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CHAPTER 1
INTRODUCTION
1.1 Background

General topology is important in many fields of applied science as well as
branches of mathematics. In reality it is used in data mining, computational topology
for geometric design and molecular design, computer-aided design, computer-aided
geometric design, digital topology, information systems, particle physics and quantum
physics etc. As is noticed from the recent literature, there has been a growing trend
among some topologists to introduce and study generalized types of closed sets.
Generalized closed sets and generalized open set, as significant and fundamental subjects
in the study topology, have been researched by many mathematicians. In 1970, Levin
[10] introduce the concept of generalized closed sets in a topological space by
comparing the closure of a subset with its open supersets.

The study of generalized closed sets has produced some new separation axioms

which lie been T, and T, such as T, T,; and T,. Some of these properties have been
2 4

found to be useful in computer science and digital topology [7]. Other new properties
are define by variations of the property of submaximality. Furthermore, the study of
generalized closed sets also provides new characterizations of some known classes of
spaces, for example, the class of extremally disconnected spaces. As the weak form
generalized closed sets, the notion of weakly generalized closed sets was introduced
and studied by Sundaram and Nagaveni [17]. Sandaram and Pushpalatha and [18]
introduced and studied the notion of strongly generalized closed sets, which is implies
by that of closed sets and implies that of generalized closed sets. Park and Park [14]
introduced and studied mildly generalized closed sets, which is property placed
between the classes of strongly generalized closed sets and weakly generalized closed
sets.

The concept of ideal topological space was studied by Kuratowski [8] and
Vaidyanathaswamy [19]. Jankovic and Hamlett [2] investigated further properties of
ideal topological spaces. Noiri and Rajesh [13] introduce and studied the concept of
generalized closed sets with respect to an ideal in bitopological spaces. In 2011, Jafari
and Rajesh [5] introduced and investigated the concept of generalized closed sets with
respect to an ideal, which is extension of the concept of generalized closed sets.
According to the prior studies as mentioned above, |1 am interested in define and
studying some properties of weakly generalized closed sets in ideal topological and
weakly generalized closed set with respect to an ideal in bitopological spaces.

The thesis is divided into five chapters. The first chapter is formed by an
introduction which contains some historical remarks concerning the research



specialization. We also explain our motivations and outline the goals of the thesis here.
In the second chapter, we give some definitions, notations and some known theorems
that will be used in the later chapter. In the third chapter, we introduce and study weakly
generalized closed sets in ideal topological space. Moreover, we investigate some
characterizations of weakly generalized 1-normal and weakly generalized I-regular spaces.
In the fourth chapter, we introduce and study the concept of weakly generalized closed
set with respect to an ideal in bitopological spaces. In the last chapter, we make
conclusions of the obtained results of the research.

1.2 Objective of the research

1.2.1 Define and study the notion of weakly generalized closed sets with respect
to ideal in topological spaces.
1.2.2 Define and study the notion of weakly generalized 7,7, -closed sets with

respect to ideal in bitopological spaces.
1.3 Research methodology

1.3.1 Study about generalized closed sets with respect to topological spaces.

1.3.2 Study about generalized closed sets with respect to bitopological spaces.

1.3.3 Study about weakly generalized closed sets in ideal bitopological spaces.

1.3.4 Write the research for publish in international journals.

1.3.5 Summary the research and prepare complete research report offer to
Mahasarakham Universty.

1.4 Scope of the study

1.4.1 Define and study the notion of weakly generalized closed sets in ideal
topological spaces.

1.4.2 Define and study the notion of weakly generalized closed sets in ideal
bitopological spaces.



CHAPTER 2
PRELIMINARIES

This chapter, we introduce some basic knowledge, definitions, notations and
dealing with some preliminaries and give some useful results that will be duplicated
in later chapter.

2.1 Some properties of topological spaces

In this section, we introduce some basic knowledge, definitions, notations and
known propositions of topological spaces.

Definition 2.1.1 [11] Let X be a non-empty set and r a collection of subsets of X
such that :

1) er.

(2) Xer.

) If G,,G,,...,G,er then G,NG,N...NnG, eT.

(4) Ifforeach ae€l,G, ez, then UG, 7.

acel

The pair (X, 7) is called a topological space. The set X is called the underlying

set and the collection 7 is called the topology on the set X . The elements of ¢ are
called open sets and the complements are called closed sets.

Definition 2.1.2 [17] Let (X,z) be a topological space. A subset F of X is said to
be closed in X if X —F isopenin X .

Definition 2.1.3 [11] - Let X be a non-empty set and z a topology on X . For a
subset A of X, the closure and the interior of A, denoted by CI(/A) and Int(A),

respectively, are defined as follows :
(1) Cl(A)=n{F|AcF,X-Fez|.

(2 Int(A)=u{G|G cAG er}.

Theorem 2.1.4 [3] Let A and B be subset of a topological space (X,z). Then
(1) AcCI(A).
(2) If Ac B, then CI(A)cCI(B).
(3) Alisclosed in X ifand only if A=CI(A).
(4) CI(A) isthe smallest closed set in X with AcCI(A).



(5) CI(CI(A))=CI(A).
(6) CI(ANB)cCI(A)NCI(B).
(7) CI(AUB)=CI(A)uUCI(B).

Theorem 2.1.5[18] Let A and B be subset of a topological space (X,z). Then
(1) Int(A)=A.
(2) If Ac B, then Int(A)='A.
(3) Aisopenifand only if Int(A)=A.
(4) Int(A) is the largest openin X with Int(A)c A.
(5) Int(Int(A))=Int(A).
(6) Int(A) N Int(B) = Int(AnB).
(7) Int(A)uInt(B) < Int(AUB).

(8) If A, X forall aed, then U Int(A,)c Int(U Aa).
ael ael
Definition 2.1.6 [10] A subset A of a topological space (X,z) is called:
(1) generalized closed (briefly, g-closed) if CI(A) = G whenever Ac G and

G isopenin X ;
(2) generalized open (briefly, g-open) if X — A is g-closed.

Definition 2.1.7 [14] A subset A of a topological space (X,z) is called mildly
generalized closed (briefly, mildly g-closed) if ClI ( Int(A)) — G whenever AcG

and Gisag-open setin X.

Theorem 2.1.8 [14] For subsets A, B of a topological space (X, 7), the following

properties are hold:
(3) A ismildly g-closed if and only if Cl ( Int(A)) — A contains no non-empty

g-closed set.

(4) A mildly g-closed subset A of X "is regular closed if and only if
Cl(Int(A))— A is g-closed.

Definition 2.1.9 [14] A subset A of atopological space (X,7) is called mildly
generalized open (briefly, mildly g-open) if X —A is a mildly g-closed.



Theorem 2.1.11 [14] For subset A of a topological space (X,7), the following

properties hold:
(1) A ismildly g-open if and only if F Int(CI (A)) whenever F < A and

F is a g-closed set.

(2) A ismildly g-open if and only if G = X, whenever G is g-open and
Int(CI(A))U(X =A)c=G.

(3) A is mildly g-closed if and only if CI(Int(A))—A is mildly g-open.

Definition 2.1.10 [6] A triple (X,z,z,) where X isanon-empty setand 7, and z,
are topologies on X is called a bitopological space (X,z;,z,) -

For asubset A of a bitopological space (X,z,,7,) , 7,-CI(A) (resp. 7;-Int(A))

denote the closure (resp. interior) of A with respect to the topology z, for i=1,2.

Definition 2.1.11 [1] Asubset A of a bitopological space (X ,z,,7,) is said to be

7,7,-closed if A=17,-Cl(7,-Cl (A)) The complement of a 7,z,-closed set is said to

be z,z,-open.

Definition 2.1.12 [1] Let A be a subset of a bitopological space (X,z,,7,). Then

(1) The intersection of all z;z, -closed sets containing A is called

z,7,-closure of A and denoted by z,z,-Cl(A).

(2) The union of all z,z, -open sets containing A is called z,z,-interior of A

and denoted by zz, - Int ( A).

Theorem 2.1.15 [1] Let A and B be subset of a bitopological space (X,z,,7,). For

the z,z,-closure, the following properties hold;
(1) Acrz,-Cl(A) and 7,7,-Cl(7,7,-Cl(A)) =7,7,-CI (A).
(2) If Ac B, then 7,7,-Cl( A) o 7,7,-CI(B).
(3) 7,7,-CI(A) is 7,z,-closed .
(4) A is z,z,-closed if and only if A=17,7,-CI(A).
(5) 7,7,-Cl(X —A)=X —7,7,-Int(X - A).



Definition 2.1.16 [14] Let (X,7) be a topological space. A subset A of X is
called weakly generalized closed (briefly, weakly g-closed) if CI(Int(A))c=G

whenever Ac G and G isopenin X .
2.2 Some properties of ideal topological spaces

In this section, we introduce some basic knowledge, definitions, notions and
known propositions of ideal on topological and bitopological spaces that will be used
in the next chapter.

Definition 2.2.1 [8] A non-empty collection of subsets | ofaset X is called an
ideal on X if satisfies the following properties:

@) If Ae/ and B< A implies Be 7.

(2) If Ae/ and Be7 implies AuBe /.

A topological space (X,7) together with an ideal | is called ideal topological
space and is denoted by (X,z,1).

Definition 2.2.2 [5] A subset A of an ideal topological space (X,z,1) is said to be
generalized closed with respect to an ideal (briefly, Ig-closed) if CI(A)-Be |
whenever Ac B and B isan open set.

Theorem 2.2.3[5] For subsets A and B of anideal topological space (X,z,1), the

following properties are hold:
(1) A islg-closed ifandonly if F = CI(A)— A and F isclosed in X implies

Fel.
(2) If A-and B are Ig-closed, then their union- AUB. is also Ig-closed.
(3) If Aislg-closed and A< B < CI(A), then B is Ig-closed.

(4) If Aislg-closed and F is closed, then AnvF - is Ig-closed.

Definition 2.2.4 [5] A subset A of an ideal topological space (X,z,1) is said to be
generalized open with respect to an ideal (briefly, Ig-open) if X —A is Ig-closed.



CHAPTER 3

WEAKLY GENERALIZED CLOSED SETS
IN IDEAL TOPOLOGICAL SPACES

In this chapter, we introduce and study the notion of weakly generalized closed
in topological spaces. Some properties of generalized closed sets with respect to an
ideal obtained.

3.1 Weakly generalized closed sets in ideal topological spaces

We begin this section by introducing the concept of generalized closed sets with
respect to an ideal.

Definition 3.1.1 A subset A of an ideal topological space (X,r, I) is said to be

weakly generalized closed with respect to an ideal (briefly, wgl-closed) if
Cl(Int(A))-U e, whenever AcU and U isopenin X .

Remark 3.1.2 Every weakly g-closed set is wgl-closed, but the converse need not be
true, as this may be seen from the following example.

Example 3.1.3 Let X ={a,b,c} with topology z={@,{b},{b,c},X} and ideal
I ={@,{a},{c},{a, c}} . Then A={b} is wgl-closed,which is not weakly g-closed.

Theorem 3.1.4 A subset A of an ideal topological space (X, z,1) is wgl-closed if and
only if F < CI(Int(A))-A and F isclosedin X implies F el
Proof. Suppose that A is wgl-closed set. Let F be a closed set such that
F = CI(Int(A))=A. Then, we have F < X —A and hence Ac X —F.
Since A is wgl-closed and X —F is open, CI(Int(A))—(X —F)el Since
Cl(Int(A))—(X —F)=CI(Int(A))nF and F < Cl(Int(A)), we have
F <Cl(Int(A))~F.Thus, Fel.
Conversely, suppose that F gCI(Int(A))—A and F isclosed in X implies
el.LetU beanopensetand AcU . Then, we have X -U < X — A, and hence



Cl(Int(A))-U = CI(Int(A))n(X -U)

< Cl(Int(A))n(X -A)

= Cl(Int(A))-A
Since CI(Int(A))(X=U) is closed and by the hypothesis, CI(Int(A))-U el .
Consequently, we obtain A is wgl-closed. (.

Remark 3.1.5 The union of two wgl-closed sets need not be a wgl-closed as shown
by the following example.

Example 3.1.6 Let X ={1,2,3} with topology 7 ={,{2,3}, X} and ideal
| ={@,{2}}. Then A={3} and B ={2} are wgl-closed sets, but AUB={2,3} is not
wgl-closed.

Proposition 3.1.7 Let (X,z,1) be an ideal topological space and A,Bc X . If A and

B are both wgl-closed and open sets, then AUB is also wgl-closed.

Proof. Suppose that A and B are both wgl-closed and open sets. Let U be an
open set such that AUB cU . Then, we have AcU and BcU . Since A and B

are wgl-closed, Cl(Int(A))-U el and Cl(Int(B))-U el . Since A and B are
open, we have Cl (Int(AUB))-U =[CI(Int(A))—U]u[CI(Int(B))—U]eI and

hence AUB is wgl-closed. a

Proposition 3.1.8 Let (X,z,1) bean ideal topological space and A,Bc X . If A is
wgl-closed and A< B = Cl(Int(A)), then B is wgl-closed.

Proof. - Suppose that A is wgl-closed and Ac BgCI(Int(A)). Let U be an open
setand B cU. Then, we have AcU . Since A is wgl-closed, Cl(Int(A))-U el
Since Cl(Int(A))=ClI(Int(B)), we have CI(Int(B))-U =Cl(Int(A))-U e and

hence B is wgl-closed. Q

Remark 3.1.9 The intersection of two wgl-closed sets need not be a wgl-closed as
shown by the following example.

Example 3.1.10 Let X ={1,2,3} with topology 7 ={@,{1},{1,2}, X} and ideal
| ={@,{3}}. Then A={1,2} and B ={1,3} are wgl-closed sets, but AnB={1} is not

wgl-closed.



Theorem 3.1.11 Let (X,z,1) be an ideal topological space. If A is a wgl-closed set
and F isaclosed set, then AnF iswgl-closed.

Proof. Suppose that A iswgl-closed set and F is closed set. Let U be an open set
and AnF cU . Then we have
X=UcX-(ANF)=(X-A)u(X=F)
and hence,
FA(X-U) < Fn[(X-A)u(X-F)]
= Fn(X-A)
c X-A

Therefore, Ac X —[ F n(X -U)]=U (X —F). Since A iswgl-closed and
U U(X —F) isopen, CI(Int(A))-[Uu(X -F)]el . Since

Cl(Int(ANF))

IN

Cint(A)rInt (F))
Cl(Int(A))nC (|nt )
)

)
Cl(Int(A))nCI(F

IN

N

we have

Cl(Int(AnF))-U Cl(Int(ANF))n(X =U)
[CI{Int(A))~F | (X -U)

= CI(Int(A))"[F(X-U)]

= Cl(Int(A))n[ X =((X=F)wu)]
= CI(Int(A))-[(X-F)uU |

and hence CI(Int(AnF))-U el. Thus, A0F is wgl-closed. Q

IN

Definition 3.1.12. A subset A of an ideal topological space (X, z,1) is said to be

weakly generalized open with respect to an ideal (briefly, wgl-open) if X — A is
wgl-closed.

Example 3.1.13 Let X ={1,2,3}, 7={@,{1},{L,2}, X} and | ={,{2}} . Then {1,3}
is wgl-open since X —{1,3} ={2} is wgl-closed.

Theorem 3.1.14 Asubset A of an ideal topological space (X,z,1) is wgl-open if and
only if F-U < Int(CI(A)) for some U I, whenever F < A and F is closed.
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Proof. Suppose that A is wgl-open set. Let F be a closed set and F < A. Then, we
have X —Ac X —F. Since X —F isopenand X —A iswgl-closed,
Cl(Int(X —A))—(X —F)el. Thus, there exists U | such that

U =ClI(Int(X — A))—(X —F) and hence CI(Int(X — A)) = (X -F)uU .
Consequently, we obtain
F-U=X-[(X-F)uU]cX-CI(Int(X - A))=Int(CI(A)).

Conversely, let G be an open setand X — Ac G. Then, we have
X —G < A. By the hypothesis, (X ~G)~U < Int(CI(A)) forsome U el .
Therefore, X — Int(CI(A)) < X —[(X —G)—U] and hence Cl(Int(X —A))cGuU
Since CI(Int(X — A))-G =ClI(Int(X=A))"(X -G) = (GUU ) (X -G)
=UN(X-G)cU, wehave Cl(Int(X -=A))-Gel.Thus, X —A is wgl-closed.
This show that A is wgl-open. d

Recall that the sets A and B are said to be separated if CI(A)~B = and
Cl(B)nA=0.

Corollary 3.1.15 Let (X,z,1') be an ideal topological space and A,B < X . If A and

B are wgl-open and closed sets , then AN B is wgl-open.

Proof. Suppose that A and B are wgl-open and closed. Then X —A and X —B are
wgl-closed and open. By Proposition 3.1.8, we have (X — A)u(X —=B)=X —(ANB)

is wgl-closed and so AnB are wgl-open. Q

Example 3.1.16 Let X ={1,2,3}, 7= {@,{1},{1,3}, X} and | ={@,{2}} . Let
A={2} and B = {3}, then A and B are wgl-closed but AU B ={2,3} is not

wgl-open.

Theorem 3.1.17 Let (X,z,1) be anideal topological space and A,Bc X . If A and
B are separated wgl-open sets, then AU B is wgl-open.

Proof. Suppose that A and B are separated wgl-open sets. Let F be a closed set
and F < AUB. Then, we have | FACI(A)]c A and [ FnCI(B)]<B.

By the hypothesis, | (F A CI(A))-U, |< Int(CI(A)) and
[(F mCI(B))—UZJQ Int(Cl(B)) for some U,,U, 1. Since
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(Faci(A)-Int(CI(A) <[ (F ncI(A)uu, |n| X - (Int(cI(A))ouy) | U,

and

(Fci(B))-t(cI(B))<|(F mCI(A))uUz]m[X _(|m(c|(A))UU2)]gU2,
[(Fnci(A))-nt(c1(A))] <1 and [(F~cI(B))-Int(CI(B)) |1 .

Therefore,

[(FACI(A))-Int(CI(A)) |U[ (F ~CI(B))-Int(CI(B)) <.

Since
[F(CI(A)uCI(B))]=[int(CI(A))uint(CI(B))]
c[(Fci(a)-1 ( >] C[(Fnci(e))-nt(ci(8)) ]
[F(CI(A)uCI(B))]-[Int(CI(A))wint(CI(B))]el .

Since F=Fn(AUB)c Fn C|(AUB) we have

N

F-Int(CI(AUB)) = (FACI(AuUB))-Int(CI(AUB))
< (FACI(AUB))-[ Int(CI(A))uint(CI(B))]
and hence F—Int(CI(AUB))e . Thisimplies that F —U < Int(CI(AUB)) for

some U e | . Consequencely, we obtain AU B is wgl-open. a

Corollary 3.1.18 Let (X,z,1) be an ideal topological space and A,B< X . If A and

B are wgl-closed sets such that X — A and X —B are separated, then AnB is
wgl-closed.

Proof. Suppose that A and B are wgl-closed sets. Then X —A and X —B are
separated wgl-open. By Proposition 3.1.7, (X = A)u(X =B)=X=(ANB) is

wgl-open and so A~ B are wgl-closed. a

Proposition 3.1.19-Let (X,z,1) be an ideal topological space and A, B< X . If A is
wgl-open set and Int(Cl(A))cB< A, then B is wgl-open.

Proof. Suppose that A is wgl-open and Int(CI (A)) c Bc A. Then, we have
X-AcX-BcCl ( Int(X — A)) and by Proposition 3.1.10, X —B is wgl-closed.
Thus, B iswgl-openin X . (.
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Theorem 3.1.20 Let (X,z,1) be an ideal topological space and Ac X . Then A is
wgl-closed if and only if CI(Int(A))—A is wgl-open.

Proof. Suppose that A is a wgl-closed set. Let F be a closed set and
Fc CI(Int(A))— A. By Theorem 3.1.4, we have F el and there exists U e | such

that U = F . Thus, F<U c Int[CI [CI(Int(A))— Aﬂ and by Theorem 3.1.14,
Cl(Int(A))=A is wgl-open.

Conversely, suppose that CI(Int(A))—A is wgl-open. Let G be an open
setand Ac G. Then, we have

[CI(Int(A)) (X ~G) ]| <Cl(Int(A))~(X - A)=Cl (Int(A))- A
Since CI(Int(A)) (X —G) is closed and CI(Int(A))- A is wgl-open, by Theorem
3.1.11, [CI(Int(A)) (X ~G)]-U = CI(Int(A))- A for some U <1 Since

[CI(Int(A))n(X-G)|]-U < Int|CI|ClI

|
= Int|Cl[Cl
c Int CI(

IN
o
—
=1
Z
D)
1
>
|
@
=1
>
N
—
Il
IS

CI(Int(A))n(X=G)cU and hence CI(Int(A))—G & This shows that A is
wgl-closed. (I

3.2 Some separation axioms

In this section, we introduce the notion of wgl-normal and wgl-regular spaces.
Moreover, several interesting characterizations of these spaces are discussed.

Definition 3.2.1 An ideal topological space (X,r, I ) is said to be wgl-normal if for

every pair of disjoint wgl-closed sets A and B of X , there exist disjoint open sets
U and V suchthat AU el and B-V el .
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Example 3.2.2 Let X ={a,b,c} , 7={@,{a},{b}.{a,b} {a,c}, X} and
| ={@,{b},{c}.{b,c}}. Then (X,z,1) is wgl-normal.

The following theorem gives some characterizations of wgl-normal spaces.

Theorem 3.2.3 For an ideal topological space ( X,z, 1)), the following are equivalent;
(1) (X,z,1) is wgl-normal;
(2) for every wgl-closed set F and wgl-open set G containing F , there

exists an open set V such that F—V el and CI(V)-Gel;

(3) for each pair of disjoint wgl-closed sets A and B, there exists an open set
U suchthat A-U el and Cl(U)nBel.

Proof. (1) = (2) Suppose that (X,z,1) is wgl-normal. Let F be a wgl-closed set
and G be awgl-open set such that F = G. Then, we have X —G is a wgl-closed set
and (X —G)m F=(. Since (X,7,1) is wgl-normal, there exist disjoint open sets U
and V suchthat (X -G)-U el and F-V €1 . Since U NV =&, we have
V < XU andhence CI(V)cCI(X -U)=X—-U . Therefore,

(X =G)NCI(V)c=(X-G)n(X-U)
and hence

CV)-G<(X-=6G)-Uel.

This shows that, CI(V)-G el .

(2) = (3) Let A and B be disjoint wgl-closed sets of X . Then, we have
Ac X =B . By (2), there exists an open set V such that A—V e | and

CI(V)-(X=B)=Cl(V)nBel.

(3) = (1) Let A and B be disjoint wgl-closed sets in. X . By (3), there
exists an open set U such that A~U el and CL(U)nBel.Now, Cl(U)nBel

implies that B—[ X —CI(U)]el.PutV =X ~CI(U), then v is an open set such that
B-Vel andUnV =Un[X=CI(U)]=@.Hence, (X,7,1) iswgl-normal. O

Definition 3.2.4 An ideal topological space (X,r, I) is said to be wgl-regular, if for

each wgl-closed set F such that x ¢ F, there exist disjoint open sets U and V such
that xeU and F-V €.
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Example 3.2.5 Let X ={a,b} , 7={@,{a},{b}, X} and 1 ={&,{b}}. Then
(X,z,1) is wgl-regular.

The following theorem gives some characterizations of wgl-regular spaces.

Theorem 3.2.6 Let (X,7,1) be an ideal topological space. Then the following are
equivalent;

(1) (X,z,1) iswgl-regular;

(2) for each x e X and wgl-open set U containing X, there exists an open
set V' containing x such that CI(Int(V))-U el ;

(3) foreach xe X and wgl-closed sets A not containing X , there exists an
openset \V containing x such that CI(Int(V))nAel.

Proof. (1) = (2) Suppose that (X,z,1) is wgl-regular. Let xe X and U bea

wgl-open set containing X . Then, we have x ¢ X —U and by (1), there exist disjoint
open sets V. and W such that xeV and (X -U)-W e 1. Since

(X-U)-W =1¢el, thereexists l,e | such that (X -U)—-W =1, 1. Then, we
have X -U =W U 1,. Now, V "W =& implies that V < X -W and
Cl(Int(V))< X —W . Therefore,

Cl(Int(V))=U__=Cl(Int(V))~ (X -U)
( ) Wulp)

(2) = (3) Let X e X and F be a wgl-closed set not containing X . Then,
we have x e X —F and by (2), there exists an open set V' containing X such that
Cl(Int(V))—(X —F)el andso Cl(Int(V))~F el

(3) = (1) Let F beawgl-closed set such that x € F . By (3), there exists
anopen set V' containing X such that CI(Int (V))mF el.If

CI(Int(V))nF =l,el, then F=[ X=CI(Int(V))]=1,e1.V and
X - CI(Int( )) are the required disjoint open sets such that x eV and
F —[X —ClI(Int(V )):'e | . Consequently, we obtain (X,z,1) is wgl-regular. O



CHAPTER 4

WEAKLY GENERALIZED 7,7, -CLOSED SETS
WITH RESPECT TO AN IDEAL IN BITOPOLOGICAL SPACES

In this chapter, we introduce and study the notion of weakly generalized z,z, -closed
sets in ideal bitopological spaces. Some properties of generalized z,z, -closed sets and
discussed.

4.1 Weakly generalized 7,7z, -closed sets in bitopological spaces

In this section, we introduce the notion of weakly generalized 7,7, -closed sets in
ideal bitopological spaces and investigate some of their properties.

Definition 4.1.1 A subset A of a bitopological space (X,z,,z,) is said to be weakly
generalized 7,7,-closed (briefly, wg-r7,z,-closed ) if 7,7,-Cl(7,z,-Int(A)) U,

whenever AcU and U is 7,z,-open.

Example 4.1.2 Let X ={1,2,3}, 7, ={@,{1},{2} {12}, X} and
7, :{Q,{Z},{S},{Z,S}, X}. Then A={1,3} is wg-7,7,-closed .

Proposition 4.1.3 Every z,7,-closed sets is wg-z,z,-closed .

Proof Suppose that A isa z,z,-Closed set. Let U be a 7,z,-open setand AcU .
Then 7,7,-Cl(A) U and hence 7,7,-Cl(z,7,-Int(A)) = 7,7,-Cl(Int (A)) cU . Thus,
7,7,-Cl(7,7,-Int(A)) cU Therefore, A is wg-7,z,-closed.. a

Remark 4.1.4 The converse of the above proposition need not be true, as this may be
seen from the following example.

Example 4.1.5 In the example 4.1.2, Let ‘A= {1,2} is wg-z,z,-closed , but A is not

7,7 ,~Closed in (X,z,,7,).
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Proposition 4.1.6 Let (X,z,z,) be abitopological space and A,B< X . If A and
B are both 7,7,-open and wg-z,z,-closed sets, then AU B is also wg-z,7,-closed .
Proof. Suppose that A and B are both z;z,-open and wg-z,z,-closed sets. Let U
be a 7,7,-open set such that AuB cU . Then, we have AcU and B cU . Since
A and B are wg-7,7,~closed , 7,7,-Cl (7,7,-Int(A))<U and
7,7,-Cl(z,7,-Int(B)) cU . Since A and B are r,7,-open, we have

7,7,-Cl (77, Int (AU B))=[1112-C|(rlrz-lnt(A ]u[rlrz -Cl(z,7,-Int(B ]e I

and hence AU B is wg-z,z,-closed .

Remark 4.1.7 The union of two wg-z,z,-closed sets need not be a wg-z,z,-closed
set as shown by the following example.

Example 4.1.8 Let X ={1,2,3,4}, 7, ={@,{1},{1,2,3}, X} and
7, ={@,{2},{1,2,3},X}. Then A={1,2} and B ={3} are wg-7,z,-closed but
AUB ={1,2,3} is not wg-,7,-closed .

Theorem 4.1.9 Let (X,z,,7,) be abitopological space. If A isa wg-z,z,-closed set

and F isa z7,-closed set,then AnF is wg-z,7,-closed .

Proof. Suppose that A isa wg-z,z,-closed setand F isa z;z,-closed set. Let U
be a 7,7,-open set such that AnF cU . Since AnF cU , we have
AcUU(X—F). Since A is wg-z,7,-closed and U U(X —F) is 7,z,-open,
7,7,-Cl(z,7,-Int (A)) cU U(X = F) and hence,
[27,-Cl (7t (A))aF | © [Uu(X -F)]nF
(UnF)u[(X-F)nF]
= U.
Since 7,7,-Cl{z,z,:Int(ANF)) = 737,-Cl(z7,-Int (A) ) " F |
7,7,-Cl(ryz,-Int (ANF))cU . Hence, ANF is wg-7,7,-closed . a

Remark 4.1.10 The intersection of a 7;z,-closed set and a wg-7,7,-closed set need
not be a wg-,7,-closed set as shown by the following example.
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Example 4.1.11 Let X ={1,2,3}, 7, ={@,{1}, X} and 7, ={@, {1}, X} . Then A={1,3}

and B={1,2} are wg-r,7,-closed but AnB={1} is not wg-7,7,-closed .

Theorem 4.1.12 Let (X,z;,7,) be abitopological space and Ac X . Then A is
wg-r,7,-closed if and only if 7,7,-Cl(z7,-Int(A))=A contains no non-empty
7,7,-Closed set.

Proof. (=) Let F bea r,7,~closed set such that F = 7,7,-Cl(7,7,-Int(A))- A,

F < 1,7,-Cl(z,7,-Int(A)) (X — A). Since X —F is 7,7,-open and Ac (X —F),
7,7,"Cl(77,-Int(A)) = (X ~F) and S0 F = X —(z,7,-Cl(z,7,-Int( A))). This implies
that F | 7,7,-Cl (z,7,-Int (A)) | m(X | 7z,-Cl (rlrz-lnt(A))]) = . Therefore,

F=0.
(<) Let G bea r,7,-open set such that A< G. Suppose that

7,7,-Cl(7,7,-Int (A)) £ G Then 7,7,-Cl (7,7,-Int(A)) (X —G) # @. Therefore,
7,7,-Cl(7,7,-Int(A)) (X —G) s 7,7,-closed and
7,7,-Cl(z,7,-Int (A)) (X =G) < 7,7,-Cl(7,7,-Int(A)) (X - A)
= rlrz-CI(rlz'z-lnt(A))—A
This is a contradiction. Hence, 7,7,-Cl (7,7,-Int(A)) = G. This shows that, A is

wg-7,7,-closed . Q

Proposition 4.1.13 Let (X,z,7,) bea bitopological space and ABc X . If A isa
wg-7,7,-closed set and A< B < 7,7,-Cl (7,7, -Int(A)), then B isa wg-7,7,-closed
set.

Proof  Suppose that A-isa wg-z;7,-closed setand A< B = 7,7,-Cl(z,7,-Int(A)).
Then; we have [z‘lz'z -Cl(z,z,-Int ( B))] “Bc [rlrz -Cl (rlrz-lnt(A))] —A.

By Theorem 4.1.12, [z‘lrz -Cl (rlrz-lnt(A))]— A contains no non-empty z,z,-closed
set and so [z’lz'z-CI (rlrz-lnt(B))]— B. Again, by Theorem 4.1.12, B is

wg-7,7,-closed . a

Definition 4.1.14 A subset A of a bitopological space (X,z,,z,) is said to be

weakly generalized 7,7, - open (briefly, wg - 7,7, -open) if X —A is wg-z,z,-closed .



18

Example 4.1.15 In the example 4.1.2, {2} is wg-,z,-open.

Theorem 4.1.16 A subset A of a bitopological space (X, z,,z,) is wg-z,7,-open ifand

only if F < 7,7,-Int(z,7,-Cl(A)) whenever F < A and F is 7,7,-closed.

Proof (=) Let A bea wg-7,7,-open setand F bea 7z,-closed set such that
F < A.Since X = A is wg-7,7,-closed and X —F is z,z,-open,
7,7,-Cl(z7,7Int (A)) = X —F, F = zy7,-Int(7,7,-Cl (A)).

(<) Let G bea 7,7,-open setsuchthat X —Ac=G.Then X -G c A and
hence X —G < z,7,-Int(z,7,-CI (A)). It follows that 7,7,-Cl(zz,-Int (X — A)) = G.

Therefore, X — A is wg-z,7,-closed and so A is wg-z,z,-open. a
4.2 Weakly generalized 7,7, -closed sets with respect to an ideal

In this section, we introduce the notion of weakly generalized z,z, -closed sets

with respect to an ideal in bitopological spaces and investigate some properties of
these sets.

Definition 4.2.1 A subset A of an ideal bitopological space (X,z,,z,,1) is said
to be weakly generalized 7,7, -closed set with respect to an ideal (briefly,
wgl - 7,7, - closed ) if 7,7,-Cl(zz,-Int(A))-U €|, whenever AcU and U

IS 7,7,-0pen.

Example 4.2.2 Let X ={a,b,c} with topologies 7, ={&, {b} {b,c}, X},
7, ={@,{b}.{a,b}, X | and ideal 1 ={,{a,c}}. Then A={b} is wgl-7,z,-closed

but not wg-7,7,-closed .

Remark 4.2.3 -The union of two wgl-z,z,-closed sets need not be a wgl-z,z,-closed
set as shown by the following example.

Example 4.2.4 Let X ={1,2,3}, 7, ={@,{2,3}, X}, 7, ={@,{2},{2,3}, X} and
| ={@,{2}} . 1f A={3} and B={2} then A and B are wgl-,r,-closed but
AUB={2,3} is not wgl-7,7,-closed .
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Proposition 4.2.5 Let (X,z,,7,,1) be an ideal bitopological space and A,Bc X .
If A and B are both wgl-z,z,-closed and z,z,-open sets, then AUB is also
wgl-7,7,-closed .
Proof. Suppose that A and B are both wgl-z,7,-closed and z,z,-open sets. Let U
be a z,z,-open set such that AUBcU . Then, we have AcU and BcU .
Since A and B are wgl-,7,-closed, 7,7,-Cl(z,7,-Int(A))-U el and
7,7,-Cl(7,7,-Int(B))-U e 1 . Since A and B are 7,7,-open, we have

1, -Cl(z7, - Int(AUB))-U

+ I:rlrz -Cl (712'2 - |nt(A))—U:'U|:2'1T2 -Cl (1'11'2 L Int(B))—U}
Thus, 7,7,-Cl(zz,-Int(AUB))—-U el and hence AUB is wgl-z,7,-closed . a

The following theorem gives some properties of wgl-z,z,-closed sets.

Theorem 4.2.6 A subset A of an ideal bitopological space (X,z,7,,1) is
wgl-7,7,~closed if and only if F <7,7,-Cl(7,7,-Int(A))—A and F is 7,7,-closed
in X implies Fel.
Proof. Suppose that A is wgl-z,z,-closed set. Let F be a 7;z,-Closed set such that
F < 7,7,-Cl(z;z,-Int (A)) ~ A. Then, we have F < X —A and hence Ac X —F .
Since A is wgl-z,z,-closed and is X —F is z;z,-open,
7,7,-Cl(7,7,-Int(A)) - (X —F ) el Since

7,7, Cl(z7, - Int(A))=(X —F)=17, -Cl(z7, - Int(A)) " F
and F c 7z, -Cl(7z,-Int(A)), we have F = 7,7, Cl(zz,-Int(A))NF .

Thus, Fel.
Conversely, suppose that F < 7,7, -Cl(z,z, - Int(A))— A and F is

7,7,-closed in X implies F el. Let U be a z;7,-open set such that AcU .
Then, we have X =U < X — A and hence

7,7,-Cl(z7, - Int(A))-U - =777, -Cl{77, - Int(A)) (X -U)
c 7,5,-Cl(zz, - Int(A)) (X - A)
= 7,7, Cl(zz,- Int(A))- A
Since 7,7, -Cl (7,7, - Int(A)) (X —=U) is 7,7,-closed and by the hypothesis,

7,7, -Cl(7,7, - Int(A))-U e 1. Consequently, we obtain A is wgl-z,7,-closed. O
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Proposition 4.2.7 Let (X,z,7,,1) be an ideal bitopological space and A,Bc X . If
A is wgl-7,7,~closed and A< B < 7,7, - Cl (7,7, - Int(A)), then B is
wgl-7,7,-closed .

Proof.  Suppose that A is wgl-7,7,-closed and Ac B < 7,7, - Cl (7,7, - Int(A)).
Let U be a 7,7,-open setand B cU . Then, we have AcU . Since A is
wgl-7,z,-closed , 7,7, -Cl(z,z, - Int(A))-U <1 . Since

7,7, -Cl (7,7, - Int(A)) = 7,7, - Cl (7,7, - Int(B)),
we have
7,7, -Cl(z,7,- Int(B))-U = 7,7, -Cl (7,7, - Int(A))-U el

and hence B is wgl-z,z,-closed . a

Remark 4.2.8 The intersection of two wgl-z,z,-closed sets need not be a
wgl-z,7,-closed set as shown by the following example.

Example 429 Let X ={1,2,3} with topologies 7, ={@,{1},{2},{1,2}, X},
7, ={@,{1},{2},{1.2},{1,3}, X} and ideal I ={@,{2}} . Then A={1,2} and
B ={2,3} are wgl-7,z,-closed , but AnB={2} is not wgl-7,7,-closed .

Corollary 4.2.10 If A and B are wgl-z,z,-open and z,z,-closed sets, then AN B
is wgl-z,z,-0pen .

Proof. Suppose that A and B are wgl-z,z,-open and z,z,-closed set. Then
X—A and X-B are wgl-7,z,-open and z,z,-open. By Theorem 4.2.5, we have
(X=A)U(X-—B)=X-(AnB) is wgl-7,7,-closed and so AnBis

wgl-7,z,-open-. a

Theorem 4.2.11 Let (X,z,,, 1) beanideal bitopological space. If A be a

wgl-z,7,-closed set and F be a 7,z,-closed set, then AN F is wgl-7,z,-closed .

Proof. Suppose that A isa wgl-z,z,-closed setand F be a z,z,-closed set. Let U

be a 7,7,-open setand AnF < U . Then, we have
X-UcX—(AnF)=(X-A)U(X -F)

and hence
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FA(X-U) = Fn[(X-A)u(X-F)]
= Fn(X-A)
c X-A

Therefore, Ac X -[F (X -U)|=Uu(X-F). Since A is wgl-7,7,-closed and

U U(X —F) is z,r,-open, 7,7, -Cl(zz, - Int(A))-[U (X =F)]el . Since
T1T27C|(T1T27|nt(AﬁF)) < nr,-Cl(7z,-Int Aﬁrlrzflnt(F))

(A)

( (
I(rlz'2 - Int(A )mrlrz Cl (T1T2 - Int(F))
CI( (

(

IN
K3
N«\

IN

7,7, -Cl(77, - Int A)
7, -Cl(nz, Int(ANF))-U 7, -Cl rlrz,lnt(AmF)) (X-U)
[rlrz_Cl(rlrz_Int(A))ﬁF]m(X—U)

= Tsz—Cl(Tsz-mt ))ml:FmX U)]

IN

= 75, -Cl(zz,-Int(A)) [ X —((X -F)uu)]

)-[(X-F)uu]

and hence 7,7, -Cl(z;7, - Int(AnF))-U el. Thus, ANF is wgl-r,z,closed . QO

= 1r,-Cl (TlTZ ~Int(A

Definition 4.2.12 A subset A of an ideal bitopological space (X,z,z,,1) is said to be
weakly generalized open with respect to an ideal (briefly, wgl - 7,7, -open) if X —A

is wgl-z,z,-closed .
Example 4.2.13 In Example 4.2.2, {a,c} is wgl-z,7,-open .

Theorem 4.2.14 A subset A of an ideal bitopological space (X,z,,z,,1) is
wgl-z,7,-open ifand only if F —U < 7,7,-Int(77,-CI(A)) for some U € |

whenever F < A and F is zz,-closed .

Proof. Suppose that A is wgl-z,z,-open. Let F bea 7;7,-closed setand F < A.
Then, we have X —Ac X =F . Since X =F is ryz,-open and X —A'is
wgl-7,7,-closed, [z'lz'z—CI (zz,-Int (X - A))]—(X ~F)el. Thus, there exists U €|

such that U =[rlr2-CI (z,7,-Int (X —A))]—(X —F) and hence

7,7,-Cl(z;7,-Int (X = A)) = (X -F)uU .
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Consequently, we obtain
F-U =X -[(X=-F)uU]c X | 7,5,-Cl(r,7,-Int(X - A)) | = 7,7, -Int (7,7,-CI (A)).
Conversely, let G be a 7,7,-open setand X — A< G. Then, we have
X —G c A. By the hypothesis, (X —G)—-U < z,z,-Int(z,7,-Cl (A)) for some U e .
Therefore, X —[ z,z,-Int(7,7,-CI (A)) | X —[ (X -G)-U ] and hence
7,7,-Cl (z,7,-Int (X - A)) = GUU .

Since,
7,7,Cl(zy7,-Int (X - A)) -G

7,7,-Cl(z,7,-Int (X — A)) (X —G)

< (GuU)N(X-G)
= UNn(X-G)
c U,

[rlrz-CI (z,7,-Int (X —A))]—G el.Thus, X —A is wgl-7,7,-closed . This show that

A is wgl-7,7,-open . Q

Definition 4.2.15 Let (X,z,,7,,1) be an ideal bitopological space and A,B < X . Then
A and B are said to be separated if 7,7,-CI(A) "B =0 and 7,7,-Cl(B)nA={.

Example 42.16 Let X ={1,2,3}, 7, ={@,{1}.{2},{1.2}, X}, 7, ={@,{2},{1.2} X}
and | ={@,{3}}.If A={1} and B={2}, then A and B are wgl-z,7,-closed sets,
but AUB ={1,3} is not wgl-z,z,-open.

Theorem 4.2.17 Let (X,z,7,,1) be an ideal bitopological space and A,Bc X . If

A and B are separated wgl-7,7,-open sets, then AUB is wgl-z,7,-open .

Proof. Suppose that A and B are separated wgl-z;z,-open sets. Let F be a

7,7,-closed .set and F = AwB. Then, we have [F nz,7,-Cl (A)] —Aand
[F A77,-Cl(B) | B. By the hypothesis,

[(Faziz,CI(A))-U, | oz-int(7,7,-Cl (A))
and

| (F n7z,-CI(B))-U, | < 7y7,-Int(7,7,-CI(B)) for some U,,U, <1 .
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Since
[(F nzi,-Cl(A)) || razy-Int (z,7,-C1 (A)) ]
c[(F nzz,-Cl(A))uU, A (F N zz,-CI(A))uy, U,
and
|(F n27,-CI(B)) |- rir,-Int (7,7,-CI (B)) |
c [(Frzz,Cl(B))ul, |A[(F nrr,-Cl(B))uy, |cu,,
[(F nz7,-CI(A)) |- nir,-Int (z,7,-CI (A)) | €
and
[(FAzz,-CI(B)) || rir,-int(z,7,-CI (B)) | <1
Therefore,

[(F N7,;7,-Cl(A))—7,7,-Int(7,7,-Cl (A))]u[(F Nz,;7,-Cl(B))=7,7,-Int(7,7,-Cl (B))] el.
Since
[F(5iz,-Cl (A) Utir,-Cl(B)) | = 2z, -Int (7,7,-Cl (A)) U yz-Int (7,7,-CI (B))
g[(F N 7,7,-Cl( )) T,7," Int rlrz -CI(A ] [ Fnzz,-Cl(B )) z'lrz-lnt(rlz'z-CI(B))],
| F (77,1 (A)n7,7,-CI(B)) || 7ur,-Int (7,7,-CI (A)) Uiz, -Int (7,7,-CI (B)) | 1.
Since F =F N (AuUB)c FUzgz,-CI(AUB), we have

F —z,7,-Int(7,7,-CI(AUB))

< (Fnzr,-Cl(AUB))=7z,-Int(77,-Cl (AUB))

< (F nzz,<CI(AUB))~[ 5,z,-Int (7,2, -CI(A)) Uriz,=Int (zz,-Cl (B)) |
and hence F —7,7,-Int(z7,-Cl(AUB)) el .
This implies that F U < 7,7,-Int(7,7,-Cl (AUB)) for some U e 1. Consequently,

we obtain AU B is wgl-z,z,-open-. Q

Proposition 4.2.18 Let (X,z,7,,1) be anideal bitopological space and A,Bc X . If
A is a wgl-7,7,-open setand z,7,-Int(z,7,-Cl(A))c B A, then B is

wgl-7,z,-open .
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Proof. Suppose that A is wgl-z,7,-open and 7,7,-Int(7,7,-Cl(A)) = B< A. Then,
we have X —Ac X —B = 7,7,-Cl(7,7,-Int (X — A)) and by Proposition 4.2.7, X —B

is wgl-z,7,-closed . Thus, B is wgl-z,z,-0open . a

Corollary 4.2.19 Let (X,7,7,,1) be an ideal bitopological space and A,Bc X . If
A and B are wgl-z,z,-closed sets such that X —A and X —B are separated, then

ANB is wgl-7,z,-closed .

Proof. Suppose that A and B are wgl-z,7,-closed sets. Then X —A and X —B
are separated wgl-z,z,-open . By Proposition 4.2.18, (X — A)u(X —-B)= X —(ANB)

is wgl-z,7,-open and so ANB is wgl-z,z,-closed . a

Theorem 4.2.20 Let (X,z,,7,,1) be an ideal bitopological space and Ac X . Then
A is wgl-7,z,-closed if and only if CI(Int(A))- A is wgl-7,7,-0pen .
Proof. Suppose that A isa wgl-zz,-closed set. Let F bea z,z,-Closed set and
F < 7,7,-Cl(z,7,-Int (A))— A. By Theorem 4.2.6, we have F €| and there exists
U el suchthat U = F. Thus, F=U ¢ rlrz-lnt[rlrz-CI (rur,Cl (rlrz-lnt(A))—A)}
and by Theorem 4.2.14, 7,7,-Cl(z,z,-Int(A))— A is wgl-z,7,-0pen .

Conversely, suppose that z,z,-Cl(z,z,<Int(A))— A is wgl-z,z,-open . Let G

be a 7,7,-open setand Ac G. Then, we have
[rlrz-Cl (rlfz-lnt(A))m(X —G)} = [Tlfz-Cl (Tlrz-lnt(A))m(X - A)]
= 1,7,-Cl (z,7,-Int (A)) - A

Since 7,7,-Cl(z,7,-Int( A)) (X —G) is 7,7,-closed and z,z,-Cl(z7,7,-Int(A)) = A

is wgl-z,z,-open, by Theorem 4.2.11,
[le'z-C| (ry7,-Int(A)) (X —G)]—U € 7,7,-Cl{7,7,-Int (A)) = A for some U 1 .

Since



[ 712,Cl (r,z,-It (A)) (X ~G) |-U

grlfz-lnt[rlrz-Cl[rlrz CI( 7,7,-Int (A ) ﬂ

:Tlrz-lnt[rlrz-Cl[rlz’Z Cl(TlT -Int (A ) X -
(

W]

c ,7,-Int| 7,7, - CI rlrz -Cl(z,7,-Int (A)) gz, -CH(X - A))J
( )

=5 - Int(r 7,- CI rlfz -Int(A )) [X —flfz-Cl(rlrz-lnt(A))]
(r,7,-Int(A)) N [X 7,7,-Cl(z,7,- Int(A))]:@,

=,7,-Int( 7,7,- CI rz Int(A ))mrlfz Int(rlr2 -CI(X-A

c 7,7,-Cl

7,7,-Cl (7,7,-Int(A)) (X ~G) =U and hence 7,7,-Cl(z;7,-Int(A))-G el

This show that A is wgl-z,z,-closed .



CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions

This research deals with the concept of weakly generalized closed sets in ideal
topological spaces. Moreover, some properties of weakly generalized closed sets with
respect to an ideal are investigated. Furthermore, several properties of generalized closed
sets in ideal bitopological spaces are discussed. The results are as follows:

(1) Forsubsets A and B of an ideal topological space (X,z, 1), the following
properties hold:
(1) A iswgl-closed if and only if F < CI(Int(A))—A and F is closed
in X implies Fel;
(2) A is wgl-closed if and only if F—-U < Int(CI(A)) for some U el,
whenever F < A and F s closed;

(3) If A and B are both wgl-closed and open sets, then AUB is also
wgl-closed;

(4) If A iswgl-closed and F is closed, then AN F isalso wgl-closed,;

(5) If A and B are separated wgl-open sets, then AU B is also
wgl-open;

(6) If A iswgl-closed and A<= B < Cl(Int(A)), then B is wgl-closed;

(7) If A iswgl-open and Int(CI(A))< B< A, then B is wgl-open;

(8) A iswgl-closed if and only if Cl(Int(A))—A is wgl-open.

(11) For subsetsA and B of an ideal bitopological space (X,z,,7,,1), the
following properties hold:

(1) A is wgl-z,7,-closed if and only if F < 7,7,-Cl(zz,-Int(A))- A
and F is z;z,-closed in X implies F e l;

(2) - A.is -wgl-7,7,~closed if and only if F-U < 77,-Int(7,7,-CI(A))-A

for some U 1, whenever F = A and F is 7,7,-closed ;

(3) If A and B are both wgl-z,z,-closed and z,z,-open sets, then
AUB is also wgl-z;z,-closed ;

(4) If Ais wgl-z,z,-closed and F is z;z,-closed , then AnF is also
wgl-7,7,-closed ;
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(5) If A and B are separated wgl-z,z,-open sets, then AUB s also
wgl-7,z,-open ;

(6) If A is wgl-7,7,-closed and Ac B < 7,7,-Cl(z;7,-Int(A)), then B
is wgl-z;z,-closed ;

(7) If A is wgl-7,7,-open and 7,7,-Cl(zz,-Int(A)) = B< A, then B is
wgl-7,z,-open ;

8) A is wgl-z,r,closed 'if and only if 7,7,-Cl(z7,-Int(A))—A is
wgl-7,z,-open .

(111) For an ideal topological space (X,z,1), the following properties are
equivalent:

(1) (X,z,1) is wgl-normal;

(2) for every wgl-closed set F and wgl-open set G containing F, there
exists an open set V such that F -V <1 and CI (V)—G el;

(3) for each pair of disjoint wgl-closed sets A and B, there exists an open
set U such that A~U el and Cl(U)nBel.

(IV) For an ideal topological space (X,z,1), the following properties are

equivalent:
(1) (X,z,1) iswgl-regular;

(2) for each x e X andwgl-openset U containing X, there exists an
open set VV containing X such that CI(Int(V))—U el;

(3) foreach xe X and wgl-closed sets A not containing X , there exists an
open set'\V containing X such that CI(Int(V))mAe I

5.2 Recommendations

To this end, even though | have found several properties as presented in this
thesis, there are several questions yet to be answered and it may be worth investigating
in future studies. | formulate the questions as follows:

5.2.1 Are there properties of weakly generalized closed sets in ideal topological
spaces.

5.2.2 Are there another condition for weakly generalized closed sets in ideal
topological spaces.
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5.2.3 Are there properties of weakly generalized 7,7, -closed sets in ideal
bitopological spaces.

5.2.4 Are there another condition for weakly generalized z,z, -closed sets in ideal




[1]

[2]

[3]
[4]

[5]

[6]
[7]

8]
[9]

[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

REFERENCES

Boonpok C., Viriyapong C. and Thongmoon M. On upper and lower (z,,7, ) -
precontinuous multifunctions. J. Math. Comput. 2018;18(3):282-93.

Dontchev J., Ganster M. and Noiri T. Unified operation approach of generalized
closed sets via topological ideal. Math. Japanica. 1997;1-11.

Dugundji J. Topology. Boston. Allyn and Bacon. 1966.

Fukutake T. On generalized closed sets in bitopological spaces. Bull. Fukuoka.
Univ. Ed. Part I11. 1986;35:19-28.

Jafari S., Rajesh N. Generalized closed sets with respect to an Ideal. Eur. J. Pure.
Appl. Math. 2011;4(2):147-51.

Kelly J.C. Bitopological spaces. Pro. London Math. Soc 1969;13:71-79.

Kong T., Kopperman R. and Meyer P. A topological approach to digital
topology. Amer Math. Monthly. 1991;98:901-917.

Kuratowski K. Topology I. New York. Academic Press. 1966.

Kuratowski K. Introduction to set theory and topology. 2"¢ Edition. Pergamon
Press Publisher. 1972.

Levine N. Generalized closed sets in topology. Rend del Circ Mat di Palermo.
1970 Jan;19(1):89-96.

Mendelson B. Introduction to topology. Allyn and Bacon. 1962.

Navaneethakrishnan M. and Paulraj Joseph J. g-closed sets in ideal topological
spaces. Acta. Math. Hungarica. 2008;119(4):365-71.

Noiri T. and Rajesh N. Generalized closed sets with respect to an ideal in
bitopological spaces. Acta. Math. Hungarica. 2009;125(1):17-20.

Park J.K. and Park J.H. Mildly generalized closed sets, almost normal and mildly
normal spaces. Chaos, Solitons and Fractals. 2004;20(5):1103-11.

Renukadevi V. and Sivaraj D. A generalization of normal spaces. Archivum
Mathematicum (BRNQO) Tomus 44. 2008;265-270.

Sundaram P. Studies on generalizations of continuous maps in topological
spaces. Ph.D. Thesis. Bharathiar University. India. 1991.

Sutherland W.A. Introduction to metric and topological spaces. Clarendon Press.
1975.

Willard S. General topology. London. Addison-Wesley Pub. Co. 1970.

Vaidyanathaswamy R. The localisation theory in set topology. Proc. Indian Acad.
Sci. 1945;20:51-61.



NAME
DATE OF BIRTH
PLACE OF BIRTH

ADDRESS

POSITION

PLACE OF WORK

EDUCATION

Research output

BIOGRAPHY
Miss. Walailuk Peanchai
14 March 1985
Khon Kaen, Thailand

2 Soi. Nakhonsawan 42, Nakhonsawan Road, Talat
Subdistrict, Mueang Maha Sarakham District,
Mahasarakham 44000.

Instructor

Institutional Research and Information Department, Office
of Educational Quality Development, Bangkok University
(Main Campus)

2003 = Mattayom 6 from Sarakham Pittayakhom School
Mahasarakham, Thailand.

2005 Diploma of Computer Business from Thonburi
Commercial College, Bangkok, Thailand.

2007 Bachelor of Science in Applied Statistics from
King Mongkut's Institute of Technology North
Bangkok, Bangkok, Thailand.

2011  Master of Science in Applied Statistics from
King Mongkut's University of Technology North
Bangkok, Bangkok, Thailand.

2019 Master of Science in Mathematics Education
from Mahasarakham University, Mahasarakham,
Thailand.

Oral presentation : “The Estimation Probability Density

Function of Data Using Mobile Phone Until Birth

Failures” at The 11th Statistics and Applied Statistics

Conference, Holiday Inn, Chiangmai, Thailand on May

27-28, 2010.



	titlepage

	abstract

	acknowledgement

	content

	chapter 1

	chapter 2

	chapter 3

	chapter 4

	chapter 5

	references

	biodata


