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ABSTRACT

In this research, the concept of w(k, [)-semi-open sets in bi-weak structure spaces,
where k, [ € {1,2} with k # [, is introduced. Some properties of w(k, [)-semi-open sets
are obtained. Furthermore, the notion of w(k, [)-semi-continuity using w(k, [)-semi-open
sets are introduced. Moreover, the concepts of w(k, [)-a-open sets, w(k, [)-preopen sets

and w(k,[)-B-open sets in bi-weak structure spaces are introduced. Some properties of

such sets are obtained.
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CHAPTER 1

INTRODUCTION

1.1 Background

In mathematics, topology is a structure on a non-empty set. A non-empty set with a
topology on such set is called a topological space. The elements of a topology are called
open sets. The complements of open sets are called closed sets. Open and closed sets
play an important role in a topological space. There are also two important operators,
called that closure and interior, in a topological space by using closed sets and open sets,
respectively. Later, mathematicians have studied many generalized sets of open sets. In
1963, Levine [5] introduced a generalized set of open set, which is called a semi-open set.
In addition, Levine also studied semi-continuity on the topological spaces by using semi-
open sets. In 1965, Njastad [7] introduced the concept of a-open sets in the topological
spaces. And he have proven that the class of all a-open sets is a topology that is bigger
than the original topology. In 1982, Mahhour [6] studied the concept of preopen sets and
studied pre-continuity on the topological spaces. In 1983, Abd-El-Monsef [1] introduced
the concepts of 5-open sets and S-continuity on the topological spaces. Such semi-open
sets, a-open sets, preopen sets and (3-open sets are generalizations of open sets in the
topological spaces.

In 2000, Popa and Noiri [8] introduced the concept of the minimal structure. In 2002,
Csaszar [2] introduced the concept of the generalized topology. Later, in 2011, Csaszar
[3] introduced the concept of the weak structure. Such structures are generalizations of
topology. Which has expanded the concepts of semi-open sets, a-open sets, 5-open sets
and preopen sets in the above structures, especially in the weak structure, Csészar [3] uses
the symbol o(w), a(w), f(w) and m(w) represent classes of semi-open sets, c-open sets,
[-open sets and preopen sets in the weak structure, respectively. And he also showed that
these classes a generalized topology. Later in the year 2012, Ekici [4] presented a r(w)
class in a weak structure and he also studied the properties of 7(w). In 2017, Puiwong et al
[9] introduced a new space, which consists of a nonempty set X and two weak structures

w!, w? on X. is called the bi-weak structure space. Also, they studied open sets, closed



sets, and separation axioms on this space.

Therefore, we interested in expanding the concepts of semi-open sets, preopen sets, a-
open sets, 5-open sets and regular open sets on a topological space to a bi-weak structure
space. Which is called a w(k, [)-semi-open sets, w(k, [)-preopen sets, w(k, [)-a-open sets,
w(k, 1)-p-open sets and w(k, [)-regular open sets in a bi-weak structure space, where k, [ €

{1,2} which k # [. As well as studying the properties and relationships of those sets.

1.2 Objective of the research

The purposes of the research are:

1. To construct and investigate the properties of w(k,[)-semi-open sets, w(k,()-a-
open sets, w(k, [)-preopen sets, w(k,)-B-open sets and w(k, [)-regular open sets

in bi-weak structure spaces.

2. To study the relationship of w(k,[)-semi-open sets, w(k, [)-a-open sets, w(k,[)-
preopen sets, w(k, [)-3-open sets and w(k, [)-regular open sets in bi-weak structure

spaces.

1.3 Objective of the research

The research procedure of this thesis consists of the following steps:
1. Criticism and possible extension of the literature review.
2. Doing research to investigate the main results.

3. Applying the results from 1.3.1 and 1.3.2 to the main results.

1.4 Scope of the study

The scopes of the study are: studying some properties of w(k, [)-semi-open sets, w(k, [)-
preopen sets, w(k, [)-a-open sets, w(k, 1)-5-open sets, and w(k, [)-regular open sets in

bi-weak structure spaces.



CHAPTER 2

PRELIMINARIES

In this chapter, we will give some definitions, notations, dealing with some preliminaries

and some useful results that will be duplicated in later chapter.

2.1 Weak Structures

Definition 2.1.1. [3] Let X be a nonempty set and P(X') the power set of X. A subfamily
w of P(X) is called a weak structure (briefly W.S) on X iff ) € w.

By (X, w) we denote a nonempty set X with a WS w on X and it is called a w-space.
The elements of w are called w-open sets and the complements of w-open sets are called
w-closed sets.

Let w be a weak structure on X and A C X. We define i,,(A) as the union of all

w-open subsets of A and ¢,,(A) as the intersection of all w-closed sets containing A.
Theorem 2.1.2. [3]IfwisaWSon X and A, B C X. Then

1. ACc,(A)andi,(A) C A4

2. if A C B, then ¢, (A) C ¢, (B) and i,,(A) C i (B);

3. culCu(A)) = co(A) and iy (i (A)) = iu(A);

4. cpy(X —A) =X —iy(A)and i, (X — A) = X — ¢, (A4).

Theorem 2.1.3. [3] Ifwisa WS on X, z € i,(A) if and only if there is a w-open set V'
suchthatz € V C A.

Lemma 2.1.4. [3]IfwisaWSon X,z € ¢,(A)ifand only if VN A # () for any w-open

set V' containing x

Proposition 2.1.5. [3] If wisa WS on X and A € w, then A = 4,(A) and if A is
w-closed, then A = ¢,,(A).

Definition 2.1.6. [3] Letw bea WS on X and A C X. Then



1. A€ a(w)if A C iy(cu(in(A))).
2. A€ m(w)if ACiylcy(A)).
3. A€ o(w)if A C ey(in(A)).
4. A€ B(w)if A C cylin(cu(A))).

Lemma 2.1.7. [3] Let w be a WS on X. Then i, (cy(iw(cw(A)))) = iw(cw(A)) and
Co (o (1w(A)))) = cuw(inw(A)) forall A C X.

Theorem 2.1.8. [3] If w is a WS on X, each of the structures a(w), o(w), m(w), f(w) is

a generalized topology.

Definition 2.1.9. [4] Letw bea WS on X and A C X. Then
1. Aer(w)ifA=i,(c,(A)).
2. Aerc(w)if A= cy(in(A)).

Theorem 2.1.10. [4] Let w bea WS on X and A C X. The A € r(w) if and only if
A€ a(w)and X — A € B(w).

Theorem 2.1.11. [4] Let wbe a WS on X and A C X. The A € r(w) if and only if
Aecm(w)and X — A € o(w).

Theorem 2.1.12. [4] Letwbea WS on X and A C X. If A € 7w(w), then there exists a
B € r(w) such that A C B and ¢,,(A) = c,(B).

Theorem 2.1.13. [4] The following properties hold fora WS won X and A, B C X:
1. iw (AN B) Ciy(A) Niw(B).

2. cyw(A)Ucy(B) Cew(AUB).
2.2 Bi-Weak Structure Spaces

Definition 2.2.1. [9] Let X be a nonempty set and w', w? be two weak structures on X.
A triple (X, w*, w?) is called a bi-weak structure space (briefly bi-w space).
Let (X, w', w?) be a bi-weak structure space and A be a subset of X. The w-closure

and w-interior of A with respect to w’ denote by c,;(A) and i, (A), respectively, for

je{1,2}.



Definition 2.2.2. [9] A subset A of a bi-weak structure space (X, w', w?) is called closed

if A = c,1(cy2(A)). The complement of a closed set is called open.

Theorem 2.2.3. [9] Let (X, w!, w?) be a bi-w space and A be a subset of X. Then the

following are equivalent:
1. Ais closed;
2. A=cy1(A)and A = ¢,2(A);
3. A =cu2(cpi(A)).

Theorem 2.2.4. [9] Let (X, w', w?) be a bi-w space and A be a subset of X. Then the

following are equivalent:
1. Ais open;
2. A =ip(in2(A));
3. A=i,1(A) and A = i,2(A);

4. A = iy (igi(A)).



CHAPTER 33

GENERALIZED OPEN SETS IN BI-WEAK STRUCTURE SPACES

In this chapter, we will introduce the notions of generalized open sets in bi-weak structure

spaces. Now, let k, [ € {1,2} be such that k # [.
3.1 w(k,l)-semi-open set

In this section, we will introduce the notion of w(k, [)-semi-open sets and investigate some

of their properties.

Definition 3.1.1. Let (X, w!, w?) be a bi-w space and A be a subset of X. Then A is called
a w(k,l)-semi-open set if A C ¢, (i (A)). The complement of a w(k, [)-semi-open set

is called a w(k, [)-semi-closed set.

Remark. Let (X, w!, w?) be a bi-w space and A be a subset of X. Then A is w(k, 1)-

semi-closed if and only if X — A is w(k, [)-semi-open.

Example 3.1.2. Let X = {1,2,3}. Define WS w' and w? on X as follows:
w' = {0,{1,2},{1,3}} and w? = {0,{1},{2}}. Then X, {3}, {2} are w'-closed and
X,{2,3},{1, 3} are w?-closed. Consider

A iy (A) | cp2(igi(A)) | Als w(l,2)-semi-open set

0 0 {3} v
] 0 {3} X
{221 0 {3} X
CISI {3} v
{1,2} | {1,2} X v
(1.3} {1.3} | {13} v
{23} 0 {3} X

X | x X v




and
A | ige(A) | ot (i2(A)) | Ads w(2, 1)-semi-open set
0 0 0 v
| X v
{2} | {2} {2} v
{3} 0 0 X
(1,2} | {1,2} X v
1,3y {1} X v
{2.3} | {2} {2} X
X | {12} X v

From the above table, we obtain that:
1. 0,{1,2},{1, 3}, X are w(1, 2)-semi-open sets and w(2, 1)-semi-open sets.
2. {3} is w(1, 2)-semi-open set but is not a w(2, 1)-semi-open set.
3. {1}, {2} are w(2, 1)-semi-open sets but not a w(1, 2)-semi-open sets.
4. {2,3} is not w(1, 2)-semi-open set and w(2, 1)-semi-open set.

Theorem 3.1.3. Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-semi-
closed if and only if i, (c,x(A)) C A.

Proof. (=) Assume that A is w(k, [)-semi-closed. Then X — A is w(k, [)-semi-open.
Thus X — A C ¢i(iyr(X — A)),and so X — A C c,i(X — ¢ (A)). Hence X — A C
X — iyt (cyr(A)). Theni(c,k(A)) C A.

(<=) Assume that i, (c,x(A)) C A. Then X —A C X —i1(cyr(A)). Thus X —A C
Cot (X —cyr(A)), and so X — A C (i (X — A)). Therefore, X — A is w(k, [)-semi-

open. Hence A is w(k, [)-semi-closed. O

Proposition 3.1.4. Let (X, w', w?) be a bi-w space. If A; is w(k,)-semi-open for all

j € A, then U A; is w(k,)-semi-open.
jeA



Proof. Assume that A; is w(k, [)-semi-open forall j € A and let A = U A;. Fix jo € A.
jeA

Then A;, C A. Thus c,i(iyr(Aj,)) C cui(iwe(A)). Since A; is w(k,[)-semi-open,

A C culipe(Aj,)). This implies that A;, C c,i(ix(A)). Since jy is an arbitrary

element of A, we have A; C c,(i,x(A)) forall j € A. Therefore U A; Ccyiliye(A)).
jen
Thus U A; is w(k, [)-semi-open. O
jeA

Remark. The intersection of two w(k, [)-semi-open sets is not an w(k, [)-semi-open set

in general as can be seen from the following example.

Example 3.1.5. From Example 3.1.2, we obtain that {1, 2} and {1, 3} are w(1, 2)-semi-
open but {1,2} N {1,3} = {1} is not w(1, 2)-semi-open.

Proposition 3.1.6. Let (X, w', w?) be a bi-w space. If A; is w(k, ()-semi-closed for all
J € A, then ﬂ A; is w(k, l)-semi-closed.

jEA
Proof. Assume that A; is w(k,[)-semi-closed for all j € A and let A = ﬂ A;. Fix
Jo € A. Then A C Aj,. Thus iyi(cyr(A)) C dyi(cyr(Aj,)). Since Aj is wj(el?,l)-semi-
closed, i, (cyx(Aj,)) C Aj,. This implies that i, (c,x(A)) C Aj,. Since jo is an arbitrary
element of A, we have 7, (c,x(A)) C A, forall j € A. Therefore i, (c,x(A)) C ﬂ A,

jeA
Thus ﬂ A; is w(k, [)-semi-closed. O

jeA
Remark. The union of two w(k, [)-semi-closed sets is not an w(k, [)-semi-closed set in

general as can be seen from the following example.

Example 3.1.7. From Example 3.1.2, we obtain that {2} and {3} are w(1, 2)-semi-closed
but {2} U {3} = {2, 3} is not w(1, 2)-semi-closed.

Theorem 3.1.8. Let (X, w!, w?) be abi-w spaceand A C X. Then Aisw(k, [)-semi-open
if and only if there exists a subset U of X such that i, (U) = U and U C A C ¢, (U).

Proof. (=) Assume that A is w(k,[)-semi-open. Then A C ¢, (i, (A)). Let U =
Lok (A) Then ’iwk(U) = Tk (iwk (A)) = Uk (A) = U. Since 7, (A) CAC sz<iwk (A)),
UCACcu(U).



(<=) Assume that there exists a subset U of X such thati(U) =UandU C A C
Cwl(U). Since U C A, Cwl(iwk<U)) C Cyt (iwk (A)) Since Zwk(U) =U,AC Cwl(U) =
Cot (1 (U)) C (i (A)). Hence A is w(k, [)-semi-open. O

Corollary 3.1.9. Let (X, w', w?) be a bi-w space and A C X. If there exists U € w*
such that U C A C ¢,4(U), then A is w(k, [)-semi-open.

Proof. Assume that there exists U € w” such that U € A C ¢, (U). Since U € wk,
iy (U) = U. By Theorem 3.1.8, A is w(k, [)-semi-open. O

Corollary 3.1.10. Let (X, w', w?) be a bi-w space and A C X. If A is w(k, [)-semi-open
and A C B C ¢, (A), then B is w(k, [)-semi-open.

Proof. Assume that A is w(k,[)-semi-open and A C B C c,u(A). Then there exists a
subset U of X such that i,+(U) = Uand U C A C ¢, (U). Thus U C A C B. Since
AC B Ccu(A) Ccp(U),U C B C cui(U). By Theorem 3.1.8, B is w(k, [)-semi-
open. [

Corollary 3.1.11. Let (X, w', w?) beabi-w spaceand A C X. If Aisw(k, [)-semi-closed
and i, (A) C B C A, then B is w(k, l)-semi-closed.

Proof. Assume that A is w(k,[)-semi-closed and i,,(A) C B C A. Then X — A is
w(k,l)-semi-openand X — A C X —B C X —i(A). Thus X —A C X - B C
Cot (X — A). Therefore X — B is w(k, [)-semi-open. Hence B is w(k, [)-semi-closed. [

Definition 3.1.12. Let (X, w!, w?) be a bi-w space and A C X. The intersection of
all w(k,()-semi-closed sets containing A is called the w(k, )-semi-closure of A and is
denoted by c*(A). The union of all w(k, [)-semi-open sets contained in A is called the
w(k, 1)-semi-interior of A and is denoted by i*!( A), respectively, that is,

(A =N{F : Fisw(k,l)-semi-closed and A C F'},

i*(A) = J{G : G is w(k,l)-semi-open and G C A}.

Remark. Form Definition 3.1.12, it is obvious that i*'(A) C A C *(A).

Lemma 3.1.13. Let (X, w!, w?) be a bi-w space and A C X,z C X. Then x € c*(A) if

and only if V' N A # () for all w(k, [)-semi-open set V' containing z.
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Proof. Assume that there exists a w(k, [)-semi-open set V' containing = such that VN A =
(. Then X — V is w(k,[)-semi-closed such that z ¢ X — V and A C X — V. Hence,
x ¢ ckl(A). Conversely, assume that z ¢ c*'(A). Then there exists a w(k, [)-semi-closed
set F'suchthat A C Fandx ¢ F. SetV = X — F. Thus V is w(k,[)-semi-open set
containing x such that V. N A = (). O

Lemma 3.1.14. Let (X, w!, w?) be a bi-w space and A C X, x C X. Then z € i*(A) if

and only if there exists a w(k, [)-semi-open set V' such that z € V' C A.

Proof. Assume that x € i*'(A). Then there exists a w(k, [)-semi-open set V such that

r € V C A. Conversely, assume that there exists a w(k, [)-semi-open set V' such that

v €V C A. Thenz € i*(A). O

Lemma 3.1.15. Let (X, w!, w?) be a bi-w space and A C X. Then i*(X — A) = X —
M(A)and (X — A) = X —i*(A).

Proof. Assume that z € i*(X — A). Then there exists a w(k, [)-semi-open set V' such
thatz € V C X — A. Thus VN A = (), andsoz ¢ c¥(A). Hence v € X — cM(A).
On the other hand, assume that v € X — c*(A). Then z ¢ c*'(A), and so there exists a
w(k,1)-semi-open set V' containing - such that VN A = (). Thus V C X — A. Hence
r € i"(X — A). This implies that i*(X — A) = X — c*(A). The second part follows
from the first part. [

Theorem 3.1.16. Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-semi-
closed if and only if A = c*(A).

Proof. Assume that A isw(k, [)-semi-closed. Then c*'(A) C A. Thisimplies A = c¥(A).
Conversely, assume that A = ¢*(A). By Proposition 3.1.6, A is w(k, [)-semi-closed. []

Theorem 3.1.17. Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-semi-
open if and only if A = i*(A).

Proof. Assume that A is w(k, [)-semi-open. Then A C i*(A). This implies A = i*/(A).

Conversely, assume that A = i*(A). By Proposition 3.1.4, A is w(k,)-semi-open. [

Finally, we shall introduce the concept of the continuity using w(k, [)-semi-open sets.
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Definition 3.1.18. A function f : (X,w!',w?) — (Y,v!,v?) is called w(k,[)-semi-
continuous at z if, for all v*-open set V containing f(z), there exists a w(k, [)-semi-open
set U containing x such that f(U) C V. Then f is called w(k, [)-semi-continuous if f is

w(k, l)-semi-continuous at z, for all x € X.

Theorem 3.1.19. Let (X, w!, w?) and (Y, !, %) be two bi-weak structure spaces and

[ (X, ww?) — (Y,v!, v?). Then the following are equivalent:
1. fis w(k,)-semi-continuous.
2. f7YV)is w(k,l)-semi-open for all V € v*.
3. f~YF)is w(k,!l)-semi-closed for all *-closed set F.
4. f(M(A)) Cepr(f(A)) forall A C X.

5. M(fY(B)) c f(cx(B)) forall BCY.

6. [~(ix(B)) Cif(f~*(B)) forall BCY.

Proof. (1=>2) Assume that f is w(k, [)-semi-continuous and V' € v*. We will show that
Y V) =ik (f~1(V)). Letx € f~1(V). Then f(z) € V. Since V € v* and f is w(k, l)-
semi-continuous, there exists a w(k, [)-semi-open set U containing = such that f(U) C V.
Thenz € U C f~YV). Thusx € i*'(f~1(V)). Therefore f~1(V) = i*(f~1(V)). Hence
f~HV) is w(k,)-semi-open.

(2=3) Assume that f~1(V) is w(k,l)-semi-open for all V' € v*. Let F be a v/*-
closed set. Then X — F is v*-open. By 2, f~%(X — F) is w(k,[)-semi-open. Since
[ X-F)=X-fYF),X— fY(F)is w(k,l)-semi-open. Thus f~!(F) is w(k,[)-
semi-closed.

(3==4) Assume that f~!(F) is w(k,![)-semi-closed for all v*-closed set F. Let
A C Xand.Z ={F : Fis v*<closed and f(A) C F}. Then A C f~1(f(A)). Thus

AC fHew(f(A)) = m F) = ﬂ f~'(F). By 3, ﬂ fH(F) is w(k,)-semi-
Fe7 Fe7 Feg
closed. Moreover, A C ﬂ f7H(F). Then cf(A) C ﬂ FHF) = fHen(f(A))).
FeF FeZ

Thus f(c;'(A)) C c,r(f(A)).
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(4==5) Assume that f(c*(A)) C c,x(f(A)) forall A C X. Let B C Y. Then
F1(B) € X. By 4, f((f(B)) C en(F(F(B))) C en(B). Thus (= (B)) €
(G (FHB))) € fH e (B)).

(5==6) Assume that c*'(f~1(B)) C f‘l(c «(B)) forall B C Y. Let B C Y. Then
Y —BCY.ByS, (1Y = B)) C f~Yen(Y — B)). Since E(f~1(Y — B)) =
o (X —f1(B) = X =g (f1(B)) andf Hew(Y = B)) = f7H(Y —cu(B)) = X -
(i (B)), X — #8(f1(B)) € X — f=1(i,u(B)). Hence f~\(is(B)) C (/"' (B))

(6==1) Assume that f~!(i,x(B)) C i*'(f~*(B)) for all B C Y. We show that f is
w(k, l)-semi-continuous. Letz € X and V is v*-open containing f(x). Then V = i, (V).
By 6, f (V) = (i (V) C ik (f=1(V)). Then z € i*'(f=1(V)). Thus there exists
a w(k,l)-semi-open set G such that z € G C f~Y(V). Then f(G) C V. Thus f is

w(k, )-semi-continuous at z. Hence f is w(k, [)-semi-continuous. O
3.2 w(k,l)-a-open set, w(k,)-preopen set and w(k,[)-5-open set

In this section, we will introduce the notion of w(k, [)-c-open set and investigate some of

their properties

Definition 3.2.1. Let (X, w', w?) be abi-w space and A be a subset of X. Then A is called
aw(k,l)-a-open set if A C i,k (Cypi(iyr(A))). The complement of a w(k, [)-c-open set is

called a w(k, l)-a-closed set.

Remark. Let (X, w!, w?) be a bi-w space and A be a subset of X. Then A is w(k, 1)-a-

closed if and only if X — A is w(k, [)-a-open.

Example 3.2.2. Let X = {1,2,3}. Define WS w' and w? on X as follows:
U= {0,{1,2},{1,3}} and w? = {0,{1},{2}}. Then X, {3},{2} are w'-closed
and X, {2,3}, {1,3} are w?-closed. Consider



A g1 (A) | e (i (A)) | (w2 (g1 (A))) | A s w(1,2)-a-open set
0 0 {3} 0 v

{ay | o (3} 0 X

{2 | 0 (3} 0 X

{3} 0 {3} 0 X
(1,2} | {1.2} X X v
(1,3} {1,3} | {13} {1,3} v
(2.3} 0 (3} 0 X

X X X X v

and

A | iga(A) | Cutlin2(A)) | iw2(Cot (in2(A))) | A s w(2,1)-a-open set
0 0 0 0 v

{1} | {1} X {1,2} v

{2} | {2} {2} {2} 4

B3| 0 0 0 X
(1,2} | {1.2} X {1,2} v
(1,3} {1} X (1,2} X
{2,3} | {2} {2} {2} X

X | {1,2) X {1,2} X

From the above table, we obtain that:

1. 0,{1,2} are w(1, 2)-a-open sets and w(2, 1)-a-open sets.

2. {1,3}, X are w(1, 2)-a-open sets but not a w(2, 1)-a-open sets.

3. {1}, {2} are w(2, 1)-a-open sets but not a w(1, 2)-a-open sets.

4. {3},{2, 3} are not w(1, 2)-a-open sets and w(2, 1)-a-open sets.

13
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Theorem 3.2.3. Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-a-closed
if and only if ¢, (i (cux(A))) C A.

Proof. (=) Assume that A is w(k, )-a-closed. Then X — A is w(k,[)-a-open. Thus
X — A C iyr(cyi(iye(X —A))), and so X — A C X — cur(iyi(cyr(A))). Hence
Cor (i (cui (A))) C A.

(<=) Assume that ¢, (7, (c 1 (A))) C A. Then X — A C X — (i (cyr(A))).
Thus X — A C ik (Cyi (i (X — A))). Therefore, X — A is w(k,)-a-open. Hence A is
w(k, l)-a-closed. O

Proposition 3.2.4. Let (X, w', w?) be a bi-w space and A C X. If A; is w(k, [)-a-open
for all j € A, then U A, is w(k,l)-a-open.
jeA

Proof. Assume that A; is w(k,l)-a-open for all j € A and let A = U A;. Fix jo € A.
Then A;, C A. Thus ik (ot (iyr(Ajy))) C gk (Copt ik (A))). Sin(]:ZAAjU is w(k,l)-a-
open, Aj; C ik (Cypi(ir(Ajy))). This implies that A;; C i (cypi (i, (A))). Since jo
is an arbitrary element of A, we have A; C i,k (cyi(iyr(A))) forall j € A. Therefore
U A; C ik (€t ik (A))). Thus U A, is w(k,l)-a-open. N

jeA jen
Remark. The intersection of two w(k, [)-a-open sets is not an w(k, [)-a-open set in gen-

eral as can be seen from the following example.

Example 3.2.5. From Example 3.2.2, we obtain that {1, 2} and {1, 3} are w(1, 2)-a-open
but {1,2} N {1,3} = {1} is not w(1, 2)-a-open.

Proposition 3.2.6. Let (X, w*, w?) be a bi-w space and A C X. If A; is w(k, [)-a-closed
forall j € A, then ﬂ A is w(k,l)-a-closed.

jeA
Proof. Assume that A; is w(k, [)-a-closed for all j € A. Then X — A, is w(k, [)-a-open
forall j € A. By Proposition 3.2.4, U(X — A;) isw(k,l)-a-open. Since U(X —Aj) =

jEA JEA

X — ﬂ A, X — ﬂ A, is w(k,l)-a-open. Thus ﬂ A, is w(k,l)-a-closed. O
jEA jEA jEA

Remark. The union of two w(k, [)-a-closed sets is not an w(k, [)-a-closed set in general

as can be seen from the following example.
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Example 3.2.7. From Example 3.2.2, we obtain that {2} and {3} are w(1, 2)-a-closed
but {2} U {3} = {2, 3} is not w(1, 2)-a-closed.

Theorem 3.2.8. Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k,[)-a-open
if and only if there exists a set U such that U = i,x(U) and U C A C ik (o (U)).

Proof. (=) Assume that A is w(k,[)-a-open. Then A C i (cui(iws(A))). Let U =
Gk (A). Then i (U) = dyk (iyr(A)). Thus i, (U) = i, (A) = U. Since i, (A) C A,
U C A. Since i (A) = U, yr (Coi (i (A))) = i (¢t (U)). Since A is w(k, [)-a-open,
A Cliyr (i (iyr(A))) = tyr(cyi(U)). Hence U C A C iyi (e (U)).

(<=) Assume that there exists a set U such that U = i, (U) and U C A C
Gk (€t (U)). Since U C A, tyk (Copt (14 (U))) C Gy (€t (i (A))). Since U = i, (U),
A Cliyr(cyi(U)) C iy (cyi(iyr(A))). Hence A is w(k, l)-a-open. O

Corollary 3.2.9. Let (X, w!, w?) be a bi-w space and A C X. If there exists U € w”
such that U C A C i,k (¢t (U)), then A is w(k, [)-a-open.

Proof. Assume that there exists U € w” such that U C A C i (c(U)). Since U € w”,
iwt(U) = U. By Theorem 3.2.8, A is w(k, l)-a-open. O

Corollary 3.2.10. Let (X, w', w?) be a bi-w space and A C X. If A is w(k,[)-a-open
and A C B C ik (c,i(A)), then B is w(k, l)-a-open.

Proof. Assume that A is w(k,[)-a-open and A C B C i (c i (A)). Since A is w(k,()-
a-open, By Theorem 3.2.8, there exists a set U such that i, (U) = Uand U C A C
Gk (Cut(U)). Since A C B C Gk (Cyi(A)) and ik (€ (Gr (cpt (U)))) = iy (e (U)),
U C B C iy(cyu(U)). By Theorem 3.2.8, B is w(k, [)-c-open. O

Corollary 3.2.11. Let (X, w', w?) be a bi-w space and A C X. If A is w(k,[)-a-closed
and ¢, (i, (A)) C B C A, then B is w(k, [)-a-closed.

Proof. Assume that A is w(k, [)-a-closed and ¢ (i,,:(A)) C B C A. Then X — A is
w(k,l)-a-openand X — A C X — B C iy (c (X — A)). By Corollary 3.2.10, X — B
is w(k, l)-a-open. Hence B is w(k, [)-a-closed. O

Next, we will introduce the notion of w(k, [)-preopen sets and investigate some of

their properties.
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Definition 3.2.12. Let (X, w!, w?) be a bi-w space and A be a subset of X. Then A is
called a w(k,[)-preopen set if A C i,n(c,i(A)). The complement of a w(k, [)-preopen

set is called a w(k, [)-preclosed set.

Remark. Let (X, w!, w?) be a bi-w space and A be a subset of X. Then A is w(k,[)-

preclosed if and only if X — A is w(k, [)-preopen.

Example 3.2.13. Let X = {1,2,3}. Define WS w' and w? on X as follows:
w' = {0,{1,3},{2,3} and w? = {0, {1},{1,2}}. Then X, {1}, {2} are w'-closed

and X, {3}, {2, 3} are w?-closed. Consider

A | cu2(A) | iy (cuz(A)) | Asw(1,2)-preopen set
0 | {3} 0 v
m | x X v
{2} {2,3} {2,3} v
3y | {3} 0 X
(1,2} x X v
(1,3 | X X v
(2.3} ] 12,3} | {2,3} v
X | x s v
and
A | ewi(A) | igz(car(A)) | Ais w(2, 1)-preopen set
0 0 0 v
{1} | {1} {1} v
{2} | {2} 0 X
B3| X {1,2} X
(1,2} x (1,2} v
{1,3} X {1,2} X
(2.3} X {1,2} X
X | X (1,2} X
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From the above table, we obtain that:
1. 0,{1},{1,2} are w(1, 2)-preopen sets and w(2, 1)-preopen sets.
2. {2},{1,3},{2,3}, X are w(1, 2)-preopen sets but not a w(2, 1)-preopen sets.
3. {3} is not w(1, 2)-preopen set and w(2, 1)-preopen set.

Theorem 3.2.14. Let (X, w', w?) be a bi-w space and A C X. Then A is w(k,[)-
preclosed if and only if ¢« (7, (A)) C A.

Proof. (=) Assume that A is w(k, )-preclosed. Then X — A is w(k, [)-preopen. Thus
X —A Cigr(c(X —A)),andso X — A C X —cyr(ini(A)). Hence ¢ (i (A)) C A

(<=) Assume that ¢,k (i, (A)) C A. Then X —A C X — k(i (A)). Thus X — A C
Gk (€t (X —A)). Therefore, X — A is w(k, [)-preopen. Hence A is w(k, [)-preclosed. [

Proposition 3.2.15. Let (X, w', w?) be abi-w spaceand A C X. If A; isw(k, [)-preopen,
for all j € A, then U A, is w(k,l)-preopen.

JEA
Proof. Assume that A; is w(k,)-preopen for all j € A and let A = U A;. Fix jo € A.
Then A;, C A. Thus ¢, (cui(Aj,)) C uk(cyi(A)). Since A; is w(kj,el/)x-preopen, Aj, C
Gk (Cowt (Aj,)). This implies that A;; C i,k (c,i(A)). Since jo is an arbitrary element of A,
we have A; C i, k(c,(A)) forall j € A. Therefore U A; Ciyk(cyi(A)). Thus U A;

jeA jeA
is w(k, [)-preopen. O
Remark. The intersection of two w(k, [)-preopen sets is not an w(k, [)-preopen set in

general as can be seen from the following example.

Example 3.2.16. From Example 3.2.13, we obtain that {1,2} and {1, 3} are w(1,2)-
preopen but {1,3} N {2,3} = {3} is not w(1, 2)-preopen.

Proposition 3.2.17. Let (X, w!, w?) be a bi-w space and A C X. If A; is w(k,1)-
preclosed, for all j € A then ﬂ A; is w(k,l)-preclosed.
jeA
Proof. Assume that A; is w(k, [)-preclosed forall j € A. Then X — A, is w(k, [)-preopen
forall j € A. By Proposition 3.2.26, U(X—Aj) isw(k, l)-preopen. Since U(X—Aj) =
jeA jeA
X — ﬂ A X — ﬂ A; is w(k,)-preopen. Thus m A; is w(k, )-preclosed. O

jeA JEA JEA
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Remark. The union of two w(k, [)-preclosed sets is not an w(k, [ )-preclosed set in general

as can be seen from the following example.

Example 3.2.18. From Example 3.2.13, we obtain that {1} and {2} are w(1, 2)-preclosed
but {1} U {2} = {1, 2} is not w(1, 2)-preclosed.

Theorem 3.2.19. Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-preopen
if and only if there exists a set U such that U = i,,x(U) and A C U C ¢, (A).

Proof. (=) Assume that A is w(k,l)-preopen. Then A C ik(c,i(A)). Let U =
Gk (Cwi(A)). Then ik (U) = iy (iyr(cyi(A))) = dyre(cyi(A)) = U. Since A C
ik (Ci(A)), A C U. Since U = iw(cu(A)) C cu(A), U C c,u(A). Hence
ACUCcu(A).

(<=) Assume that there exists a set U such that U = i,,+(U) and A C U C ¢,1(A).
Since U C cui(A), iywi(U) C iyr(cyi(A)). Since U = iw(U)and A C U, A C
ik (cwi(A)). Hence A is w(k, l)-preopen. O

Corollary 3.2.20. Let (X, w', w?) be a bi-w space and A C X. If there exists U € wF
such that A C U C ¢, (A) then A is w(k, [)-preopen.

Proof. Assume that there exists U € w” such that A C U C c,(A). Since U € w”,
iw+(U) = U. By Theorem 3.2.19, A is w(k, [)-preopen. O

Corollary 3.2.21. Let (X, w', w?) be a bi-w space and A C X. If A is w(k, [)-preopen
and B C A C c¢,(B), then B is w(k, [)-preopen.

Proof. Assume that A is w(k,!)-preopen and B C A C ¢, (A). Since A is w(k,!)-
preopen, by Theorem 3.2.19, there exists a set U such that i, (U) = Uand A C U C
cui(A). Since B C A C ¢i(A), BC ACU C ¢ui(A) C cpi(B). By Theorem 3.2.19,
B is w(k, l)-preopen. O

Corollary 3.2.22. Let (X, w', w?) be a bi-w space and A C X. If A is w(k, [)-preclosed
and i, (B) C A C B, then B is w(k, [)-preclosed.

Proof. Assume that A is w(k,[)-preclosed and i, (B) C A C B. Then X — Aisw(k,1)-
preopenand X — B C X — A C ¢,(X — B). By Corollary 3.2.21, X — B is w(k,[)-
preopen. Hence B is w(k, [)-preclosed. [
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Finally, we shall introduce the notions of w(k, [)-£-open sets and investigate some of

their properties.

Definition 3.2.23. Let (X, w', w?) be a bi-w space and A be a subset of X. Then A is

called aw(k,)-B-open set if A C ¢ (iyr(cyi(A))). The complement of a w(k, 1)-5-open

set is called a w(k, [)-S-closed set.

Remark. Let (X, w!, w?) be a bi-w space and A be a subset of X. Then A is w(k,)-5-
closed if and only if X — A is w(k, [)-5-open.

Example 3.2.24. Let X = {1,2, 3}. Define WS w' and w? on X as follows:
wt = {0,{1,2},{1,3}} and w? = {0,{1},{2}}. Then X, {3}, {2} are w'-closed
and X, {2, 3}, {1, 3} are w?-closed. Consider

A | ep2(A) | i (co2(A)) | cun(in (cuz(A))) | Aisw(l,2)-B-open set
0 {3} 0 {3} v
{1} | {1,3} {1,3} {1,3} v
{2} | {2,3} 0 {3} X
{3y | {3} 0 {3} v
{1,2}| X X X v
{1,3} | {1,3} {1,3} {1,3} v
{2,3}] {2,3} 0 {3} X
X X X X v




and
A | ewi(A) | ig2(cr(A)) | cut(in: (cor (A))) | Ais w(2,1)-3-open set
0 0 0 0 v
ay | x {1,2} X v
2 @2 @ {2} v
{31 | {3} 0 0 X
(1,2} X {1,2} X v
(1,3 | X {1,2} X v
2.3} X {1,2} X v
X | X (1,2} X v
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From the above table, we obtain that:
1. 0,{1},{1,2},{1,3}, X are w(1, 2)-5-open sets and w(2, 1)-5-open sets.
2. {3} is w(1, 2)-5-open set but is not a w(2, 1)-F-open set.
3. {2},{2,3} are w(2, 1)--open sets but not a w(1, 2)-4-open sets.

Theorem 3.2.25. Let (X, w!, w?) be abi-w spaceand A C X. Then A is w(k, [)-3-closed
if and only if i, (c,r (i1 (A))) C A.

Proof. (=) Assume that A is w(k,()-f-closed. Then X — A is w(k,()-5-open. Thus
X — A C cpiliye(cp(X — A))), and so0 X — A C X — iy1(Cpr (i (A)))-
Gt (Cur (T (A))) C A.

(<=) Assume that i, (cr (i,0(A))) C A. Then X — A C X — i, (cyr (i (A))).
Thus X — A C ¢y (ke (cpi(X — A))). Therefore, X — A is w(k, [)-S-open. Hence A is
w(k, 1)-p-closed. O

Hence

Proposition 3.2.26. Let (X, w', w?) be a bi-w space and A C X. If A; is w(k, [)-3-open
forall j € A, then |_J A; is w(k, 1)-B-open.

jeA
Proof. Assume that A; is w(k,[)-$-open for all j € A and let A = U A;. Fix jo € A.
Then Aj, C A. Thus ¢ (iyk(cui(Ajy))) C Cut(Gwr(Cui(A))). Sin(]:EAAjO is w(k,l)-0-
open, Aj; C cui(tyr(cyi(Ajy))). This implies that A; C cui(iyr(cyi(A))). Since jo
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is an arbitrary element of A, we have A; C ¢,k (cpi(A))) for all j € A. Therefore
| Aj € cut (i (cue(A))). Thus ] A; is w(k, 1)-B-open. O

jea jea
Remark. The intersection of two w(k, [)-/3-open sets is not an w(k, [)-/3-open set in gen-

eral as can be seen from the following example.

Example 3.2.27. From Example 3.2.24, we obtain that {1, 3} and {2, 3} are w(2, 1)-f-
open but {1,3} N {2,3} = {3} is not w(2, 1)-3-open.

Proposition 3.2.28. Let (X, w', w?) be abi-w spaceand A C X. If A; is w(k, )-S-closed
forall j € A, then (") A; is w(k, 1)-B-closed.

jeA
Proof. Assume that A; is w(k,[)--closed for all j € A. Then X — A; is w(k, [)--open
forall j € A. By Proposition 3.2.26, U(X_Aj) isw(k,)-p-open. Since U(X_Aj) =

jEA jeA

X — (4. X — [ 4 is w(k,1)-B-open. Thus (] A; is w(k, 1)-B-closed. O
jEA jeA jeA

Remark. The union of two w(k, [)-(-closed sets is not an w(k, [)-5-closed set in general

as can be seen from the following example.

Example 3.2.29. From Example 3.2.24, we obtain that {1} and {2} are w(2, 1)-/3-closed
but {1} U {2} = {1, 2} is not w(2, 1)-F-closed.

Theorem 3.2.30. Let (X, w', w?) be abi-w spaceand A C X. Then Aisw(k,)-3-open if
and only if there exists a subset U of X such that U = i,x(U) and A C c,i (U) C ¢, (A).

Proof. (=) Assume that A is w(k,l)-f-open. Then A C cui(iyr(cyi(A))). Let
U = dye(cyi(A)). Then ik (U) = dyr(ipr(cpi(A))) = iyr(cyi(A)) = U. Since
U =iyr(cyi(A)) and A C cpi(iyr(cui(A))), A C cpi(U) = i (iyr (cui(A))) C cpi(A).

(<=) Assume that there exists a subset U of X such that U = i,x(U) and A C
cot(U) C cp(A). Thus A C ci(U) C cui(iwe(U)) = cupiliwe(cut(inwe(U)))) =
Cot (T (€t (U))) C €t (ipr (et (A))). Hence A is w(k, 1)-[-open. O

Corollary 3.2.31. Let (X, w!, w?) be a bi-w space and A C X. If there exists U € w*
such that A C ¢, (U) C ¢, (A), then A is w(k,)-F-open.

Proof. Assume that there exists U € w" such that A C ¢, (U) C c,u(A). Since U € w”,
iwt(U) = U. By Theorem 3.2.30, A is w(k, [)-3-open. O
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Corollary 3.2.32. Let (X, w', w?) be a bi-w space and A C X. If A is w(k,[)-S-open
and B C A C ¢,:(B), then B is w(k, [)-S-open.

Proof. Assume that A is w(k,l)-f-open and B C A C ¢, (B). Since A is w(k,!)-
[-open, By Theorem 3.2.30, there exists a subset U of X such that i,x(U) = U and
ACecu(U) Cep(A). Since BC ACcu(B),BCACc,(U)Ccu(A) Ccu(B).
By Theorem 3.2.30, B is w(k, [)-/3-open. O

Corollary 3.2.33. Let (X, w!, w?) be a bi-w space and A C X. If A is w(k,[)-B-closed
and i, (B) C A C B, then B is w(k,[)-5-closed.

Proof. Assume that A is w(k, [)-8-closedandi,:(B) C A C B. Then X —Aisw(k,[)-5-
openand X — A C X — B C ¢,(X — B). By Corollary 3.2.32, X — B is w(k, [)-$-open.
Hence B is w(k, [)-5-closed. O



CHAPTER 4

RELATIONSHIPS OF W (K, L)-SEMI-OPEN SETS,
W (K, L)-a-OPEN SETS, W (K, L)-PREOPEN SETS AND
W (K, L)-3-OPEN SETS

In this chapter, we will discuss some relations of w(k, [)-semi-open sets, w(k, [)-a-open

sets, w(k, [)-preopen sets and w(k, [)-(-open sets.

4.1 Relation of w(k,[)-semi-open set, w(k,[)-c-open set, w(k,[)-preopen set and
w(k,l)-£-open set

In this section, it begins with a review of the definitions of open sets in spaces. Let

(X, w!', w?) be a bi-w space and A C X.
A is called w(k, )-semi-open if and only if A C c¢,i(7,x(A)).
A s called w(k, )-a-open if and only if A C i,k (cpi (i, (A))).
A is called w(k, [)-preopen if and only if A C i, (i (A)).
A is called w(k, [)-p-open if and only if A C ¢, i,k (cpi(A))).

Theorem 4.1.1. Let (X, w!, w?) be a bi-w space and A C X. Every open is w(k,[)-a-
open.

Proof. Assume that A is open. Then A = i, (A) and A = i, (A). Thus A C ¢(A) =
Cot (T (A)) and 80 A = i1 (A) C Gk (o (1, (A))). Hence A is w(k, [)-a-open. O
Theorem 4.1.2. Let (X, w', w?) be a bi-w space and A C X. Every w(k, [)-a-open is
w(k, [)-semi-open.

Proof. Assume that A is w(k,l)-a-open. Then A C 4,k (Cypi(iy:(A))). Thus A C

Gk (Ct (T (A))) C i (i (A)). Hence A is w(k, [)-semi-open. O

Theorem 4.1.3. Let (X, w!, w?) be a bi-w space and A C X. Every w(k,()-a-open is
w(k, l)-preopen.

23
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Proof. Assume that A is w(k,l)-a-open. Then A C i (cyi(iw:(A))). Thus A C
Gt (Copt (T (A))) C iy (et (A)). Hence A is w(k, [)-preopen. O

Remark. In general, the inverse of Theorem 4.1.2 and Theorem 4.1.3 are not true.
Moreover, w(k, [)-semi-open sets and w(k, [)-preopen sets have no relationship as shown

in the following example.

Example 4.1.4. Let X = {1,2,3}. Define WS w' and w? on X as follows:
wh = {0,{1,2},{1,3}} and w* = {0,{1},{2}}. Then X, {3}, {2} are w'-closed
and X, {2, 3}, {1, 3} are w?-closed. Consider

A | i (A) | w2 (ini(A)) | dui(Coz(in (A))) | Als w(1, 2)-a-open set
0 0 {3} 0 v
{1} 0 {3} 0 X
@y 0 (3} 0 X
{3} 0 {3} 0 X
{1,2} | {1,2} X X v
{1,3} | {1,3} {1,3} {1,3} v
{2,3}] 0 {3} 0 X
X X X X v
A iwi(A) | cua(ivi(A)) | Alsw(1,2)-semi-open set

] ] {3} v

{1} 0 {3} X

{2} 0 {3} X

{3} 0 {3} v

{1,2} | {1,2} X v

{1,3} | {1,3} {1,3} v

{234 0 {3} X

X X X v
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and
A | w2 (A) | iy (cuz(A)) | Als w(1, 2)-preopen set
0 {3} 0 v
{3l {13} v
2 | 2,3} 0 X
3} | {3} 0 X
(1,2} x X v
{1,3}| {1,3} | {1,3} v
(2,3} | {2,3} 0 X
X | X X v

From the table above, it can be seen that:

1. {3} is a w(1,2)-semi-open set but {3} is not a w(2, 1)-a-open set and w(1,2)-

preopen set.

2. {1} isa w(1,2)-preopen set but {1} is not a w(2, 1)-a-open set and w(1, 2)-semi-

open set.

Theorem 4.1.5. Let (X, w!, w?) be a bi-w space and A C X. Every w(k, [)-semi-open
is w(k, [)-5-open.

Proof. Assume that A is w(k,l)-semi-open. Then A C ¢ i(iw(A)). Thus A C
Cot (T (A)) C i (ke (ci(A))). Hence A is w(k, [)-S-open. O

Theorem 4.1.6. Let (X, w!, w?) be a bi-w space and A C X. Every w(k, [)-preopen is
w(k,l)-pB-open.

Proof. Assume that A is w(k, [)-preopen. Then A C i, (ci(A)). Thus A C ¢ i(A) C
Cot (Tr (Cui(A))). Hence A is w(k, [)-S-open. O

Remark. In general, the inverse of Theorem 4.1.5 and Theorem 4.1.6 are not true, as in

the following example.

Example 4.1.7. Let X = {1,2,3}. Define WS w' and w? on X as follows:
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wt = {0,{1,2},{1,3}} and w? = {0,{1},{2}}. Then X, {3}, {2} are w'-closed
and X, {2, 3}, {1, 3} are w?-closed. Consider

A | cu2(A) | (cuz(A)) | w2 (i (cuz(A))) | Ais w(1,2)-B-open set
0| {3} 0 {3} v
(1 | {13y {13} (1,3} v
{2} | {2,3} 0 {3} X
{31 | {3 0 {3} v
{1,2} X X X v
(1,3} | {1.3} | {1,3} (1,3} v
{2,3} | {2.3} 0 {3} X
X X X X v

From the table above and Example 4.1.4, it can be seen that

1. {1} isaw(1,2)-B-open set but {1} is not a w(1, 2)-semi-open set,

2. {3} isaw(1,2)-5-open set but {3} is not a w(1, 2)-preopen set.

Remark. From the theorems and and examples above in this topic. We can conclude that

the relationship between w(k, [)-semi-open set w(k, [)-a-open set w(k, [)-preopen set as

the following diagram w(k, [)-/3-open set

w(k,l)

w(k,l)-a-open

w(k, )

4.2 w(k,l)-regular open set

-semi-open

-preopen

w(k,l)-p-open

Definition 4.2.1. Let (X, w', w?) be abi-w space and A be a subset of X'. Then A is called

aw(k,l)-regular open set if A = i, (c,(A)). The complement of a w(k, [)-regular open
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set is called a w(k, [)-regular closed set.

Remark. Let (X, w!, w?) be a bi-w space and A be a subset of X. Then A is w(k,[)-

regular closed if and only if X — A is w(k, [)- regular open.

Theorem 4.2.2. Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-regular
closed if and only if ¢, (i,,:(A4)) = A.

Proof. (=) Assume that A is w(k,[)-regular closed. Then X — A is w(k,[)-regular
open. Thus X — A = i(c (X — A)),andso X — A = X — ¢ (i1(A)). Hence
Cok (T (A)) = A.

(<=) Assume that ¢« (7, (A)) = A. Then X —A = X —c (i1 (A)). Thus X — A =
Gy (€t (X — A)). Therefore, X — A is w(k, [)-regular open. Hence A is w(k, [)-regular
closed. O]

Theorem 4.2.3. Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-regular
open if and only if A =i, (A) and A is w(l, k)-semi-closed.

Proof. (=) Assume that A is w(k,l)-regular open. Then A = i x(c,:(A)). Thus
Gk (i (A)) € A. Hence A is w(l, k)-semi-closed. Since A = i,x(c(A)), Then
b (A) = i (i (01 (A))) = i (00 (A)) = A,

(<=) Assume that A = i,,.(A) and A is w(l, k)-semi-closed. Then i, (c,i(A)) C A.
Since A C ¢,1(A), Then A = i,k (A) C iyr(cyi(A)). Suchthat A = ik (c,i(A)). Hence,
Ais w(k,[)-regular open. N

Theorem 4.2.4. Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-regular

open if and only if A is w(k, [)-a-open and w(l, k)-semi-closed.

Proof. (=) Assume that A is w(k,!)-regular open. Then A = i, (c,i(A)). Thus
ik (cwi(A)) C A. Hence A is w(l,k)-semi-closed. Since A C i, n(c,i(A)) and
A =i, (A). Then A C iy (cyi(iyw:(A))). Hence, A is w(k, [)-a-open.

(<=) Assume that A w(k,l)-a-open and w(l,k)-semi-closed. =~ Then A C
Gk (Cot (1 (A))) and iy (ci(A)) C A. Since iyr(A) C Ay A C dyr(Cypi(iyr(A))) C
Gk (€t (A)). Such that A = i,k (c,i(A)). Hence A is w(k, [)-regular open. O

Theorem 4.2.5. Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-regular

open if and only if A is w(k, [)-preopen and w(l, k)-semi-closed.
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Proof. (=) Assume that A is w(k,()-regular open. By Theorem 4.2.4, A is w(l, k)-
semi-closed and w(k, [)-a-open. By Theorem 4.1.3, A is w(k, [)-preopen.

(<=) Assume that A w(k, [)-preopen and w(l, k)-semi-closed. Then A C i, (c, i (A))
and i,k (i (A)) C A. Thus A = ik (ci(A)). Hence A is w(k, [)-regular open. O

Theorem 4.2.6. Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-regular
open if and only if A = i,x(A) and w(l, k)-5-closed.

Proof. (=) Assume that A is w(k,!)-regular open. Then A = i, (c,i(A)). Thus
Gk (A) = Gk (Ggk (Copi (A))), and 80 Gk (A) = Gy (cui(A)) = A. Since iy (cpi(A)) C A,
Gk (Cut (T (A))) C A. Hence A is w(l, k)-F-closed.

(<=) Assume that A = i, (A) and w(l, k)-S-closed. Then i,k (c,i(i,x(A))) C A,
and s0 i,k (ci(A)) C A, Since A C cu(A), A = 11 (A) C dyr(cyi(A)). Then A =
ik (Cwi(A)). Hence A is w(k, [)-regular open. O

Theorem 4.2.7. Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-regular
open if and only if w(k, [)-a-open and w(l, k)-S-closed.

Proof. (=) Assume that A is w(k, [)-regular open. Then A = i1 (c,1(A)). Since A =
Gk (A)y A C Gk (Cui(iyr(A))). Then w(k,l)-a-open. Since i,x(ci(A)) C Aand A =
Gk (A), Gy (Cui (T (A))) C A. Hence A is w(l, k)-5-closed.

(<=) Assume that w(k, [)-a-open and w(l, k)-/-closed. Then A C i,k (Cyi (ix (A)))
and i (cui(iwe(A))) C Ao Thus A = dui(cui(iwe(A4))), and so in(A) =
Gk (Cui (e (A))) = A. By Theorem 4.2.6, A is w(k, [)-regular open. O



CHAPTER 5

CONCLUSIONS

5.1 Conclusions

The aim of this thesis is to study the w(k, [)-semi-open sets in a bi-weak structure space,
and introduce. Some properties of w(k, [)-semi-open sets are obtained. Furthermore, the
notion of w(k, [)-semi-continuity using w(k, [)-semi-open sets are introduced. Moreover,
we introduce w(k, [)-preopen sets w(k, [)-a-open sets and w(k, [)-G-open sets in bi-weak
structure space and study some of their properties and relationships of those sets. The
results are follows :
1) Let (X, w', w?) be a bi-w space and A be a subset of X. Then A is called a w(k, [)-
semi-open set if A C ¢, (i,(A)). The complement of a w(k, [)-semi-open set is called a
w(k, l)-semi-closed set.

From the above definition, the following theorems are derived:

1.1) Let (X, w', w?) be a bi-w space and A C X. Then A is w(k,[)-semi-closed if
and only if i, (c,x(A)) C A.

1.2) Let (X, w', w?) be a bi-w space. If A; is w(k, [)-semi-open for all j € A, then
U A; is w(k, [)-semi-open.
jEA

1.3) Let (X, w', w?) be a bi-w space. If A; is w(k, [)-semi-closed for all j € A, then
ﬂ A, is w(k,l)-semi-closed.
jEA

1.4) Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-semi-open if and
only if there exists a subset U of X such thati,»(U) = U and U C A C ¢, (U).

1.5) Let (X, w', w?) be a bi-w space and A C X. If there exists U € w" such that
U C ACcu(U)then A is w(k,)-semi-open.

1.6) Let (X, w*, w?) be a bi-w space and A C X. If A is w(k,[)-semi-open and
A C B C c¢,i(A), then B is w(k, [)-semi-open.

1.7) Let (X, w', w?) be a bi-w space and A C X. If A is w(k,[)-semi-closed and
iwi(A) C B C A, then B is w(k,l)-semi-closed.
2) Let (X, w', w?) be abi-w space and A C X. The intersection of all w(k, [)-semi-closed

29
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sets containing A is called the w(k, [)-semi-closure of A and is denoted by c*'(A). The
union of all w(k, [)-semi-open sets contained in A is called the w(k, [)-semi-interior of A
and is denoted by i*!( A), respectively, that is,
(A =N{F : Fisw(k,l)-semi-closed and A C F'},
i*(A) = J{G : G is w(k,l)-semi-open and G C A}.

From the above definition, the following theorems are derived:

2.1) Let (X, w', w?) be a bi-w space and A C X,z C X. Then z € c*(A) if and
only if VN A # () for all w(k, [)-semi-open set V' containing .

2.2) Let (X, w!, w?) be abi-w spaceand A C X,z C X. Thenz € i*!(A) if and only
if there exists a w(k, [)-semi-open set V' such that x € V' C A.

2.3) Let (X, w!, w?) be a bi-w space and A C X. Then i* (X — A) = X —*(A) and
X —A) =X —iMA).

2.4) Let (X, w', w?) be a bi-w space and A C X. Then A is w(k,[)-semi-closed if
and only if A = c®(A).

2.5) Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-semi-open if and
only if A =i (A).
3) A function f : (X, w',w?) — (Y, v, 1?) is called w(k, [)-semi-continuous at x if, for
all v*-open set V containing f (), there exists a w(k, [)-semi-open set U containing x such
that f(U) C V. Then f is called w(k, [)-semi-continuous if f is w(k,l)-semi-continuous
atx, forall x € X.

From the above definition, the following theorems are derived:

3.1) Let (X, w!, w?) and (Y, v}, v?) be two bi weak structure spaces and

[ (X, whw?) — (Y,v!', v?). Then the following are equivalent :
1. fis w(k,!)-semi-continuous.
2. f~Y(V)is w(k,[)-semi-open for all V € v*,
3. [7YF)is w(k,!l)-semi-closed for all v*-closed set F.

4. F(cF(A)) C en(f(A)) forall A C X.

g

5. fYB)) C fHcx(B)) forall BCY.

o

6. f~1(ix(B)) Ci¥(f~1(B)) forall BCY.
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4) Let (X, w', w?) be a bi-w space and A be a subset of X. Then A is called w(k, 1)-
a-open set if A C i1 (Cypi(iyr(A))). The complement of a w(k, [)-a-open set is called
w(k,l)-a-closed set.

From the above definition, the following theorems are derived:

4.1) Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-a-closed if and
only if ¢ (it (cyr(A))) C A.

4.2) Let (X, w', w?) be abi-w spaceand A C X. If A; is w(k, )-a-open forall j € A,
then U A; is w(k, l)-a-open.

4?§§Let (X, w', w?) be a bi-w space and A C X. If A; is w(k,[)-a-closed for all
j € A, then ﬂ A is w(k,l)-a-closed.

4.4) Let](e)A(, w*, w?) be a bi-w space and A C X. Then A is w(k,)-a-open if and
only if there exists a set U such that U = i, (U) and U C A C Gk (¢ (U)).

4.5) Let (X, w', w?) be a bi-w space and A C X. If there exists U € w* such that
U C A Ciyr(cy(U)) then A is w(k,)-a-open.

4.6) Let (X, w', w?) be a bi-w space and A C X. If A is w(k,[)-a-open and A C
B C iy (cyi(A)), then B is w(k, l)-a-open.

4.7) Let (X, w!', w?) be a bi-w space and A C X. If A is w(k,!)-a-closed and
Cok (i (A)) C B C A, then B is w(k, 1)-a-closed.
5) Let (X, w', w?) be a bi-w space and A be a subset of X. Then A is called w(k,[)-
preopen set if A C i,.(c,i(A)). The complement of a w(k,)-preopen set is called
w(k, l)-preclosed set.

From the above definition, the following theorems are derived:

5.1) Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-preclosed if and
only if ¢,k (7,0 (A)) C A.

5.2) Let (X, w', w?) be a bi-w space and A C X. If A; is w(k,[)-preopen for all
j € A, then U A; is w(k, [)-preopen.

5.3) Let](e)A(, w', w?) be a bi-w space and A C X. If A; is w(k, [)-preclosed for all
j € A, then ﬂ A; is w(k,)-preclosed.

5.4) Letj(e)[é, w!, w?) be a bi-w space and A C X. Then A is w(k,[)-preopen if and
only if there exists a set U such that U = i,,x(U) and A C U C ¢, (A).
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5.5) Let (X, w!, w?) be a bi-w space and A C X. If there exists U € w" such that
A CU Ccui(A) then A is w(k,l)-preopen.

5.6) Let (X, w', w?) be a bi-w space and A C X. If A is w(k,l)-preopen and B C
A C ¢,(B), then B is w(k, [)-preopen.

5.7) Let (X,w', w?) be a bi-w space and A C X. If A is w(k,[)-preclosed and
iwi(B) C A C B,then B is w(k,![)-preclosed.
6) Let (X, w', w?) be a bi-w space and A be a subset of X. Then A is called w(k,[)-
B-open set if A C c¢,(iyr(cyi(A))). The complement of a w(k,[)-S-open set is called
w(k,1)-p-closed set.

From the above definition, the following theorems are derived:

6.1) Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-3-closed if and
only if i, (cur (i1 (A))) C A.

6.2) Let (X, w', w?) be abi-w spaceand A C X. If A; is w(k, [)-3-open forall j € A,
then | J A; is w(k,1)-B-open.

6?§§Let (X, w', w?) be a bi-w space and A C X. If A; is w(k,[)-B-closed for all
j € A, then (") A; is w(k, 1)-B-closed.

6.4) Let](e)A(, w', w?) be a bi-w space and A C X. Then A is w(k, [)-B-open if and
only if there exists a subset U of X such that U =i, (U) and A C ¢,u(U) C c,(A).

6.5) Let (X, w', w?) be a bi-w space and A C X. If there exists U € w" such that
A Ccpu(U) Ccpi(A) then A is w(k, 1)-S-open.

6.6) Let (X, w!, w?) be a bi-w space and A C X. If A is w(k,[)-B-open and B C
A C ¢,1(B), then B is w(k, [)-/5-open.

6.7) Let (X, w', w?) be a bi-w space and A C X. If A is w(k,[)-B-closed and
iy (B) C A C B,then Bisw(k,l)-p-closed.
7) Let (X, w', w?) be a bi-w space and A be a subset of X. Then A is called w(k,)-
regular open set if A = i,.(c,(A)). The complement of a w(k,[)-regular open set is
called w(k, 1)-regular closed set.

From the above definition, the following theorems are derived:

7.1) Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-regular closed if
and only if ¢, (i,4(A)) = A.

7.2) Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-regular open if
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and only if A = i,+(A) and A is w(l, k)-semi-closed.

7.3) Let (X, w!, w?) be a bi-w space and A C X. Then A is w(k, [)-regular open if
and only if A is w(k, [)-a-open and w(l, k)-semi-closed.

7.4) Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-regular open if
and only if A is w(k, [)-preopen and w(l, k)-semi-closed.

7.5) Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-regular open if
and only if A = i,,x(A) and w(l, k)-S-closed.

7.6) Let (X, w', w?) be a bi-w space and A C X. Then A is w(k, [)-regular open if
and only if w(k, [)-c-open and w(l, k)-(-closed.

The following diagram, showing relationships of w(k,[)-semi-open sets, w(k,!)-

preopen sets, w(k, [)-a-open sets, w(k, [)-F-open sets and w(k, [)-regular open sets
w(k,1)-semi-open
w(k,l)-regular open —— w(k,l)-a-open

)-preopen

w(k,l)-5-open

5.2 Recommendations

Even though, I have found several properties as of the sets and space presented in this
thesis, there are several questions yet to be answered and it may be worth investigating in

future studies. I formulate the questions as follows :

1. Do study the notion of continuity using the w(k,[)-preopen sets, w(k,l)-a-open

sets and w(k, [)-5-open sets ?
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