


 , then  ( ( ))

mG Gy c c x


  

 

Proposition 4.2.11 Let  mX ,,  be a GTMS space. Then  mX ,,  is 1GR -GTMS 

and 1GT -GTMS if and only if  mX ,,  is 2GT -GTMS. 

Proof.  (⟶) Assume that  mX ,,  is 1GR -GTMS and 1GT -GTMS. To show 

that  mX ,,  is 2GT -GTMS, let ,x y X  with x y . Since X  is 1GT -GTMS, thus

     ( ) ( )
mG Gc x x c x


   and      ( ) ( )

mG Gc y y c y


  . Thus    ( ) ( )
mG Gc x c y


 . 

Since X  is 1GR -GTMS, then there exist disjoint mG -open U  and G -open V  such 

that  ( )Gc x V


  and  ( )
mG

c y U . Therefore X  is 2GT -GTMS. 

  (⟵) Assume that  mX ,,  is 2GT -GTMS. By Proposition 4.2.6, 

 mX ,,  is 1GT -GTMS. Next, we will show that  mX ,,  is 1GR -GTMS. Let 

,x y X  with    ( ) ( )
mG Gc x c y


 . Since X  is 1GT -GTMS,      ( ) ( )

mG Gc x x c x


   

and      ( ) ( )
mG Gc y y c y


  . This implies x y . Since X  is 2GT -GTMS, then there 

exist disjoint mG -open U  and G -open V  such that    ( )Gc x x V


   and 

   ( )
mG

c y y U  . Therefore X  is 1GR -GTMS. 
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CHAPTER 5 

 

CONCLUSIONS AND RECOMMENDATIONS 

 

5.1 Conclusions 

 

 The aim of this thesis is to study the G -closed set, mG -closed set and 

introduce some separation axioms in GTMS space using G -open and mG -open. 

Moreover, we introduce 1GT -GTMS space and 2GT -GTMS space and study some of 

their properties. The results are follows: 

  1) Let  mX ,,  be a GTMS space. A subset A  of X  is said to be a G -

closed set if ( )c A U   whenever A U  and U  is open. 

  From the above definition, I the following theorems are derived: 

   1.1) Let  mX ,,  be a GTMS space and A X . If A  is  -closed, then 

A  is G -closed. 

   1.2) Every mG -closed set in a GTMS space  mX ,,  is G -closed. 

   1.3) Every Gm -closed set in a GTMS space  mX ,,  is G -closed. 

   1.4) Let  mX ,,  be a GTMS space and ,A F X . If A  is G -closed 

and F  is closed, then FA  is G -closed. 

   1.5) Let  mX ,,  be a GTMS space and A X . If A  is open and G -

closed, then A  is  -closed. 

 1.6) Let  mX ,,  be a GTMS space and A X . If A  is G -closed, then 

( ) \c A A  does not contain any nonempty closed set. 

   1.7) Let  mX ,,  be a GTMS space and A X . If A  is s -closed, then 

( ( )) ( ) ( ) ( ( ))m m mc c A c A c A c c A     . 

   1.8) Let  mX ,,  be a GTMS space and A X . If A  is G -closed and 

s -closed, then A  is G -closed.  
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  2) Let  mX ,,  be a GTMS space. A subset A  of X  is said to be a G -

open set  if \X A  is G -closed. 

  From the above definition, I the following theorems are derived: 

   2.1) Let  mX ,,  be a GTMS space and A X . Then A  is G -open if 

and only if ( )F i A  whenever F  is closed and F A . 

   2.2) Let  mX ,,  be a GTMS space and A X . If A  is G -closed, 

then AAc \)(  is G -open. 

   2.3) Let  mX ,,  be a GTMS space and A X . If A  is G -open and 

ABAi )( , then B  is G -open. 

   2.4) Let  mX ,,  be a GTMS space and A X . If A  is G -open, then 

XU   whenever U  is open and ( ) ( \ )i A X A U   . 

   2.5) Let  , ,X m  be a GTMS space such that   is a QT on X . If A  

and B  are G -closed, then A B  is G -closed. 

   2.6) Let  , ,X m  be a GTMS space with X   and ,A B X . If A  is 

G -closed A B , then B  is G -closed. 

   2.7) Let  , ,X m  be a GTMS space with X  , if A  or B  are G -

closed, then A B  is G -closed. 

  3) Let  mX ,,  be a GTMS space. A subset A  of X  is said to be a mG -

closed set if ( )mc A U  whenever A U  and  U  is open. 

  From the above definition, I the following theorems are derived: 

   3.1) Let  mX ,,  be a GTMS space and A X . If A  is m -closed, 

then A  is mG -closed. 

   3.2) Every mG -closed set in a GTMS space  mX ,,  is mG -closed. 

   3.3) Every Gm -closed set in a GTMS space  mX ,,  is mG -closed. 
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   3.4) Let  mX ,,  be a GTMS space and ,A F X . If A  is mG -closed 

and F  is closed, then FA  is mG -closed. 

   3.5) Let  mX ,,  be a GTMS space and A X . If A  is open and mG -

closed and m  has the property B, then A  is m -closed. 

   3.6) Let  mX ,,  be a GTMS space and A X . If A   is mG -closed 

and s -closed, then A   is G -closed. 

  4) Let  mX ,,  be a GTMS space. A subset A  of X  is said to be a mG -

open set if \X A  is mG -closed. 

  From the above definition, I the following theorems are derived: 

   4.1) Let  mX ,,  be a GTMS space and A X . Then A  is mG -open if 

and only if ( )mF i A  whenever F  is closed and F A . 

   4.2) Let  mX ,,  be a GTMS space and A X . If A  is mG -open and 

ABAim )( , then B  is mG -open. 

   4.3) Let  mX ,,  be a GTMS space such that X  and A X . If A  

is G -closed, then A  is mG -closed. 

   4.4) Let  mX ,,  be a GTMS space such that X  and A X . If A  

is G -open, then A  is mG -open. 

   4.5) Let  mX ,,  be a GTMS space and A X . Then A  is G -closed 

and )(Ac  is mG -closed if and only if A  is Gm -closed. 

   4.6) Let  mX ,,  be a GTMS space and A X . Then A  is mG -closed 

and )(Acm  is G -closed if and only if A  is mG -closed. 

   4.7) Let  mX ,,  be a GTMS space and A  is s -closed in X . Then A  

is G -closed if and only if A  is mG -closed. 
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  5) A GTMS space  mX ,,  is 1GT -GTMS space if  and only if for pair of 

distinct point x  and y  in X , there exist a G -open set U  and a mG -open set V  such 

that UyUx  , , and  VxVy  , . 

  From the above definition, I the following theorems are derived: 

    5.1) If  mX ,,  is 1T -GTMS, then  mX ,,  is 1GT -GTMS. 

   5.2) Let  , ,X m  be a GTMS space such that X  has a least two 

elements and X . Then X  is 1GT -GTMS if and only if  a  is G -open in X  for 

all a X .     

  6) Let  mX ,,  be a GTMS space and A X . Then 

   1. KKAcG :{)( 


 is G -closed and }A K , 

   2. ( ) { :
mG

c A K K  is mG -closed and }A K . 

  From the above definition, I the following theorems are derived: 

   6.1) Let ( , , )X m  be a GTMS space and A X . Then )(Acx G
  if 

and only if A U    for all G -open U  containing x . 

   6.2) Let ( , , )X m  be a GTMS space and A X . Then )(Acx
mG

  if 

and only if A U    for all mG -open U  containing x . 

   6.3) Let  mX ,,  be a GTMS space and A X . Then the following are 

equivalent: 

    1.  mX ,,  is 1GT -GTMS. 

    2.    xxcG )(


 and    ( )
mG

c x x . 

 3.    ( ( ))
mG Gc c x x


 . 

 4.    ( ( ))
mG Gc c x x


 . 

  7) A GTMS space  mX ,,  is called a 0GT -GTMS space if and only if for 

any pair of distinct point x  and y  in X , there exists a subset U  of X  which is G -

open or mG -open such that ,x U y U   or ,y U x U  . 
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  8) A GTMS space  mX ,,  is a 0GR -GTMS space if and only if for each 

,x y X  if  ( ( ))
mG Gx c c y


 , then  ( )Gy c x


  and if  ( ( ))

mG Gx c c y


 , then 

 ( )
mG

y c x . 

  9) A GTMS space  mX ,,  is a G -symmetric GTMS space if and only if 

for each ,x y X  if  ( ( ))
mG Gy c c x


 , then  ( ( ))

mG Gx c c y


  and if  ( ( ))
mG Gy c c x


 , 

then  ( ( ))
mG Gx c c y


 . 

  From the above definition, I the following theorems are derived: 

   9.1) If  mX ,,  is 1GT -GTMS, then  mX ,,  is 0GT -GTMS. 

   9.2) If  mX ,,  is 1GT -GTMS, then  mX ,,  is 0GR -GTMS. 

   9.3) If  mX ,,  is 1GT -GTMS, then  mX ,,  is G -symmetric GTMS. 

   9.4) Let  mX ,,  be a GTMS space. Then  mX ,,  is 1GT -GTMS if 

and only if  mX ,,  is 0GT -GTMS, 0GR -GTMS and G -symmetric GTMS space. 

  10) A GTMS space ( , , )X m  is 2GT -GTMS if and only if for any pair of 

distinct point x  and y  in X , there exist a G -open set U  and a mG -open set V  such 

that x U , y V  and VU . 

  From the above definition, I the following theorems are derived: 

   10.1) If  mX ,,  is 2T -GTMS, then  mX ,,  is 2GT -GTMS. 

   10.2) Let  mX ,,  be a GTMS space and A X . Then the following 

are equivalent. 

 1. X  is a 2GT -GTMS space. 

 2. If x X , then for each y x , there exists a G -open set U  

containing x  such that ( )
mG

y c U . 

 3. For each  ,x X x  { ( ) :
mG

c U U  is G -open and x U }. 

   10.3) If  mX ,,  is 2GT -GTMS, then  mX ,,  is 1GT -GTMS. 
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  11) A GTMS space is a 1GR -GTMS if and only if for all ,x y X  with 

x y  if    ( ) ( )
mG Gc x c y


 , then there exist disjoint mG -open U  and G -open V  

such that  ( )Gc x V


 ,  ( )
mG

c y U . 

  From the above definition, I the following theorems are derived: 

   11.1) If  mX ,,  is 1GR -GTMS, then  mX ,,  is 0GR -GTMS. 

   11.2) If  mX ,,  is 1GR -GTMS, then  mX ,,  is G -symmetric 

GTMS. 

   11.3) Let  mX ,,  be a GTMS space. Then  mX ,,  is 1GR -GTMS 

and 1GT -GTMS if and only if  mX ,,  is 2GT -GTMS. 

 

5.2 Recommendations 

 

Even though, I have found several properties as of the sets and space presented 

in this thesis, there are several questions yet to be answered and it may be worth 

investigating in future studies. I formulate the questions as follows : 

5.2.1 Are there another properties of G -closed sets and mG -closed sets in 

a GTMS space ? 

5.2.2 Are there another properties of 1GT -GTMS space and 2GT -GTMS 

space ? 
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